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Abstract

In this pair of papers (Part | and Part Il in this issue), weestigate the issue of power control
and subcarrier assignment in a sectorized two-cell dokn@frDMA system impaired by multicell
interference. As recommended for WIMAX, we assume that tfet ffiart of the available bandwidth is
likely to be reused by different base stations (and is thimgestito multicell interference) and that the
second part of the bandwidth is shared in an orthogonal waydsm the different base stations (and is
thus protected from multicell interference).

Although the problem of multicell resource allocation isnconvex in this scenario, we provide in
Part | the general form of the global solution. In particuthe optimal resource allocation turns out to
be “binary” in the sense that, except for at most one pivet-irs each cell, any user receives data either
in the reused bandwidth or in the protected bandwidth, btitmboth. The determination of the optimal

resource allocation essentially reduces to the deterinmaf the latter pivot-position.

Index Terms

OFDMA Networks, Multicell Resource Allocation, Distrited Resource Allocation.

. INTRODUCTION

We consider the problem of resource allocation in the downbf a sectorized two-cell OFDMA
system with incomplete Channel State Information (CSl)ha&t Base Station (BS) side. In principle,
performing resource allocation for cellular OFDMA systeraquires to solve the problem of power and

subcarrier allocation jointly in all the considered cetlking into consideration the interaction between

<1)Supéle(:, Plateau de Moulon 91192 Gif-sur-Yvette Cedeanée (nassar.ksairi@supelec.fr). Phone: +33 1 69 85 14 54,
Fax: +33 1 69 85 14 69.

(2)CNRS / Telecom ParisTech (ENST), 46 rue Barrault 75634 Pd&lisdex 13, France (bianchi@telecom-
paristech.fr,ciblat@telecom-paristech.fr,walid. i@ enst.fr). Phone: +33 1 45 81 83 60, Fax: +33 1 45 81 71 44.

May 19, 2009 DRAFT



users of different cells via the multicell interference.fahunately, in most of the practical cases, this
global optimization problem is not convex and does not h#verefore, simple closed-form solution.
Practical alternative methods must thus to be proposedrforpethe resource allocation. Most of the
works in the literature on multicell resource allocatiorsased perfect CSI on the transmitters side.
In flat-fading scenarios with multi-user interference, anter of interesting alternative methods have
been proposed in the literature. One of them is ge@metric programmingGP) approach proposed
in [1] for centralized power control scenarios. The authbthis work showed that at high SNR, the
GP technique turns the nonconvex constrained optimizgtimilem of power control into a convex,
thus tractable, optimization problem. Another efficiensaerce allocation technique was proposed in
[2] for decentralized power control scenarios. This tegheiis based on a min-max formulation of
the optimization problem, and is adapted to ad-hoc networkgexts. Unfortunately, the two above
mentioned techniques are mainly intended for flat-fadiremados, and are not directly suitable to general
cellular OFDMA contexts. To the best of our knowledge, ordwfworks investigate OFDMA multicell
resource allocation. Authors of [3] addressed the optitiineof the sum rate performance in a multicell
network in order to perform power control and user schedulin this context, the authors proposed
a decentralized algorithm that maximizes an upperboundhennetwork sum rate. Interestingly, this
upperbound is proved to be tight in the asymptotic regimemnwthe number of users per cell is allowed
to grow to infinity. However, the proposed algorithm doesgudranty fairness among the different users.
In [4], a centralized iterative allocation scheme allowiogadjust the the number of cells reusing each
subcarrier was presented. The proposed algorithm doesuppibse the so called “reuse partitioning”
scheme but nonetheless it promotes allocating subcawidrdow reuse factors to users with bad channel
conditions. It also provides an interference limitatiomgedure in order to reduce the number of users
whose rate requirements is unsatisfied. Authors of [5] d&red the problem of subcarrier assignment
and power control that minimize the percentage of unsatisfieers under rate and power constraints.
For that sake, a centralized algorithm based on reuseipaitity was proposed. In this algorithm, the
reuse factor of the far users next to the cell borders is adagatcording to the QoS requirements and the
problem parameters. Other dynamic resource allocatioarseb were proposed in [6]-[10]. The authors
of [9] and [10] have particularly discussed the issue of dietry reuse planning. It is worth mentioning
here that neither of the above cited works [4]-[10] providedlytical study of the performance of their
respective proposed schemes. The issue of power contrastinbdted cooperative OFDMA networks
was addressed in [11]. However, the proposed solution assuanat subcarrier allocation is performed

independently from the power control. The solution is thubaptimal for the problem of resource
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allocation for OFDMA networks, and a general solution fotthpower control and frequency resource
allocation remains to be provided.

In contrast to previous works where perfect CSI was assumétprs of [12] assumed the knowledge
of only the statistics of users’ channels and proposed aatiite algorithm for resource allocation in the
multicell context. In this algorithm a frequency (or sulytan) reuse factor equal to one was chosen, which
means that each cell is supposed to use all available sigrsarfhis assumption relatively simplifies
solving the problem of multicell OFDMA resource allocatio similar iterative multicell allocation
algorithm was proposed in [13] and its convergence to thémgbtsolution of the multicell resource
allocation problem was proved based on the framework dpeelin [14].

In this paper, our aim is to characterize the resource altmtatrategy (power control and subcarrier
assignment scheme) allowing to satisfy all users’ rateireqents while spending the least power at the
transmitters’ side. Similarly to [12], we investigate these where the transmitter CSl is limited to some
channel statistics. However, contrary to [12] which assuimdrequency reuse factor equal to one, our
model assumes that a certain part of the available bandwgsdthared orthogonally between the adjacent
base stations (and is thus “protected” from multicell ifdgsgnce) while the remaining part is reused by
different base stations (and is thus subject to multicaériierence). Note that this so-callé@ctional
frequency reusés recommended in a number of standaeds.in [15] for IEEE 802.16 (WiMax) [16].
We also assume that each user is likely to modulate in eacheskttwo parts of the bandwidth. Thus,
we stress the fact thit no user is forced to modulate in a single frequency béhave do not assuma
priori a geographical separation of users modulating in the twerdifit bands. On the opposite, we shall
demonstratehat such a geographical separation is actually optimal. wur resource allocation problem.
In this context, we provide an algorithm that permits to cabepthe optimal resource allocation.

The paper is organized as follows. In Section Il we preseatdfistem model. In Section Il we
consider the problem of resource allocation in a single &sfluming that the interference generated by
the other cells of the network is fixed. The problem consistsninimizing the transmit power of the
considered cell assuming a fixed level of interference shahthe rate requirements of users of this cell
are satisfied and such that the interference produced byethigself is less than a certain value. Although
resource allocation for users of the network requires iregarsolving a multicell optimization problem,
the single cell problem of Section Il turns out to be a usédol to solve the more complicated multicell
problem. Theorem 1 gives the solution to this single celimjaation problem. Except for at most one
“pivot” user in the considered cell, any user receives déteein the interference bandwidth or in the

protected bandwidth, but not in both. In Section IV we introd the joint multicell resource allocation
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problem. This problem is equivalent to jointly determinitige resource allocation parameters of users
belonging to different interfering cells, such that all is8eate requirements are satisfied and such that
the total transmit power is minimized. Theorem 2 charazgsrithe solution to this optimization problem
as function of a small number of unknown parameters. Thetisoldurns out to have in each cell the
same binary form as the solution to the single cell problethcdugh this geographical separation is
frequently used in practice, no existing works prove thenoglity of such a scheme to our knowledge.
Subsection IV-C provides a method to calculate the optireaburce allocation. Finally, Section V is

devoted to the numerical results.

1. SYSTEM MODEL

A. OFDMA Signal Model

We consider a downlink OFDMA sectorized cellular network.order to simplify the presentation of
our results, the network is supposed to be one-dimensidinaaf) as in a number of existing studies
[12], [17], [18], [19], [20]. The motivation behind our ctas of the one-dimensional network is that such
a simple model can provide a good understanding on the probeile still grasping the main aspects of
a real-world cellular system. It provides also some intimgsgguidelines that help to implement practical
cellular systems. Generalization to 2D-networks is howgassible (though much more involved) and
is addressed in a separate work [21]. We consider the castfrized networkge., users belonging to
different sectors of the same cell are spatially orthog@@@].. In this case, it is reasonable to assume that
a given user is only subject to interference from the nedangstfering base station. Thus, we focus on
two interfering sectors of two adjacent cells, say Cetnd CellB, as illustrated by Figure 1. Denote by
D the radius of each cell which is assumed to be identical fozedls without restriction. We denote by
K4 and KB the number of users in Cell and B respectively. We denote bif = K4 + K the total
number of users in both cells. Each base station providesnr#tion to all its users following a OFDMA
scheme. The total number of available subcarriers is ddrwgeN. For a given usek € 1,2,..., K4
in Cell A, we denote byN, the set of indices corresponding to the subcarriers moghllay k. N, is a
subset of{0,1,..., N — 1}. By definition of OFDMA, two distinct user#, k¥’ belonging to CellA are
such thatN, NNy, = 0. For each usek € {1,..., K4} of Cell A, the signal received by at thenth
subcarrier ¢ € Ni) and at themth OFDM block is given by

yk(nam) = Hk(n>m)3k(n7m) +wk(n7m)> (1)
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Figure 1. Two-Cell System model

wheres(n, m) represents the data symbol transmitted by Base Statiéirocessv,(n, m) is an additive
noise which encompasses the thermal noise and the possiliieath interference. Coefficiently(n, m)
is the frequency response of the channel at the subcarr@rd the OFDM blockn. Random variables

Hji(n,m) are assumed to be Rayleigh distributed with variance
pr. = E[|Hy.(m,n)|] . )

Note that the mean valug, does not depend on the subcarrier index. This is satisfiethftance in
the case of decorrelated channel taps in the time domainafgen userk, Hy(n,m) are identically
distributed w.r.t.n, m, but are not supposed to be independent. Channel coefficeatsupposed to be
perfectly known at the receiver side, and unknown at the lstesion side. However, variances are
supposed to be known at the base station. This type of inam@SI is particularly adapted to fast
fading scenarios. In such a context, sending feedback ioimgathe instantaneous channel gain from
users to the base station will result in a significant ovedhea

As usual, we assume tha}, vanishes with the distance between Base Stadoand userk, based
on a given path loss model. In the sequel, it is convenientsgume (without restriction) that users
k=1,2,...,K4 are numbered from the nearest to the base station to the$artRherefore, for all

usersk in Cell A,
pP1L> P2 > .0 > PRA. 3
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B. Frequency Reuse

The frequency reuse scheme is illustrated by Figure 1. latioed cellular OFDMA systems, it is
usually assumed that certain subcarriers {0,... N — 1} used by Base Statiod are reused by the
adjacent CellB. Denote byJ this set of ‘Interfering” subcarriers] C {0,..., N —1}. If userk modulates
such a subcarrien € J, the additive noisev,(n, m) contains both thermal noise of varianeg and
interference. Therefore, the variancewf(n, m) depends ork and is crucially related to the position
of userk. We thus define

Vn € J,E[lw(n, k)’] = of .

Note thato? is assumed to be a constant w.rt. the subcarrier indeXhis assumption is valid in
OFDMA multicell systems using frequency hopping or randarbcarrier assignment as in WiMax. If
usersk = 1,2... K4 are numbered from the nearest to the base station to the$arih is reasonable
to assume that

0l <05 < ... < 0%, (4)

meaning that the farthest users experience more multiceliference. Theeuse factora is defined as

the ratio between the number of reused subcarriers and thientember of available subcarriers:

_ cardJ)
TN

so thatJ containsaN subcarriers. The remainind — a)N subcarriers are shared by the two cells,
and B, in an orthogonal way. We assume th@‘lN of these subcarriers are used by Base Station
only and are forbidden foB. Denote by®P, this set of “Protected” subcarriers. If usér modulates
such a subcarrien € P4, the additive noiseuv,(n,m) contains only thermal noise. In other words,
subcarriern does not suffer from multicell interference. Then we simplgite E[|wy(n,m)[?] = o2,
whereo? is the variance of the thermal noise only. Similarly, we denoy Pz the remainingl‘TO‘N
subcarriers, such that each subcarriee Pp is only used by Base StatioB, and is not used byl.
Finally, JU P4 U P = {0,...,N — 1}. Moreover, letg; 1 (resp.gx2) be the channel Gain to Noise
Ratio (GNR) in band (resp.P4), namelygy 1 = pi/o: (resp.gr.2 = pr/0?).

C. Resource Allocation Parameters

Of course, for a given usét of Cell A, the noise variance? depends on the particular resource
allocation used in the adjacent C&ll We assume that? is known at Base Statiod, and that a given

user may use subcarriers in both the “interference” baniiwidind the “protected” bandwidt 4. We

DRAFT May 19, 2009



denote byfy,ﬁlN (resp.fy,ﬁzN) the number of subcarriers modulated by ukdn the setd (resp.P4).

In other words,

Yop =cardINN,)/N iy = cardP4 N Ny)/N.

Note that by definition ofy/!; and v, Y7y < a and Y-, 4, < 452, and that the superscript

A (or B) is used to designate the cell in which udeiis located. We assume in the sequel without
restriction that the sharing facto{s/,él,y,éQ}k are continuous real-valued variables and can take on any
value in the interval0, 1]. Furthermore, we assume that a given usef Cell A can modulate in both
bandsJ and P4 using distinct powers in each band. For any modulated stibcar € N, we define

P4 the

(2

P4 = El|si(n,m)!]if n €9, P&, = E[|sk(n,m)|?] if n € P4. Similarly, denote by, = ~;!
average power transmitted to ugein J if = 1 and in®P 4 if i = 2. “Setting a resource allocation for Cell

A” means setting a value for parametdrg’,, vily, P, Py e=1. k4, O equivalently for parameters

A A A A
{Vk,p Vk,2 Wk71> Wk72}k:1...KA .

D. Multicell Interference Model

We define now more clearly the way interference levels...,o%. depend on the adjacent Base
StationB. In OFDMA system models which assume Frequency HoppingHRilksh-OFDM system ([22]
chapter 4, page 179-180, [23]), it is straightforward tovghioat for a given usek of Cell A, interference
powero: does not depend on the particular resource allocation ih Bddut only on i) the position of
userk and ii) the average powep? = ZkKjl W,fl transmitted by Base StatioB in the interference

bandwidthJ. More precisely,

of = E [|(n,m)] QF + 0 (5)

where H;,(n, m) represents the channel between Base Staflcand userk of Cell A at frequencyn
and OFDM blockm. In particular,E [yﬁk(n,m)ﬁ] only depends on the position of userand on the

path-loss exponent.

Ill. SINGLE CELL RESOURCEALLOCATION

Before tackling the problem of joint optimal resource adltion in the two considered cells, it is useful
to consider first the simpler single cell problem. The sirggi formulation focuses on resource allocation

in one cell, and assumes that the resource allocation p&eesra users in the other cell are fixed.
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A. Single Cell Optimization Problem

Assume that each usérhas a rate requirement @, nats/s/Hz. Our aim is to optimize the resource
allocation for Cell A which i) allows to satisfy all target rateB; of all users, and ii) minimizes the
power used by Base Statia# in order to achieve these rates. Considering a fast fadimgegb (i.e.
channel coefficient#,(n, m) vary w.r.t.m all along the code word), we assume as usual that successful
transmission at raté?; is possible provided thaR, < Cj%, where C}, denotes the ergodic capacity
associated with usét. Unfortunately, the exact expression of the ergodic capagidifficult to obtain
in our context due to the fact that the noise-plus-interfeeeprocesgwy(n, m)), » is not a Gaussian
process in general. Nonetheless, if we endow the input siamhdn, m) with Gaussian distribution,
the mutual information betwees).(n, m) and the received signak (n, m) in equation (1) is minimum
when the interference-plus-noisg;(n, m) is Gaussian distributed. Therefore, the approximatiorhef t
multicell interference as a Gaussian random variable i€lyidsed in the literature on OFDMA (see for
instance [12], [24], [25]) as it provides a lower bound on thetual information. For a given usérin
Cell A, the ergodic capacity in the whole band is equal to the surhevétgodic capacities corresponding
to both bandd and® 4. For instance, the part of the capacity corresponding tgptb&ected band 4 is
equal toy',E [log (1 + P,j}zm’“(:i;mw)] = 1{,E [log (1 + %Wﬂ , where factory;", traduces
the fact that the capacity increases with the number of subcawhich are modulated by uskr In the
latter expression, the expectation is calculated witheesm random variabléﬁ"(;’;—’”w. Now, %2”)‘2
has the same distribution 85 Z = g, »Z, whereZ is a standard Chi-Square distributed random variable
with two degrees of freedom. Finally, the ergodic capagityhie whole bandwidth is equal to

Wiy
log | 1+ gk2—5~2

Vi,2

Wi
Ck(%ép%ém Wlfb Wéé}z) = 7/?,115: [log (1 tok1i—7—2Z ||+ VI?,QE (6)

V1

whereZ represents a standard Chi-Square distributed randonbl@math two degrees of freedom. The

quantity Q4 defined by
KA

Q" = YW + W) 0
k=1

denotes the average power spent by Base Statiauring one OFDM block. The optimal resource
allocation problem for CelH consists in characterizingy;',, 7'y, Wi, Wik, bi—1...x+ allowing to satisfy
all rate requirements of all user®{ < C;,) so that the powe€* to be spent is minimum. Furthermore,
as we are targeting a multicell interference scenario, &l$® legitimate to limit the interference which
is producedby Base StatiomA. Therefore, we introduce the following “low nuisance coait”: The

power Q4 = Yk W,j}l which is transmitted by Base Statiof in the interference banfl should not
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exceed a certainuisance leve, which is assumed to be a predefined constant imposed by stensg
requirements. The introduction of this constraint will béek revealed useful in Section IV when studying
the solution to the joint multicell resource allocation Iplem. The single cell optimization problem can

be formulated as follows.

Problem 1. Minimize Q4 w.rt. {7i',, 7Ly, W, Wi =1 x4 under the following constraints.

C1 :Vk, Ry < Cy C4:7,‘3120,7,‘3220
KA
C2:Zy,ﬁ1:a C5:W£120,W,f220.
k=1
KA 1 KA
-«
C3:kz_17,‘22: 5 C6:I;W,f1§9.

Here, C1 is the rate constraintC2-C3 are the bandwidth constraint§;4-C5 are the positivity
constraints. Note tha€C6 is the low nuisance constraint imposed only on the powerstratted in the
non protected ban®l The particular case where the maximum admissible nuidamegis set toQ = +oo
would correspond to a “selfish” resource allocation: Bas¢i@i A may transmit as much power as needed
in the interference ban@iwithout caring about the nuisance which it produces on thacadt cell. Note
that in Problem 1 no power constraint is imposed on the tatelgpQ* transmitted by the base station in
the two bands. Note also that the constraint set (the set ffaalible points) associated with Problem 1 is
not empty as it contains at least the following trivial s@uat This trivial solution consists in assigning zero
powerW,j"1 = 0 on the subcarriers of the non protected bando that constrain€6 will be satisfied),
and in performing resource allocation only in the protediadd? 4. The main reason for expressing the
resource allocation problems in terms of parametgls W, (i = 1,2) instead ofy;';, P¢; is that the
ergodic capacityC, = Ci(vi'y, Wik, vile, Wiky) is @ concave function of;};, W. As a consequence,
the constraint set is convex and Problem 1 is a convex oiiniz problem in{y;!,, v, Wik, Wi 3.
Obviously, finding the optimal parameter et , v;',, Wi, Wi, }1. is equivalent to finding the optimal

PAi=1,2.

7

(v, iy, PA,, P2} thanks to the simple relatio, =~

B. Optimal Single Cell Resource Allocation

In order to solve convex Problem 1, we use the Lagrange Kafusim-Tucker (KKT) conditions.
Define the following function o ;.
Ellog(1+zZ
flz) = [(—})] -z, (8)

Z
E |:1+:BZ
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where Z represents a standard Chi-Square distributed randombl@aniéth two degrees of freedom. It

can be shown that functiofi(x) is increasing from 0 teo on R.. The following theorem provides the

general form of any global solution to Problem 1. Its proopisvided in Appendix A.

Theorem 1. Any global solution{~i,, vi,, W, Wi, } =1, x4 to Problem 1 is as follows. There exists

an integerL € {1,...,

1) For eachk < L,

2) For eachk > L,

3) Fork=1L

K4} and three nonnegative numbess, 5, and ¢ such that

Pk 1= f (191155 > P,fQ =0
Ry A _o
E [log (1+ge1P42)| |

A _
Ye1 =

P =0 Py =g 5f " (gk.25)
Ry,

E [1og (1 n gk,zp,g}zzﬂ

A
Vo1 =0 | Ve =

9k, —1 e
= geaf” < - ﬁl) Pty = g5t (gr282)

1+¢

k—1 1—a K4
A _ A A _ 1= A
Yea1 = @ — E Vi1 Vk,2 = 5 E 1,25
=1

I=k+1

(9)

(10)

(11)

wheref, 5, and¢ are the Lagrange multipliers associated with constrai@®, C3 and C6 respectively.

Determination ofL, 81, B2 and ¢ is provided by Proposition 1.

Comments on Theorem 1;

a) Theorem 1 states that the optimal resource allocatioarsehs “binary”: except for at most one

user ¢ = L), any user receives data either in the interference bandwicr in the protected

bandwidth® 4, but not in both. Intuitively, it seems clear that users wihe the farthest from the

base station should mainly receive data in the protectedvaiath 7 4, as they are subject to an

significant multicell interference and hence need to begotetl. Now, a closer look at our result

shows that the farthest users should only receive in theeptied bandwidti? 4. On the other hand,

nearest users should only receive in the interference biltial

b) Nonzero resource allocation parameters, P/}, (for k¥ < L) and~i,, PA, (for k > L) are

expressed as functions of three paramefgrsi;.£. It can be easily seen from Appendix A that

01, B2, & are the Lagrange multipliers associated with constra@2s C3 and C6 respectively. It

is quite intuitive that, when the admissible nuisance légdhrge (take for instanc@ = +o0),
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constraintC6 holds with strict inequality. Thus; = 0 from complementary slackness condition.
In the general case, the values of parametkrgi,, £ can be obtained from KKT conditions. The
determination of3, 52, £ and the pivot-usel. is given by Proposition 1.

c) As expected, the optimal resource allocation dependsherrdsource allocation in CeBB via
parameters;r%, ... ,O'%{A. Joint optimization of the resource allocation in both €edl and B, is

investigated in Section IV.

While Theorem 1 provides the form of any global solution te gingle cell problem, the following
proposition proves that the global solution to this problienunique and provides a practical method to

compute it. Its proof is provided in Appendix B. Before predeng, define for each > 0,

Z
ro) =2 707 -
C(x) =Efllog(1+ f~(x)2)]. (13)
Proposition 1. The global solution to the single cell Problem 1 is unique @ndiven by equations (9)-

(10)-(11), where parameters, 31, 52 and £ are unique and determined as follows. For edcliefine

ai* andb! as the unique positive numbers such that:

l
11—«
Z;Cgmal =a and Z =—

i
vty Cr, Qb

with afl = b?}A = 0 by convention. Consider the following system of equations.

Rk (?j—éﬂl) ll—a C'(gL 252)
_ + d =1 (14)
@ l; C <1+§ﬁl) Ry, 2 I; C gk 262) Ry,
o (fﬁlfﬁ 1> =922 (92.26) o)
L:min{l:1...[(‘4/19:_1g (gzlal)<gzzF(gzzbl)} (16)
d P =29 (17)
k<L

The following procedure permits the determination of pastersL, 31, f2 and&.

1) Assuming = 0, evaluateL by (16) and(f:, 52) as the unique solution to the system of equa-
tions (14)-(15) satisfying(f—&,@) € [af_y,af] x [bf,b7_,]. Then evaluat&;' = =, ¢, B,
2) Stop ifQf < Q (constraintCeé is met) otherwise continue.

3) Evaluate (., 51, B2, £) as the unique solution to the system of equations (14HU&)(17 ).
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IV. JOINT MULTICELL RESOURCEALLOCATION

A. Optimization Problem

Our aim now is to jointly optimize the resource allocatiom fbe two cells which i) allows to satisfy
all target ratesR;, of all users, and ii) minimizes the power used by the two baatoss in order to
achieve these rates. The ergodic capacity associated settk in Cell A is given by equation (6), where

coefficientgy, ; in that equation coincides with

gk (QT) = . P ;
E [ y(n,m)P] QF + o2

where Hy,(n,m) represents the channel between Base Stalicand userk of Cell A at frequencyn
and OFDM blockm. Coefficientgy. 1(QF) represents the signal to interference plus noise ratio én th
interference band. Here, g, 1(QF) not only depends on the position of ugein Cell A, but also on
the powerQ? = Z{fjl W,fl transmitted by the adjacent Base StatiBnin bandJ. We now solve the

following multicell resource allocation problem.

KC
Problem 2. Minimize the total power spent by both base statiGhs= Z Z(W,ﬁl + Wi o) with

c=A,Bk=1
respect to{" 1,75 2 Wi 1, Wi} e=a,5 under the following constraints.
’ ’ ’ T k=1..K°
C1:VEk, R, < Cy C4:9;,2>0,7%22>0
Kc
C2:) yi1=a C5: Wi, >0,Wg, > 0.
k=1

K 11—«
C3: Z’Y}?,z =5
k=1

It can be easily seen that the above optimization probleradasible as soon as < 1. Indeed, a naive
but nevertheless feasible point can be easily construgtédrbing each user to modulate in the protected
band only (forcey; ; = 0 for each user). Cells thus become orthogonal, and all uséesrequirements
Ry, can be satisfied provided that enough power is transmitteéderprotected band. Unfortunately, the
ergodic capacity’; of userk is not a convex function with respect to the optimizationiafles. This is
due to the fact that the gain-to-noise ratip; (Q¥) is a function of the resource allocation parameters
of users belonging to the interfering cell. Therefore, Reob2 is nonconvex, and cannot be solved by
classical convex optimization methods. Nonetheless, weag to characterize its solution. In fact, we

prove that the solution has the same simple binary form ofsthgle cell optimal solution.
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B. Optimal Resource Allocation

For each celk € {4, B}, denote bye the adjacent cell{ = B and B = A). The following result is
proved in Appendix C.

Theorem 2.
(A) Any global solution to Problem 2 has the following form. Fack Cell ¢, there exists an integer
L¢ e {1,..., K}, and there exist four positive numbess, 35, £¢, QS such that

1) For eachk < L°¢,

Plg,l = gk,l(Q(f)_ I~ (91; 1_52951) PI§,2 =0
. Ry, (18)

_ E [log (1 + gk,l(Q?)Pﬁ,lZ)] Vo =0

Ye1 =

2) For eachk > L€,
Piy=0| Piy=gusf " (9.255)
Ry (19)

’Y/(;,l =0 71(;,2 =
E [1og (1 n gk,gPéQZ)}
3) For k= L¢
c e\~ 9k, Q c 1 - c
Pgy = gr1(Q5) L ( 1 li 5)51) Py = Qkéf ' (gk.2/35)
k—1 1 K¢ (20)
c c c —
Y1 = O — Vi Yk,2 - Z ’Yz 2-

=1 I=k+1

(B) For eachc = A, B, the systen$(Q1!, Q¥) formed by the following four equations is satisfied.

L¢ = min {l =1... Kc/glll_(ffc)F <gl11_i(_6£) az) < gioF (9l,2bl)} (21)
ng_li_(?cl)F (ng_li_(gcl)ﬁf> _ ch,zF(ch,zﬁg) (22)
Ve 1C <ng _11_(?0 )ﬁ1> + L 2C(9L,203) = Rpe (23)
Z%ﬁ,lplﬁl =Q7, (24)

k

where the values of; ; and P, in (24) are the functions ofs5, 85, £¢) defined by equation (18).
(C) Furthermore, for eaclt = A, B and for any arbitrary valuea@{‘ and Q{B, the system of equations

8¢(Q4, QF) admits at most one solutiofL¢, 3¢, 55, £9).

May 19, 2009 DRAFT



14

Comments on Theorem 2:

a) The joint multicell resource allocation problem reqdineitially the determination ol K parameters
(where K is the total number of users). Theorem 2 allows to reduce &@ch to only two
parameters, namel9: andQ¥. Once the value of these parameters is fixed, the resoutzatitin
parameters for each user can be obtained from the abovdsrtefsl a consequence, the only
remaining task is to determine the value(djf‘, QP). This task is addressed in Subsection IV-C.

b) We observe that the syste$fi(Q1', Q¥) is very similar to the system obtained in the single cell
case at equations (14), (15), (16) and (17). In fact, ascstagehe proof later, the optimal resource
allocation in the multicell case can be interpreted as thetiso to a certain single-cell problem.

c) As a consequence of the above remark, Theorem 2 stateghthaiptimal multicell resource
allocation scheme has the same “binary” form as in the sioglecase. Even if optimal resource
allocation is achievegbintly for both interfering cells, there still exists a pivot-uset in each
Cell ¢ which separates the users modulating respectively in baads P..

d) It is worth noticing that this binary resource allocatisinategy is already proposed in a number
of recent standards. One of the contributions introduced hgorem 2 is the proof that such a

strategy in not only simple and intuitive, but is also optima

C. Optimal Distributed Algorithm

Once the relevant values 6§ and Q¥ have been determined, each base station can easily compute
the optimal resource allocation based on Theorem 2. As aequesice, the only remaining task is to
determine the value qiQ4!, Q?P). To that end, we propose to perform an exhaustive searoﬁb}@n@’f).
i) For each poin(@{‘, (2'19) on a certain 2D-grid (whose determination will be discusséer on), each
base station: = A, B solves the systers®(Q:',QF) introduced by Theorem 2. Solvingf(Q4', QF)
for arbitrary vaIues(QA,Qf’) can be easily achieved by base statiothanks to a simplesingle-cell
procedure. Focus for instance on C4ll
« Base stationA solves the single cell resource allocation Problem 1 assyrhiat the interference
level coincides withQZ, and that the nuisance constrafhis set toQ = Q{‘. The (unigue) solution
is provided by Theorem 1 and Proposition 1.

« If the resulting power) 71?,135}1 transmitted in the interference bafig, is equal to the nuisance
constraintQ4' (i.e. constraintCé holds with equality), then the resulting value @, 3{, 33", £4)
coincides with the unique solution to systérﬁ((){‘, @’19). This claim is the immediate consequence

of Proposition 1.
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o If the power, 7, P is less thanQs' (i.e. constraintC6é holds with strict inequality), then
(LA, B, 53, €4) is clearly not a solution to systed(Q4, QF), as equality (24) does not hold.
In this case, it can easily be seen ti$gt(Q:', QF) has no solution. The poiniQ:', Q¥) cannot

correspond to a global solution as stated by Theorem 2 arttlgs dliminated.

ii) Base station A evaluates the power

A(AA AB A pA | A pA
QT(QT,Q7) = E YienPea + V2 b2
e

that would be transmitted if the interference level and thisance constraint were respectively equal to
QP and Q¢ This value is then communicated to Base Station B. Basiost8 proceed in a similar
way.

i) The final value of(Q{!, Q) is defined as the argument of the minimum power transmittethby

network:

(@1, QF) = arg (Q%B)Q?@M{B) +QF(Q1. Q7).

Note that the optimal resource allocation algorithm as desd above does not require the intervention
of a central controlling unit supposed to have access toweblase stations and to users’ information
(position and data rate). We only assume that both baserstatian communicate via a special link
dedicated to this task. The algorithm is thus distributeuis Bpecial link will be only used to exchange
a limited number of messages. Indeed, the only values thet tiebe exchanged between the two base
stations areQ4(Q1, QF) and QZ(Q4!, QF) corresponding to the couplé®s!, QF) for which the two
systems of equatior$*(Q4, QF) and8”(Q#, @) have a solution.

Determination of the search domain in(Q;’l“, Qf).
In order to limit the complexity of the proposed approack, search fo(Q+', Q¥) should be restricted

to a certain compact domain, say
Qtlz G [07 Qmam]

for eachc. For instance, a possible value 0y, can be defined as the total power that would be spent
by the two base stations if one would use the naive and subaptiesource allocation which consists
in only transmitting in the protected bantls; and Pp. Clearly, the latter value o®,,,, is a constant
w.r.t. Q¢ and Q¥ and can be computed beforehand. A second way to restrictetiets domain is to
make use of a simple suboptimal multicell resource allocasiigorithm prior to the use of our algorithm

(see for instance the suboptimal algorithm defined in Paof this work). In this case, it is possible to
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restrict the search fo(QA,Q’f) to a well-chosen neighborhood of the coup@A,Q{B)suboptprovided
by the suboptimal solution.
Complexity Analysis.

In order to get an idea about the cost of applying the optiflatation, we provide in the following a
computational complexity analysis of this algorithm asdiion of the number of user&” in the system.
In other words, we study how the number of operations inwblirethe algorithm increases when the
number of users grows. For that sake, recall that the sysfegguations$©(Q7', Q¥) must be solved
for each possible value di@{,Q¥) inside a 2D-grid contained in a compact interval. DenoteMsy
the number of couplegQ', Q%) in the 2D-grid. The overall computational complexity of thlgorithm
can be obtained by multiplying the cost of solvieg(Q{', QF) for each point of the 2D-grid by the
number of points in the grid.

For each pointQ?, Q?P) of the 2D-grid, solving8¢(Q4, Q?P) consists in the determination &f, 3¢,
G5, £€¢ such that equations (21)-(24) are satisfied. Equation (@particular permits the determination
of L¢ independently of3{ and 35 by solving L¢ = min {i = 1... K¢/ L F (g1af) < gi2F (q1,26f) },

I4¢°
provided that the value of° is fixed. Note that solving the latter equation requires frErameterss, b7

should be computed first. It can be shown that the number ofatipas required to compuie, bj is

of orderO(K°). Furthermore, we argued in Section Il that the determamatf L can be done by di-
chotomy, computin@f‘ andbf‘ only for a limited number, for instandeg, K¢, of values ofl. The overall
complexity of findingL¢ for a fixed¢€ is therefore of the order @ (K¢ log, K¢). The system of equation
8¢(Q4, QP) can now be reduced to a system of three equations (22), @B)ir( variables{, 55, £¢. This
system of non linear equations can be solved using Newkenitkrative methods. For a fixed value I,
one can verify from (22), (23), (24) and by referring to [264t each iteration of Newton method requires
a computational complexity of ordé€?(/¢). We conclude that the computational complexity associated
with each iteration of Newton method is dominated by the adstomputing L¢, which is of order
O(K°log, K¢). We can now compute the overall computational complexitgafing $¢(Q4, QF) by
multiplying the cost associated with solving each iteraid Newton method by the number of iterations
needed till convergence. Denote B¥ this number of iterations. The overall computational comijt

of solving 8¢(Q4!, QP) is therefore proportional t®(N; K¢log, K¢). The overall cost of the algorithm
for each Base stationcan be obtained by multiplying the complexity of solviet(Q+', Q¥) by M, the
number of couplegQ+', QF) in the search grid. The overall computational complexitythed optimal
allocation is therefore of the order 61(M N; K4 logy K4) + O(MN; KB log, KP), which is itself of
order O(M N; K log, K) in the particular casé& ~ KZ ~ K/2. Of course, the value of/ and N;
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should be chosen such that the required accuracy of the fihaian i.e., its distance from the optimal
solution, is achieved.

Note from the above discussion that the determination opthet-userLc in each cell for each value
of (Q4!,QF) is one of the costliest operations in solvig(Q+', Q¥) and that it dominates the overall
complexity. This is why we propose in Part Il of this work a piified resource allocation algorithm which
uses a predefined value for the pivot distance. The simplifigdrithm turns out to have a computational
complexity of orderO(K), as opposed to the computational complexity of the optingdraghm which
is of the order ofO(M N; K log, K).

V. SIMULATIONS

In our simulations, we considered a Free Space Loss modk) (faracterized by a path loss exponent
s = 2 as well as the so-called Okumura-Hata (O-H) model for operasaf27] with a path loss
exponents = 3. The carrier frequency iy = 2.4GHz. At this frequency, path loss in dB is given
by pap(x) = 20log;o(z) + 100.04 in the case where = 2, wherez is the distance in kilometers
between the BS and the user. In the case3, psp(z) = 30log;o(z) + 97.52. The signal bandwidtB
is equal to5 MHz and the thermal noise power spectral density is equa¥de= —170 dBm/Hz. Each
cell has a radiusD = 500m and contains the same number of randomly distributed {#éfs= K 7).
The rate requirement of usérin bits/sec/Hz is designated bi,. The distance separating each user
from the base station is considered a random variable withifanm distribution on the interval, D].
The joint resource allocation problem for Cellsand B (Problem 2) was solved for a large number
of realizations of this random distribution of users and vhakies of the resulting transmit power were
averaged. Computing the mean value of the total transmiepavith respect to the random positions of
users is intended to get results that do not depend on thieydartposition of each user in the cell but
rather on global information about the geographic distrdyuof users in the cell. We give now more
details on the way simulation were carried out.
Define X as the vector containing the positions of all the users inysemi.e, X = (z1,z2,...,
zie)c=A, . Recall thatvk, z;, is a random variable with a uniform distribution @h D]. For each realiza-
tion of X, denote byQr(X, «) the minimal total transmit power that results from a glolmuton to the
multicell resource allocation problem (Problemi2), Q7 (X, ) = >"._4 p (Zﬁ;l Wi, + S W,f,Q)
Where(’y,il, W1 Yeas W,§72)CE{A,B}7,€:1,___,KC is a global solution to Problem 2 described by Theorem 2.
Definer; = S+, R, B as the sum rate of the users of Celmeasured in bits/sec. We consider first

the case where all the users have the same rate requirdtgent R, = ... = Rg.. Figures 2 and 3
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s=2, D=500m, K*=kB=25

s=2, D=500m, K*=KkB=25

&

E[Q( X.Q)VEIQ( X.a )]
EIQ,( X, a)J/EIQ( X, ay)]

©
T

=

o

[
T

Figure 2. Power vsa for s = 2, D = 500 m, K4 = Figure 3. Power vsa for s = 2, D = 500 m, K4 =
KB =25, r, =5 Mbps KB =95, r, = 10 Mbps

represent, for a sum rate requirementrpf= 5 Mbps (Mega bits/sec) ang, = 10 Mbps respectively
and assuming = 2, the mean value o) (X, «) normalized by its minimum value w.rt i.e., the ratio
Ex[Qr(X,a)]/Ex[Qr(X, ag)], whereay is the value of the reuse factarthat minimizesE[Q (X, «)].
Figures 4 and 5 plot the same quantity fgr= 5 Mbps andr, = 10 Mbps respectively, but with the
difference that it assumes= 3. The error bars in the aforementioned four figures reprebentariance
of Qr(X,a) i.e, Ex[(Qr(X,a) — Ex[Qr(X,a)])?].

For each value oKX and of the reuse factar, Q7 (X, o) was computed using the optimal resource
allocation algorithm of Section IV. Power gains are consitde compared to the extreme cases 0
(the available bandwidth is shared in an orthogonal way eetwCellsA and B) anda = 1 (all the
available bandwidth is reused in the two cells). Note alsa tor , = 10 Mbps, oy the optimal value of
the reuse factor that minimiz&g, (X, «) is smaller than the optimal value of the reuse factorrfer 5
Mbps. This result is expected, given that higher values; afill lead to higher transmit powers in order
to satisfy users’ rate requirements, and consequently gbehilevels of interference. More users will
need thus to be protected from the higher interference. trar urpose, a larger part of the available
bandwidth must be reserved for the protected bahgandPz. We also remark that in the case where
s = 3, the value of the reuse factar, is larger than its value fos = 2. This is due to the fact that
when the path loss exponent is larger, the interferenceugertiby the adjacent base station will undergo
more fading than in the case when the path loss exponent iBesn#ss a result, less users need to be
protected from interference in the case- 3 compared to the case= 2. (see table V which provides,
in the two cases, the percentage of protected users to thlenioiber of users for, = 5 andr; = 10

Mbps, provided that the corresponding valuengfis used in each case).
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s=3, D=500m, K*=KkB=25 =3, D=500m, K*=KB=25

EQ,( X, )JEIQ;( X, ap)]
EIQ( X.0)VEQ( X.ay)]
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i
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.

Figure 4. Power vsa for s = 3, D = 500 m, KA = Figure 5. Power vsa for s = 3, D = 500 m, K4 =
KB =25, r, =5 Mbps KB =95, r, = 10 Mbps

s=2 s=3
re =5 Mbps | 19.8% | 11.6%
ry = 10 Mbps | 30.0% | 18.7%

Table |

PERCENTAGE OF THE PROTECTED USERS TO THE TOTAL NUMBER OF USERS

We now compare the performance of our proposed resourceatibo with the distributed scheme
proposed in [13]. The latter scheme assumes a reuse facégual to one (all the subcarriers can be
reused in all the cells), in contrast to our scheme which asesptimized value of. Figure 6 plots the
average total transmit powé){Q}K)(X, ap)] that results when our proposed scheme is applied compared
to the power that results from applying the scheme of [13]Js Homparison was carried out assuming
K4 = KB =25, s =2 andr; = 5 Mbps. The gain obtained when the proposed scheme is apglied i
clear from the figure, and it increases with respect to thal ta@iter;. We consider now the case when
the rate requirement is not the same for all users. In pdaticwe assume that the rate requirement
of each user is a random variable that can take on one of tweesakith the same probability. For
example, consider the cage’ = K% = 25 and assume that the rate requirement of each user can either
be equal ta250 kbps (kilo bits/sec) with probability.5 or to 150 kbps with the same probability. This
means that the mean rate per user is equaltbkbps and that the mean total rate per sector is equal
to r, = 25 % 200 kbps = 5 Mbps. Figure 7 represents, assuming 2, the mean value of)r (X, a)
normalized by its minimum value w.r i.e., the ratioEx [Qr (X, a)]/Ex [Q7(X, ap)], Whereqy is the

value of the reuse factar that minimizesE[Q7(X, «)]. The error bars in the above figure represent
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s=2, D=500m s=2, D=500m, K"=KB=25
104 . . T T T T
-4-optimal allocation — 10}
s -v-distributed scheme of [14] >
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Figure 6. Comparison between the proposed optimal scheffigure 7. Power vsa for s = 2, D = 500 m, K4 =
and the distributed scheme of [13] féf4 = KZ = 25. K® = 25 assuming random rate requirements.

the variance ofQ7 (X, a) i.e., Ex[(Qr(X, o) — Ex[Q7(X,a)])?]. By comparing Figures 2 and 7 we
note that the normalized mean vallig [Q7 (X, )] /Ex[Q7r (X, ap)] is practically the same in the two
figures. Only the variancEx[(Qr(X, a) — Ex[Qr(X, a)])?] is slightly different (its value is slightly

larger in the case of random rate requirements).

VI. CONCLUSIONS

In this paper, the resource allocation problem for a sexdridownlink OFDMA system has been
studied in the context of a partial reuse facterc [0,1]. The general solution to the (nonconvex)
optimization problem has been provided. It has been prowatthe solution admits a simple form and
that the initial tedious problem reduces to the identifwatof a restricted number of parameters. As
a noticeable property, it has been proved that the optinsaduree allocation policy is “binary”: there
exists a pivot-distance to the base station such that udessane farther than this distance should only

modulate protected subcarriers, while closest users dranliy modulate reused subcarriers.

APPENDIX A

PROOF OFTHEOREM 1

When the resource allocation parameters of users in Eealte fixed, it is straightforward to show that
the ergodic capacity’s = Ci.(viy, vie, Wik, Wiky) defined by (6) is a concave function of', v,
Wik, Wi, (and hence-Ci (v, 71y, Wikt Wiky) is convex). This is essentially due to the fact that
k1 = gk,1(Q{3) can be treated as a constant and does not depend on the afitmigarameters. Thus,

the single cell resource allocation problem (Problem 1)aisvex in {~i';, 7'y, Wi, Wi beeqr,.. ka}-
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In the following, we derive the KKT conditions in order to abt the general form of the solution and
to prove the existence df, 31, 52, £ as stated by Theorem 1. In particular, we prove that any @btim
resource allocation is binarie., there exists a certain pivot-integér such thaty,j"2 =0fork <L
andfy,ﬁ1 = 0 for k > L. Furthermore, we prove that there exist three paramétgrs, and¢ such that
equations (9), (10) and (11) hold. As explained abg@ie 5., ¢ are the Lagrange multipliers associated
with constraintsC2, C3 and C6 respectively.
KKT Conditions for Problem 1

In order to simplify the notations and since we are only ies¢ed in users of Cell, we sim-
ply omit the superscripd in the sequel and defin@ = Q4, Vo1 = fy,él, etc. Denote byx, the
vector of resource allocation parameters of users in Qelle, x4 = [(W)T, (7)7]7 where W =
Wi, Wia,...,Wkaq, WKAQ]T andy = [y1,1,71,2,- - ,nyA,l,nyA,z]T. The associated Lagrangian is

equal to:
L=Q- Z AeCk + B <Z %,1) + B2 <Z %,2) -
k k k

Z Vk1Vk1 — Z Vk2Vk2 — Z P a Wi — Z pe2Wio + € Z Wi . (25)
% % % e ke

where), 31, B2 and¢ are the Lagrange multipliers associated respectively vothstraintaC1, C2, C3
andC6 of Problem 1, and wherey, 1, vk 2, 1k 1, 11,2 are the the Lagrange multipliers associated with the

positivity constraints ofyy 1, vk 2, Wi, 1, Wy 2 respectively. In the expression 6f;, a technical difficulty

arises from the fact that functiop, ;E [log <1 + Gk If:*f Z)] is not differentiable at point;, ; = 0. One

can easily overcome this issue by replacing the non-nétyationstrainty; ; > 0 by the strict positivity
constrainty; ; > €p, for an arbitraryey > 0. However, as this point is essentially technical, we simply
put e = 0 with slight lack of rigor. This assumption will simplify thpresentation without changing the
results. The complete proof that does not make this siniptifassumption can be found in [28]. We
now apply the Lagrange-Karush-Kuhn-Tucker conditions haracterize the optimal vectsr,. Taking

the derivative of (25) with respect 1, ; and~,; (i = 1,2) leads to

A
1= Megr B | ————7——=| — #k;i + &0 =0 (26)
L 9hin 2
Wi G s
—M:E [log <1 + Gki b Z) — - inv - + 06 —vgi =0 (27)
Vki 1+ Ik,i ’ykk,;l A

whered; = 1if s = 1 andd; = 0 if ¢ = 2. We can easily show that the constrak)t < C) must hold with

equality, and is always active in the sense that the Lagranggplier )\, associated with this constraint
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is strictly positive. ldentifying parametey;, in (26) and (27) yieldsf (g;“‘;VT’“) = % where
[ is the function defined by (8). Replacing the valuegpf If:j in (26) by f~1 (%) directly

provides the following equation:

(28)

1~ pigi + €6 = MoguiF <M> |

1 — pigi + &0
whereF is the function defined by (12). Defing; = {k/v;, ; = 0}. In other words A, is the set of users
of Cell A being assigned non zero share of the barahdA, is the set of users of Cell being assigned
non zero share oP4. By complementary slackness, we may write on the opposijte- {k/~;; = 0}
whereE denotes the complementary set of anyBet {1,... K4}. After some algebra, it can be shown

that vy, ; = 0 implies 3, ; = 0. Thus,

4 9k,i Gki 5\ _ -1
Vk € A;, 1+§5iF<1+§5iﬂl> AL (29)
On the other hand, i}, ; > 0, KKT conditions lead to
- ki Gk.i _1
19 : F ’ i 30
et T, <1+56,ﬂ>“k 59

To prove that inequality (30) holds, one needs to separaténth possible caséd’, ; = 0 andW,, ; > 0.
i) If Wy, =0, equation (27) leads t6; = v ;. Thus, (28) is equivalent td— juy, ; +£9; = Axgr s, Which

implies that% < /\,;1 sinceuy, ; > 0. Noticing thatF (%ﬁ» < 1 and multiplying this inequality by

the previous one, we obtain the desired equation (§0If. 1V, ; > 0, complementary slackness condition

wiiWi.i = 0 along with equation (28) lead to,; = 0 =1 + £6; — Aggr i F (%) As function

F(x) is strictly decreasingF’ (%ﬁl) <F (%v_ﬁgiffg‘,)) — 5% We thus obtain inequality (30) as

well.
To summarize, every global solution to our optimization jpeon can thus be characterized by the

following set of conditions:

1) For everyk € A;:

Ik.i Ik.i 1 Wi 11 Yk
F ) = AL —g! ) 31
1+ &0, <1+§52ﬂ> Eo o kit <1+§5,ﬂ> 1)
2) For everyk € Aj;:
ki ki _1
iR 43 <AL Wi, =0 32
1+ &, <1+§5Zﬂ>< B Wk, (32)

3)

Vk Cy = Ry, 2%,12047 Z%,zzlga, E(ZWk,1—Q>=0-
% % %
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We determine now which users are. i and which are inA,. For that sake, the following conjecture

will be revealed useful in the sequel. Defihér) = %

Conjecture 1. Function f(x) is strictly convex. Functior(z) is non increasing on the interval, 1).

In order to validate the above conjecture, Figures 8 and Eesept the second respectively derivative

of f which is obviously positive, and the first derivative of which is obviously negative of, 1). We

First derivative of h

Second derivative of f

Z Z_1000
-1500
—-2000 : ; ; ; ;
0 0.2 0.4 0.6 0.8 1
X
Figure 8. Second derivative of functigh Figure 9. First derivative of functioh

show now that equations (29) and (30) are sufficient to prbee the following lemma holds.

Lemma 1. Any global solution to Problem 1 is “binaryi.e., there exists a usek in Cell A such that

k2 = 0 for closest userg < L, andy, ; = 0 for farthest users: > L.

Proof: Now defineL = min A5 as the closest user to the base station among all users rtindtta
the protected ban® 4. By definition of L, we havey,; » = --- = y7—12 = 0 which is equivalent to the
first part of the desired result. Now we prove the secondipgyty; 1,1 = --- = vxa 1 = 0. To simplify
notations, we define for each usky g, = f’lé By definition, L. € A,. By immediate application
of the above KKT conditionsgy, 2 F'(gr,252) = A,;l > gr1F (graph). As F is decreasing, we obtain

By < A-F~1 (gi—’;F (gL,lﬁl)>. Now consider a second user> L+ 1 and assume by contradiction that

gr,2

k € Ay. Using the same arguments, it is straightforward to show tha> gk%F‘l (%F(ékﬁl))-

Putting all pieces togetheg— F"~ <%F(§kvlﬁ1)> <Lt (QF(QL,161)>. We now prove that

gr,2 gr,2

the above inequality cannot hold whén> L. To that end, we introduce the following notations. Define
r=gr1p, r= 5—’;, t= % ands = Oﬁ(‘fig) Using these notations, the above inequality reduces to

%F‘l (stF (rte)) < F~ (sF (2)) . (33)
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Note that in the above inequality, all variabless, ¢ are strictly less than one. We now prove with the
help of Conjecture 1 that the above inequality leads to aradidtion. In fact, Conjecture 1 states that
function f(z) is strictly convex. Asf(x) is also strictly increasing, its inversg! is strictly concave
strictly increasing. Therefore, for evety< 1 and for everyy > 0, f~(ty) > tf~!(y). Using the

definition of functionF'(z), it is straightforward to show that the latter inequalitads to

V(r,s,) € (0,1)°, %F‘l(stF(tm)) > %F‘l(sF(m)) (34)
for each reake. As functionh(z) = % is non increasing orf0, 1), it can be shown after some

algebra [28] that functiom — 1F~1(sF(rz)) is decreasing ofi0, 1). As a consequence,
V(r,s) € (0,1)%, %F‘l(sF(m)) > Fl(sF (2)) . (35)

Clearly, (34) and (35) contradict inequality (33). This ye the desired lemma. [ |
Lemma 1 establishes the “binary” property of any global sotuto Problem 1. One still needs to
prove that equations (9), (10) and (11) hold. Fortunatélgsé equations result directly from combining

the above claim with equations (31) and (32).

APPENDIX B

PROOF OFPROPOSITION1 AND DETERMINATION OF L, 31, 32 AND &

Step 1: General form of the solution and existence oL, 81, 82, &.

Theorem 1 provides the general form of any global solutioRroblem 1 and proves that any optimal
resource allocation is binariye., there exists a certain pivot-integér such thatfy,ﬁ2 =0fork <L
andy,;‘fl = 0 for k£ > L. Furthermore, it proves that there exist three paramegigrgs and¢ such that
equations (9), (10) and (11) hold. As explained abgie 3., ¢ are the Lagrange multipliers associated
with constraintsC2, C3 and C6 respectively. Now, the remaining task is first to determime values
of L, p1, B2, &, and second, to prove the uniqueness of the global solubidtrablem 1.

Step 2: Determination of L, 3,1, B2 for a fixed value of €.

To simplify, first assume that the value of Lagrange mukipf is fixed. We determind., 3, (2
as functions of. Recall from step 1 that usdr is defined as the only user who is likely to modulate
in both bandsJ] and P 4. Parameters;/f,l,fyf,2 respectively provide the part of the bafddand P4
which is modulated by useE. A first equation is obtained by writing that; = Ry i.e, the rate

constraintC1 holds with equality. Recall thaf’;, is defined by (6) aSny“le log(1 +gL71PﬁlZ)] +
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71 oE [log(l +gL,2P£2§)]. Plugging the expression (11) of parametefs,, P, 75, Pf', into this

expression, equality’;, /Ry, = 1 becomes

_ Ry <§ié ﬁl) l -« C(gr,202)
P Z;C(Hﬁﬂ +[

Ry, 2 Z:L C(gk,202) Ry,
where C(z) is the function defined by (13) for each > 0 as C(z) = E[log(l + f~1(x)Z)]. In

-1 (36)

equation (36), both terms enclosed inside the bracketscicgnwith yfl and 7242 respectively. As
function C(x) is increasing from 0 toco on Ry, constraintsvﬁ1 > 0 and fyﬁz > 0 hold only if

Bi/(1+¢&) > af_l and gy > bf where for eacH, af‘ and b;“ the unique positive numbers such that:

: « R -«
. _
E =« and E = ,

with af = bKA = 0 by convention. Note tha&lA iS an increasing sequence whﬂﬁ is a decreasing

sequence. Furthermore, in order that (36) holds, both (@gative) terms should be less than one. Thus,

Ry Ry,
oS B gangl® T
IZ:L C (1+§51) ]; C(gr,202)

By < bL—l' Finally,

< 0. As a consequence; /(1 + €) < af and

(16_15,@) a1, af] x b7, b7 ] - (37)

Consider the case wherﬁg‘,l, ym are both nonzero. It can easily be seen from the KKT condition

derived in Appendix A that

9L,1 <9L1
1+¢ 14+¢

where F' is the function defined by (12). Now using (37) in the aboveatign along with the fact that

@) _ gL2F(gnafh) | (38)

F(.) is a decreasing function, one can easily see thatin be defined as

L = min {l KA/ 19_115 (91107 ) < gi2F (g1,2bf )} (39)

In practice, the search fof can be achieved by dichotomy, computig and blA only for a limited
number of values of. Oncel is fixed, it is straightforward to show that the system fornbgdequation
(38) and (36) admits a unique solutign;, 52). This is due to the fact that functiorfs(.) and F'(.) are
monotone. Lagrange multipligf;, 32 can thus be obtained using classical root search tools. Amark,
we note the existence of a rather pathological case, whicldavaot address in details because of its
limited importance. To obtain equation (38) we assumedﬁtﬂqtandyfv2 are strictly positive. If this is
not the case, sazyﬁ1 = 0, it turns out that the system (36)-(38) has no solution. Hexd. can still be
obtained by (39) ang;, 3, can be easily obtained from (36) which leaddp= (1 + ¢)a?, B2 = b ;.
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For the sake of simplicity, we will still refer t93;, 32) as the unique solution to system (36)-(38), with
slight language abuse, keeping in mind that we just/fut (1 + g)af, B2 = bf_l in the pathological
case where such a solution does not exist. This conventibrbeiiused throughout the paper without
restriction.

Step 3: Determination of €.

So far, we proved that for a fixed value §f the optimal resource allocation is unique and follows
equations (9), (10) and (11), wheie = L(¢) is given by (39) and 51, 52) = (51(£),52(€)) is the
unigue solution to system (36)-(38). The remaining taskaws mo determinel. Before addressing this
point, it is worth providing some insights on the impact&br equivalently, on the role of the low
nuisance constrainté6 on the resource allocation. Recall th@ais the Lagrange multiplier associated
with constraintC6. From an intuitive point of view, a large value @f means in some sense that
constraintCeé6 is severely restraining, whereds= 0 means that constraif®6 has no role and could
have been deleted without modifying the solution to Problenit turns out that increasing has the
effect of decreasing the total power! = >, y,élP,j}l which is transmitted in the interference band.
This statement can be proved as follows. First, we obseors &quation (39) that parameter= L(¢) is
a non increasing function @f. Second, it is straightforward to show that for eachD,j}l is a decreasing
function of £. Indeed, equation (9) implies that it is the composition ofiacreasing functionf—*(z)
and a decreasing functiogh— 31(£)/(1 + &) (decreasingness a¢f; (£)/(1 + &) is obtained after some
algebra from (36) and (37)). ThirdV, = P Ry /E [log(l + gk71P,j}IZ)] is an increasing function of
P,;‘}l. It is thus a decreasing function gfas a composition of an increasing and a decreasing function
P,;‘}l. Therefore, the presence of an active constr@iithas a double impact on the resource allocation:
i) it decreases the numbér of users who modulate in the interference bdn@ndii) it decreases the
power W, ; of each user in this band. We now determiheFirst we propose to compute the resource
allocation assuming = 0. If the corresponding value ad{' is such thatQ{' < Q, then the procedure
stops: KKT conditions are met. Otherwise, this means thasitaintC6 should be active¢ > 0. From
complementary slackness conditid@i¢ should be met with equality : one should determinguch that
Q1 = Y v Py coincides withQ:

> o ithPh =9, (40)
k<L

where~;!,, P, are defined by (9) and whete = L(¢), 51 = B1(§), f2 = (2(€) have been defined
previously. As mentioned abov€){' is a decreasing function af so that the solutiorf to equation

Q4% = Q is unique.
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APPENDIXC

PROOF OFTHEOREM 2

NotationsIn the sequelx represents a vector of multicell allocation parameters siiatx = [x47,x57 |7
wherex, = [(WHT, (4NTT andxp = [(WE)T, (v5)T]T and where for eackk = A, B, W¢ =
(Wi Wiy, Wi, Wi olT andy = [7§ 1,75 2, -+ s Yice 15 Vi o) T - We respectively denote by
Q1(xc) = > Wiy andQa(xc) = >, Wi, the powers transmitted by Base Statiom the interference
bandJ and in the protected bari®.. When resource allocatiax is used, the total power transmitted by
the network is equal t6)(x) = >, Q1(xc) + Q2(x¢).

Recall that Problem 2 is nonconvex. It cannot be solved usiagsical convex optimization methods.

Denote byx* = [x* T, x%7]" any global solution to Problem 2.

Characterizing x* via single cell results

From x* we construct a new vector which is as well a global solution and which admits a “binary”
form: for each Cellc, 75, = 0if k£ > L¢ and~;, = 0 if & < L¢, for a certain pivot-integeL. For
each Celle, vectorx 4 is defined as a global solution to tlsengle cellallocation Problem 1 when

a) the admissible nuisance constrainis set t0Q = Q(x7%),

b) the gain-to-interference-plus-noise-ratio in band set tog, 1 = g1 (Q1(x}))-
Vector xp is defined similarly, by simply exchanging and B in the above definition. Denote by

x = [x47,xp"T]T the resource allocation obtained by the above procedur fdllowing Lemma holds.
Lemma 2. Resource allocation parametexsand x* coincide:x = x*.

Proof: It is straightforward to show that is a feasible point for the joint multicell Problem 2 in
the sense that constraing1-C5 of Problem 2 are met. This is the consequence of the low ncésan
constraintQ; (x.) < Q1(x}) which ensures that the interference whiclpieducedby each base station
when using the new allocatiox is no bigger than the interference produced when the irafiacation
x* is used. Second, it is straightforward to show tkas a global solution to the multicell Problem 2.
Indeed, the powe); (x.) + Q2(x.) spent by Base Station is necessarily less than the initial power
Q1(x}) + Q2(x}) by definitionof the minimization Problem 1. Thu®(x) < Q(x*). Of course, as
x* has been chosen itself as a global minimumchfthe latter inequality should hold with equality:
Q(x) = Q(x*). Thereforex* andx are both global solutions to the multicell Problem 2. As amiedliate

consequence, inequality; (x.) + Q2(x.) < Q1(x}) + Q2(x}) holds with equality in both Cells:
Q1(xc) + Qa(xc) = Q1(x;) + Qa(xc) - (41)
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Clearly,x* is a feasible point for Problem 1 when setting constart Q1 (x* ) andgy 1 = gx1 (Q1(x}))-

Indeed constrain€C6 is equivalent taQ (x%) < Q and is trivially met (with equality) by definition o.

Since the objective functio®; (x% ) + Q2(x7%) coincides with the global minimum as indicated by (41),

x’ is a global minimum for the single cell Problem 1. By Theorenthls single cell problem admits a

unique global minimunmx 4. Therefore x* = x4. By similar argumentsxy; = xp. |

Using the above Lemma along with Theorem 1, we conclude tmaigéobal solutionx* to the joint

multicell Problem 2 satisfies equations (18), (19) and (@Bgre parameters®, 55, 35, £¢ forc = A, B in

the latter equations can be defined as in Appendix B usingesai = gx 1 (Q1(x%)) andQ = Q1 (x}).

The proof of Theorem 2 is thus complete.
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