Long run convergence of discrete-time interacting particle
systems of the McKean-Vlasov type

Pascal Bianchi', Walid Hachem?, and Victor Priser!

L TCI, Télécom Paris
?Laboratoire d’informatique Gaspard Monge (LIGM / UMR, 8049), Université
Gustave Eiffel

February 10, 2025

Abstract

We consider a discrete time system of n coupled random vectors, a.k.a. interacting parti-
cles. The dynamics involves a vanishing step size, some random centered perturbations, and
a mean vector field which induces the coupling between the particles. We study the doubly
asymptotic regime where both the number of iterations and the number n of particles tend to
infinity, without any constraint on the relative rates of convergence of these two parameters.
We establish that the empirical measure of the interpolated trajectories of the particles con-
verges in probability, in an ergodic sense, to the set of recurrent Mc-Kean-Vlasov distributions.
A first application example is the granular media equation, where the particles are shown to
converge to a critical point of the Helmholtz energy. A second example is the convergence
of stochastic gradient descent to the global minimizer of the risk, in a wide two-layer neural
networks using random features.
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1 Introduction

Given two integers n,d > 0, consider the iterative algorithm defined as follows. Starting with the
n-uple (X", ..., Xg"™) of random variables X;" € R?, the algorithm generates at the iteration
k+1 for k¥ € N the n—uple of R¢valued random variables (X;’", o, X7, referred to as the
particles, according to the dynamics:

n

i,n i,n Ve+1 i,m j,m i,n i\n
Xy =X, + n Zb(Xk SXPT) N 2160 e Gt (1)
j=1
for each i € [n] where [n] := {1,...,n}. In this equation, the function b : R? x RY — R? is

a continuous vector field, (v4)x is a vanishing sequence of deterministic positive step sizes, and
(&™")iem))wen= and ((¢;")ien) Jken- are R4*™—valued random noise sequences in the time param-
eter k. We assume that for each n, the n—uple (Xé oo, Xy") is exchangeable, and that the same
holds for the n-uple of sequences (&4 )kenss---s (™ Jken-) and (o™ Vkenes - - - (" ken-)-

Defining, for each n > 0, the filtration (F}})ken as

Fi= o (Xg™Viepm)s (€™ iem))e<hs (G iem))e<h), (2)

we furthermore assume that for each n, the sequence ((fi’")ie[n]) k is a (F)g—martingale incre-
ment sequence i.e., E(«fifﬁ}'ﬁ) = 0. Finally, we assume the following E(f;ﬁl(fifl)ﬂfg) =
Y g eim O XM o (X", X" T iz for some o : RY x RY — R4 with d’ > 0.

The aim of the paper is to characterize the asymptotic behavior of the empirical measure of
the particles

n 1 -

in the regime where both the time index k and the number of particles n tend to infinity (denoted
hereinafter as (k,n) — (00, 00)), without any constraint on the relative rates of convergence of
these two parameters. To this end, we consider for each i € [n] the random continuous process
X [0,00) — R%, ¢t — X" defined as the piecewise linear interpolation of the particles (X,")y.

Specifically, writing
k
TR = Z v; (4)
j=1

for each k € N, we define:

vi,n in t—Tk in in
VEE [Tk Thtr), X7 = X A (XIJH - Xy ) . (5)
Ve+1

The interpolated processes X*™, for i € [n], are elements of the set C of the [0, 00) — R¢ continuous
functions, equipped with the topology of uniform convergence on compact intervals. This paper
studies the empirical measure of these processes:

n 1 - B
mo = ﬁ ;6)(@,71 . (6)



For each n and each p € [1,2], m” is a random variable on the space P,(C) of probability measures
on C with a finite p-moment, equipped with the p—~Wasserstein metric W,, (precise definitions of
these notions provided below). Our aim is to analyze the convergence in probability, of the shifted
random measures

Z Oxin

when both n and ¢ converge to inﬁnity with arbitrary relative rates, where for every m € P,(C),
@, (m) € Pp(C) is defined by ®4(m =[f(=z dm(z) for every bounded continuous function
f onC. Under mild assumptions on the vector ﬁeld b and some moment assumptions on the iterates
and on the noise sequence (((;")icin) )k, ensuring that the effect of the latter becomes negligible in
our asymptotic regime, we establish the following result, which we explain hereafter.

Main theorem (informal). The sequence (®.;(m™)) ergodically converges in probability as
(t,n) — (00, 00) to the set of recurrent McKean-Vlasov distributions.

Let us explain what the terms McKean-Viasov distribution, recurrent, and ergodic convergence
mean in this paper. Here, a McKean-Vlasov distribution p is defined as the law of a R%-valued pro-
cess (X : t € R) satisfying the following condition: for every smooth enough compactly supported
function ¢, the process

o(X1) / L(p2)(6)(X.)ds

is a martingale, where p; the marginal law of X;, and where the linear operator L(p;) associates
to ¢ the function L(p;)(¢) given by:

@ = (b(@, pr), Vo ()) + tr(o (@, pr) " Hy(2)o(, pr))

where H is the Hessian matrix of ¢, tr denotes the Trace operator, and where we use the slightly
abusive notation b(z, p) := [ b(z,y)dp(y), and o(z, p) == [ o(z,y)dp:(y) .

A McKean-Vlasov distribution p is said recurrent if, for some sequence (tx) — oo, p =
limy 00 @4, (p). The W,-closure of the set of recurrent McKean-Vlasov distributions will be re-
ferred to as the Birkhoff center, and denoted by BC,, following the terminology used for general
dynamical systems.

By ergodic convergence, we refer to the fact that the time averaged Wasserstein distance between
the measures ®;(m™) and the Birkhoff center converges to zero. Our main theorem can thus be
written more precisely:

/ W ( ),BC,)ds ————— 0, in probability.

(t,n)—(00,00)

The Birkhoff center can be characterized in a useful way, provided that one is able to show the
existence of a Lyapunov function, namely a function F on P,(C) such that, for every McKean-
Vlasov distribution p, F(®:(p)) is non-increasing in the variable ¢. Indeed, in such a situation,
the Birkhoff center is included in the subset A of McKean-Vlasov distributions which satisfy the
property that t — F(®;(p)) is constant whenever p € A.

Finally, in the case where the McKean-Vlasov dynamics can be cast in the form of a gradient
flow in the space of measures Pp(Rd), and in case this gradient flow has a global attractor A,, we
show that

W, (i, Ay) ——— 0 in probability.
(k,n)—(00,00)

To illustrate our results, we provide an important example of a McKean-Vlasov distribution
where these results can be applied: the granular media equation. Additionally, our results can also
be applied in several machine learning applications, such as two-layer neural networks or the Stein
Variational Gradient Descent (SVGD) algorithm.

Granular media. Our example is in P (C) and corresponds to the scenario where o (z,y) = ol
for some real constant o > 0, and the vector field b takes the form:

b(z,y) = -VV(x) - VU(z —y),

where the confinement potential V' and the interaction potential U denote two real differentiable
functions on R, whose gradients satisfy some linear growth condition. In this case, a Lyapunov



function exists, which can be expressed as a function of the so-called Helmholtz energy. As a con-
sequence of our main result, we establish that, when ¢ > 0, the empirical measures (u}}) converge
ergodically in probability as (k,n) — (00, 00) to the set S of critical points of the Helmholtz energy,
namely:

S Walg, S)
2521 " (n,k)—(c0,00)

0, in probability.

where, this time, Wy represents the classical Wasserstein distance, and where S is the set of
probability measures 1 on R? which admit a second order moment and a density du/d.Z¢ w.r.t.
the Lebesgue measure, and such that:

VVi(z) + /VU(JU —y)du(y) + 0?Vlog %(m) =0,

for p-almost every x. Our result holds under mild assumptions, and does not require the rather
classical strong convexity or doubling conditions on U and/or V.

Contributions. Compared to existing works, our contributions are threefold. First, our results
hold under mild assumptions on the vector field b aside from continuity and linear growth, whereas
most of the existing works (see below) rely on stronger conditions, such as Lipschitz, doubling or
even global boundedness conditions. Second, we address the case of discrete-time systems with a
step size vanishing arbitrarily slowly towards 0, whereas the continuous time model is more often
considered in the literature. Discrete-time algorithms are important in applications, such as neural
networks, transformers, Monte Carlo simulations or numerical solvers. In particular, stability
results are more difficult to establish in this setting. Finally, our result focuses on a double limit
(k,n) — (00,00). At the exception of some papers listed below, the results of the same kind
generally consider the case, where the time window is fixed, while the number of particles grows
to infinity, ignoring long time convergence, or assume certain constraints on the relative rate of
convergence of the two variables.

About the literature. The first results addressing the limiting behavior of a finite system of
particles are provided in the context of the propagation of chaos. These findings are discussed in
detail in [CD22]. Such results have broad applicability across a variety of particle systems, where
the interacting term b can manifest in various forms [MRCS8T, [Oel84) [Szn84, [ELL21]. In our case,
if we set aside the transition from continuous to discrete time, such results typically establish the
convergence to zero of the expectation of the squared Wasserstein distance between the empirical
measure of the particles, over some fixed time interval [0, T], and a McKean-Vlasov distribution
with the same initial measure. Under classical assumptions, this convergence occurs at a rate of
1/n, where n is the number of particles, but with a constant that grows exponentially with 7.
This type of result performs poorly in the long run, making the achievement of the double limit in
both time and the number of particles unattainable.

By imposing additional assumptions, one can derive a bound that is uniform in time, thereby
explicitly addressing the double asymptotic regime. However, these uniform-in-time propagation
of chaos results are typically established in continuous time. The paper [KJHK24] bridges the gap
between continuous and discrete time in the specific context where uniform-in-time propagation
of chaos holds for the continuous-time particle system, allowing for the recovery of our results.
They demonstrate that the limiting distribution of the discrete-time particle system coincides with
that of the continuous-time particle system. When uniform-in-time propagation of chaos holds,
the limiting distributions of the continuous-time particle system converge to the unique stationary
distribution of the associated McKean-Vlasov system as time grows. This, in turn, implies the
convergence of the discrete-time particle system to the McKean-Vlasov stationary distribution in
the doubly asymptotic regime. However, it should be noted that when applying the results of
IKJHK24], we lose the convergence rate provided by uniform-in-time propagation of chaos, and
the resulting result is no better than ours in the restrictive case where it is applicable.

Our contribution lies in the fact that our assumptions are weaker than those requiring uniform-
in-time propagation of chaos, which are generally too strong for practical applications. Specifically,
the first paper to address uniform-in-time propagation of chaos in the granular media setting is
[Mal01], which requires the strong convexity of the confinement potential and the convexity of the
interaction potential. Later, [CGMOS§]| relaxed the strong convexity assumption on the confinement
potential. [DEGZ20] proposed a uniform-in-time propagation of chaos result when the confinement
potential is strongly convex outside a ball, and the interaction potential has a sufficiently small



Lipschitz constant. More recently, [MRW24| [CLRW24| [LLE23] provide sharp uniform-in-time
propagation of chaos results under a Log-Sobolev inequality on the vector field b and a noise with
variance large enough.

As highlighted in [DMT19], achieving uniform propagation of chaos over time is only possible
when a unique McKean-Vlasov stationary distribution exists. A condition that [Tugl3] has demon-
strated is not always met. In this regard, our assumptions are weaker, allowing for the existence
of multiple stationary distributions. It is noteworthy that the study of McKean-Vlasov stationary
distributions in cases where the uniqueness of such distributions does not hold remains an open
area of research. For instance, [Cor23] explores the stability of stationary distributions. Addition-
ally, [BDFR15] explores a general class of non-linear Markov processes in finite-dimensional space
and proposes a method to obtain Lyapunov functions for these processes.

Among papers that address the long-run convergence of discrete-time particle systems, [Mal03]
employs an implicit Euler scheme for the granular media case, assuming a zero potential func-
tion and strongly convex interaction. The work in [BCEM24] studies a Jordan—Kinderlehrer—Otto
(JKO) scheme for granular media, assuming a strongly convex confinement potential. The contri-
bution of [Ver06] is the closest to the present work, considering an equation similar to Eq. , but
assumes that b is globally bounded and only addresses the convergence of the expectation of the
empirical measure, not convergence in probability. Lastly, [BS00] is closely related but not specific
to McKean-Vlasov processes, as it does not consider particle systems or double limits. However,
it establishes ergodic convergence of the empirical measure of a weak asymptotic pseudotrajectory
to the Birkhoff center of a flow on a metric space, similar in spirit to our approach.

Finally, let us review some applications of our model. Particle systems have historically been
motivated by statistical physics. However, in recent decades, they have found utility in various
models including neural networks, Markov Chain Monte Carlo theory, mathematical biology, and
mean fields game, among others. A well-known model in statistical physics is granular media
[Vil06]. This model has been extensively studied due to its property of being a gradient system,
and the uniform propagation of chaos over time works well within this model. It can also be
described by a gradient flow [AGS0§|. In Markov Chain Monte Carlo theory, the Stein Variational
Gradient Descent estimates a target distribution using a particle system [CW16, [SSR22], and
the convergence of this algorithm remains an open question. Wide Neural Networks can also be
represented by particle systems. A convergence result to the minimizers of the risk is attainable
when both time and the number of particles tend to infinity [CB18]. Here, the authors establish
convergence to gradient descent in continuous time and in the double asymptotic regime. The
paper [MMNTS] establishes the convergence of noisy stochastic gradient descent when the number
of iterations depends on the number of particles. See also [RVE22, [SS20, [HRSS21, [Chi22, NWS22]
for related works.

2 The setting

We begin by introducing some notations and by recalling some definitions.

2.1 Notations
2.1.1 General notations

We denote by (-,-) and || - || the inner product and the corresponding norm in a Euclidean space.
We use the same notation in an infinite dimensional space, to denote the standard dual pairing
and the operator norm.

For k € NU {oo}, we denote by C*(R% RY) the set of functions which are continuously differ-
entiable up to the order k. We denote by C.(R? R) the set of R? — R continuous functions with
compact support. Given p € N* U {oc}, we denote as CP(R%,R) the set of compactly supported
R? — R functions which are continuously differentiable up to the order p.

We denote by C the set of the [0,00) — R continuous functions. It is well-known that the
space C endowed with the topology of the uniform convergence on the compact intervals of [0, c0)
is a Polish space.

2.1.2 Random variables

The notation fu stands for the pushforward of the measure x by the map f, that is, fupu = pof=1.



For t > 0, we define the projections m; and 7 as m : (]Rd)[o’oo) — R4z — a and Mo,
(RH)10:20) — (RHOH 1 (2, : u € [0,1]).
Let p > 1. For p € P,(C), we denote

pe = (Tt) 4P

Let (Q, F,P) be a probability space. We say that a collection A of random variables on  — F
is tight in E, if the family {X 4P : X € A} is weak-relatively compact in P(E) i.e., has a weakx
compact closure in P(E).

We say that a n—uple of random variables (X,...,X,,) is exchangeable, if its distribution is
invariant by any permutation on [n].

Let T represent either N or [0,4+00). Let (U : t € T, n € N) be a collection of random variables
on a metric space (E,d). We say that (U;*) converges in probability to U as (t,n) — (o0, 0)
if, for every ¢ > 0, the net (P(d(U*,U) > €) : t € T,n € N) converges to zero as ¢t and n both

converge to co. We denote this by U/ — . Moreover, assuming that the collection of
(t,n)—(00,00)

random variables (U : t € T,n € N) are real valued, we say that the latter collection is uniformly
integrable if:

lim sup E||U1jyn =0.
a0 ¢teT,neN* H | e |>a]

Finally, for any d € N*, #? stands for the Lebesgue measure on R?.

2.2 Spaces of probability measures

Let (E,d) denote a Polish space. If A C E is a subset, we define d(x,.A) := inf{d(z,y) : y € A},
with inf ) = co. We say that a net (u,) converges to A if d(z4,.A) =4 0.

We denote by P(E) the set of probability measures on the Borel o-algebra B(E). We equip
P(E) with the weak* topology. Note that P(E) is a Polish space. We denote by dj, the Levy-
Prokhorov distance on P(F), which is compatible with the weak* topology. We define the intensity
of a random variable p : Q@ — P(FE), as the measure I(p) € P(E) that satisfies

VAEF, I(p)(4)=E(p(4)).

Lemma 1 ([MRCS87]). A sequence (py) of random variables on P(E) is tight if and only if the
sequence (I(py,)) is weakx-relatively compact.

Let p > 1. If FE is a Banach space, we define

Pu(E)i= {n e P(E) 5 [ ol Pdu(e) < oo},

We define the Wasserstein distance of order p on P,(E) by

W)= (it | ||xy||pdwy>) " )

EN(p,v

where II(, v) is the set of measures ¢ € P(E x E), such that ¢(- x E) = pand ¢(E x -) =v. We
denote by II° (u, v) the set of optimal transport plans i.e., the set of measures ¢ € II(u, v) achieving
the infemum in Eq. (7). The set Pp(E) is endowed with the distance W),. Define:

Pp(C):={peP(C) : VT >0, / sup ||z¢||Pdp(z) < o0} .

te[0,T]

For every p, p’ € Pp(C), we define:

W,,(p, ' Zz "(LAW((70,0)50: (T0,0))20")) -

n=1

We equip P,(C) with the distance W,,. We say that a subset A C P,(C) has uniformly integrable
p-moments if the following condition holds:

VT >0, lim sup/]l sup ||z¢]|>a ( sup ||a?t||p> dp(xz) =0. (p-UI)
te[0,T]

a=00 he A t€[0,T)

s



In the same way, a sequence (p,,) has uniformly integrable p-moments if the condition (p-UI) holds
for the sequence (p,,) in place of A. Following the same lines as [Vil09, Th. 6.18] and [AGS08|
Prop. 7.1.5], we obtain the following lemma. The proof is provided in Appendix

Proposition 1. i) The space P,(C) is Polish.

ii) A subset A C P,(C) is relatively compact if and only if, it is weakx-relatively compact in P(C),
and if A has uniformly integrable p-moments.

Finally, we will also consider P,(C)-valued sequences of random variables. Therefore, the
following extension of Lemma [T} will be useful. It is established in Appendix [A2]

Lemma 2. Let (p,) be a sequence of random variables valued in P,(C). Assume that (I(p,)) is
relatively compact in Pp(C). Then, (py) is tight in P,(C).

2.3 Spaces of McKean-Vlasov measures
Let d’ € N*, consider a matrix-valued function o : R x R — R4%4" and a vector field b : R x R% —
R? satisfying the following assumptions:
Assumption 1. The vector field b : R x R? — R%, and o : R? x R — RYX" gre continuous.
Moreover, there exists C > 0 such that for all z,y € R?,

[b(z, )| < CQA + [[=]| + [ly]), and [lo(z, y)l| < C.

For every u € P1(R?), we define b(x, 1) := [ b(x,y)du(y), and o(z, u) = [ o(z,y)du(y), with a
slight abuse of notations. We define L(u) which, to every test function ¢ € C?(R? R), associates
the function L(u)(¢) given by

L(p)(¢)(x) = (b(x, 1), Vo () + tr (o(z, n)" Hy(2)o (, 1)) (8)

where Hy is the hessian matrix of ¢. Let (X, : ¢ € [0,00)) be the canonical process on C. Denote
by (Fi¥)i>o the natural filtration (i.e., the filtration generated by {X,:0 < s < t}).

Definition 1. Let p > 1. We say that a measure p € P,(C) belongs to the class V, if, for every
¢ € CHRY,R),

6(X,) — / L(p.)(6)(X.)ds

is a (FX)i>0-martingale on the probability space (C,B(C), p).

In the sequel, it will be convenient to work with the following equivalent characterization. The
martingale property implies that every measure p € V, satisfies G(p) = 0, for every function
G : P,(C) — R of the form:

co) = | (qs(xt) — o) — / t L(pu><<z>><xu>du) [T 1 (2, o). (9)

j=1

where r € N, ¢ € C2(R4R), hy,...,h € C.(RL,R)", 0 < vy < --- <0, < s < t, are arbitrary.
We denote by G, the set of such mappings G. Assumption |I| ensures that these mappings are well
defined. By Def. [1] every p € V,, is a root of all G € G,,. As a matter of fact, a measure p € P,(C)
belongs to the set V,, if and only if G(p) = 0 for every G of the form @ In other words, Def.
is equivalent to the following identity:

V= () G0} (10)
Gegy
The following lemma is proved in Appendix
Lemma 3. Let Assumption hold true. Every G € G, is a continuous function on P,(C) — R.
The following result is a consequence of Lemma (3| and Prop.

Proposition 2. Under Assumption V,, is a closed subset of Pp(C). Moreover, equipped with the
trace topology of Pp(C), V, is a Polish space.

Proof. For all p,, € V,, = ps in P,(C), it holds by Lemmathat G(pso) = 0 for all G € G, which
shows that po, € V, by . Hence, V,, is closed. A closed subset of a Polish space is also Polish.
By Prop. [1} V,, is Polish. O



2.4 Dynamical systems

Recall the definition of the shift ©;(x) = x;+. defined on C. Let us equip the space V,, assumed
nonempty with the trace topology of P,(C), making it a Polish space (see Prop. . With this at
hand, one can readily check that the function ® : [0,00) x V,, — V,, defined as (¢, p) — P(p) =
(©¢)#p is a semi-flow on the space (V,, W)), in the sense that ® is continuous, ®¢(-) coincides with
the identity, and ®; s = ®; o @, for all ¢, s > 0, see [Ben99] for a nice exposition of the concepts
related to semi-flows. The omega limit set of p € V,, for this semi-flow is the set w(p) defined by:

w(p) == [ {®s(p) = s> 1}.

Equivalently, w(p) is the set of W,,-limits of sequences of the form (P, (p)) where ¢, — co. A point
p €V, is called recurrent if p € w(p). The Birkhoff center BC, is defined as the closure of the set
of recurrent points:

BC,:={peV, : pew(p)}.
Consider a non-empty set A C V,,.

Definition 2. Consider the semi-flow ®. A lower semi-continuous function F : V, — R is called
a Lyapunov function for the set A if, for every p € V, and every t > 0, F(®:(p)) < F(p), and
F(®:(p)) < F(p) whenever p ¢ A.

The following result is standard.
Proposition 3. Let p > 0. If F is a Lyapunov function for the set A, then BC, C A.

Proof. The limit £ := lim;_, o, F(P+(p)) is well-defined because F'(P¢(p)) is non increasing. Consider
a recurrent point p € V), say p = lim,, ®,,(p). Clearly F(p) > F(®, (p)) > ¢. Moreover, by lower
semicontinuity of F', £ = lim,, F'(®,,(p)) > F(p). Therefore, ¢ is finite, and F(p) = £. This implies
that ¢t — F(®.(p)) is constant. By definition, this in turn implies p € A, which concludes the
proof. O

3 Main results

3.1 Interpolated process and weakx limits

Let (92, F,P) be a probability space. Let d > 0 be an integer. For each n € N*, consider the
random sequence starting with the n-uple (X", ..., X3"™) of random variables X" € RY,
with ((527”)1-6["]),661\;* and ((<}?n)i€[n])k€N* being R?*"-valued random noise sequences. For each
of integer n > 0, define the filtration (F}!)ren as in Eq. or, more generally, as any filtration
such that the following random variables

(X5™ i) (€ iem)e<h (G iem))e<k)
belong to F}'. Consider the following assumptions:

Assumption 2. The sequence (k) is a non-negative deterministic sequence satisfying
kILHSOVk =0, and ;’Yk = +oo.

Assumption 3. The following holds true.

i) For each n, the n triplets ((Xé’",(C,i’")keN,(52’");661\1))1-6[,1] is exchangeable as a n-uple of
R? x (RHN x (RN -walued random variables.

i) It holds that sup E||€,"||*
k.n

< 00. Furthermore, for each n > 0, and each 1,j,

1,
E|gy,

]:,?} =0 and
i,n In T n 1 ,n n in 4n
E [fk’ﬂ ( i’ﬂ) ]:k} =z Z o (X" XPM) o (X" X" sy
q,L€[n]

for some bounded continuous function o : (z,y) € (RY)? — o(x,y) € R4, given d' € N.



ii1) For each k, and each n, it holds that ]E||C,1"|| < 00, and

lim E HE [g,ifl |]—",?]

(k,n)—(c0,00)

‘:o.

Remark 1. Assumption @» holds under the stronger assumption that the n-uple (Xé’")ie[n] 18

exchangeable, (f;’”)ie[n]ykeN is an i.i.d. sequence independent of (Xé’")ie[n], and C,i’” = 0 for every
k.

Assumption 4. We assume either:
. 1, 1,
i) supy, B[ X" 2 + 16" 7] < oo,
or the stronger condition:

it) The collections of rv. (|Xp™|? : k € Nyn € N*), and (||¢p"
uniformly integrable.

> : k € Nyn € N*) are

Recalling the definitions of the interpolated processes X*" in , and the definition of the
occupation measure m” in @, we shall consider the shifted occupation measure

n 1 .
(") = > e, (xim
=1

for each n € N* and each t € (0, +00). Note that ®;(m") is a r.v. on P,(C). We refer to the set
M= acc  ({(®e(m"))xP}) (11)
(t,n)—(c0,00)

as the set of accumulation points of the probability distributions of ®;(m") as (¢,n) — (o0, 00).
In other words, M is the set of measures M € P(P,(C)) for which there is a sequence (¢, @n)n on
(0,00) x N*, such that ¢, —, 00, @, —p 00, and (P, (m*¥)) converges in distribution to M.

The following two results show that the collection (®,(m"™)) of random variables is tight (proven
in Section 7 and that their limits in distribution are supported by the set of McKean-Vlasov
distributions (proven in Section ):

Proposition 4. Let 1 < p < 2, and let Assumptions @, @ and hold true. Then, the collec-
tion, of shifted occupation measures {®,(m™) : t > 0,n € N*} is tight in P,(C). If Assumption[f-(ii)
additionally holds, the result remains valid when p = 2.

Proposition 5. Let 1 < p < 2, and let Assumptions @, @ and hold true. Then, V, is
a nonempty closed set, and for every M € M, it holds that M(V,) = 1. If Assumption
additionally holds, the result remains valid when p = 2.

3.2 Ergodic convergence

We provide the proof of the following theorem in Section

Theorem 1. Let 1 < p < 2, and let Assumptions @ @ and hold true. Then,

t
%/ W, (®,(m™), BC,) ds :
0

If Assumption f additionally holds, the result remains valid when p = 2.

(t,n)—(00,00)

Recall the definition uj := %Z?:l 1) X The proof of the following corollary is provided in
Section [5.4]

Corollary 1. Let 1 < p < 2, and let Assumptions @ @ and hold true. Then,

S wWolpg, (m0)#(BCp))
Zle v (k;n)— (00,00)
and i
SEy Wl ()6 (BC)Y e
S v (kyn)—(00,00)

If Assumption additionally holds, the statements remain valid also when p = 2.



3.3 Pointwise convergence to a global attractor

Depending on the vector field b, it is often the case that each measure p € V,, is uniquely determined
by its value pg = (m0)xp € Pp(R?) in the sense that there exists a semi-flow ¥ : [0, 00) x P,(R?) —
Pp(RY), (t,v) — U, (v), defined on [0, 00) x P,(R?), and such that

peV, e Vt>0,p = P(po). (12)

We shall say that in this situation, the class V,, has a semi-flow structure on P,(R?).

The granular media model detailed in Section[d] below is a typical example where such a situation
occurs.

In this section, we are interested in the behavior of the measures p} as (k,n) — (00, 00), termed
the “pointwise” convergence of these measures, when the semi-flow ¥ has a global attractor. We
recall here that a set A, C P,(R?) is said invariant for the semi-flow ¥ if ¥;(A4,) = A, for all
t > 0; A nonempty compact invariant set 4, C P,(R?) is a global attractor for the semi-flow ¥ if

Vv € Pp(RY),  lim Wy (Wy(v), 4,) =0,

and furthermore, if there exists a neighborhood N of A, in P,(R?) such that this convergence is
uniform on N. Such a neighborhood is called a fundamental neighborhood of A,,.
The following result is proven in Section [5.5

Theorem 2. Let p € [1,2], and let Assumptions @ and@ hold true. Let Assumption or
the stronger Assumption hold true according to whether p < 2 or p = 2 respectively. Assume
in addition that the V, has a semi-flow structure on ’Pp(Rd) as specified in , and that this
semi-flow ¥ admits a global attractor A,. Then,

n P
Wy (i, Ap) ——— 0.

(k,n)—(00,00)

4 Granular media

The proofs of the results relative to this section are provided in Section [6]
In this paragraph, we review some properties of the set V5 of McKean-Vlasov processes, in the
case where (x,y) — o(x,y) = oIy for some real constant ¢ > 0 and,

b(z,y) = =VV(z) - VU(z —y), (13)
where V,U : R? — R are two functions satisfying the following assumption.

Assumption 5 (Granular media). The functions V,U belong to C*(R?,R). Moreover, there exists
A\, C, 3> 0, such that for every x,y € R?, the following holds:

i) (2, VV(2)) > X z|® - C,
ii) U(z) = U(~2), and (z,VU(z)) > —C,
iwi) [|[VV(@)|| + VU (z)| < C(1+ [[=]),
iv) |[VV(z) = VV ()| + VU (z) = VU (y)l| < C(llz — y]|” Vv [l — yl).

Under Assumptions[5] the vector field b satisfies Assumption[l] We will see later, as a byproduct
of Th. |3 that the set V5 of McKean-Vlasov distributions associated to the field b in Eq. , is
non empty. We say u < £ if u € Po(R?) admits continuously differentiable density w.r.t.
the Lebesgue measure .24, which we denote by du/d.%?. Define the functional J# : Po(R?) —
(—o0,00] as H(p) = F () + ¥V () + % (p) with

F () = / o log (diﬁd <$)) dp(w) if p< 21

00 otherwise,

V)= [Vig)duta), and 2 () = [[ V- v dut@)n).

The following central result provides a central properties of the elements of Vs.
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Proposition 6. Let Assumption@ hold true, and let b be defined by ‘ Assume o > 0. Consider
p € Va. Then, for every t > 0, p; admits a density x +— o(t,z) in C*(R% R) w.r.t. the Lebesque
measure. For every t > 0, the functional t — 5 (p;) is finite, and satisfies for every ta > t1 > 0,

to
Hlpu) = H o) == [ [ ot Pelt,x)dadt, (149)
t1
where v; is the vector field defined for every x € R by:
w(e) = ~VV(@) ~ [ U - y)dpuly) - *Vloge(t.). (15)

Define P5(R?) as the set of measures u € P2(R?) such that p < £?. Define:

d
S:={pecPyRY : VV + /VU(~ —y)du(y) + 0?Vlog d.,;d =0p-ae.}. (16)
Finally, for every € > 0, define:
Ae:={peVy:ue S Vt>¢ pr=pu}. (17)

Proposition 7. We posit the assumptions of Prop. @ For every e > 0, the function p — € (pe)
18 real valued on Vo, lower semicontinuous, and is a Lyapunov function for the set A.. Moreover,

BCQCTO.

We also need to consider a setting where V5 has a semi-flow structure on P3(R9) as in in
order to set the stage for the pointwise convergence of the measures . issued from our discrete
algorithm. To that end, we shall appeal to the theory of the gradient flows in the space of
probability measures as detailed in the treatise [AGSO08] of Ambrosio, Gigli and Savaré. The
following additional assumption will be needed:

Assumption 6. The functions U and V satisfy the doubling condition. Namely, there ezists
constants Cy, Cy > 0 such that

Uxz+y) <Cy(1+U@)+U(y) and V(z+y)<Cy(1+V(z)+V(y).

Proposition 8. Let Assumption[5 hold true with 8 = 1, and let Assumption[6 hold true. For each
p € Va, the curve t — p; belongs to the set of absolutely continuous functions AC3, ((0,00), Po(R%))

as defined in [AGS0S, Sec. 8.3], and is completely determined by po € P2(R?) as being the gradient
flow of the functional 7 in Pa(RY). Thus, Vo has a semi-flow structure, and we write p; = W(po).

For completeness, we recall along [AGS08, Chap. 8 and 11] that ¢ — p; being the solution of the
gradient flow of 7 in Py (R) stands to the existence of a Borel vector field w; : RY — R such that
w; belongs to the tangent bundle Tan,, P2(RY) for £ -almost all ¢ > 0, ||w¢| 12(,,) € L}, (0, 00),
the continuity equation 9;p; + V - (prw¢) = 0 holds in general in the sense of distributions, and
finally, wy € —0(p;) for £!-almost each t > 0, where 9.5 is the Fréchet sub-differential as
defined in [AGS08, Chap. 10], which always exists under our assumptions. Actually, w; = v; as
given by Equation for almost all .

We now turn to our discrete algorithm. Consider the iterations:

,, ,’ "Yk+1 1:’ ,7n .7 ,7
Xify = X" = 2 D VU = X0 = e VVGT) + V2 gl (18)
JEln]

for each ¢ € [n]. This is a special case of Eq. with b(z,y) given by Eq. and C,i’” = ( for all
k. For simplicity, Assumption [3] will be replaced by the following stronger assumption:

Assumption 7. The n-tuple (X;™, ..., X}"™) is exchangeable and sup,, E(||X)"||*) < oo. More-
over, (§,")ie[n] ken are i.i.d. centered random variables, with variance 0°1y, and E([[&1H4) < oo.

The next proposition implies that the condition ii) in Assumption [4| holds.

11



Proposition 9. Let Assumptions |3, [5 and[7 be satisfied. Then,

sup E [||X;n \4} < 0.
neN* keN
Putting Assumptions and [7] together, the hypotheses of Th. [I] are satisfied for p = 2.

Theorem 3. Let Assumptions[3, [3 and[] be satisfied. Assume o > 0. Then, the set S given by
Eq. is mon empty, and furthermore,

Y uWa (g, S) P 0
S (k,n)—(00,00)
Proof. Use Cor. [I] with p = 2, together with Prop. [7] O

We now turn to the pointwise convergence of the measures uj’.

Theorem 4. Let Assumption [5 hold true with 8 = 1, and let Assumption [6 hold true. Assume
that the semi-flow ¥ which existence is stated by Proposition [8 has a global attractor As. In the
case where Ay is a singleton, it holds that S = As. In any case,

Wa (g, A2)

(k,n)—(00,00)

The classical case when As is reduced to a singleton is the case where the functions U and V are
both strongly convex; indeed, there exists here A > 0 such that Wy (¥ (v), ¥, (V) < e MWy (v, /)
[AGS08, Th. 11.2.1]. A rich literature is devoted to relaxing this strong convexity assumption, see
[CMV03], [CMV06, [CGMO08, BGG13|, [GLWZ22] as a non exhaustive list.

Remark 2. A similar proof can be applied to two-layer neural networks with one fized layer,
known as the random feature model [RR07, [CRR18]. By analyzing the stochastic gradient descent
algorithm for a given risk in this context, we obtain a particle system in the form of Eq. .

5 Proofs of Section [3

5.1 Proof of Proposition

In this paragraph, consider 1 < p < 2. Note that (®:(m™)) belongs to P,(C). In the light of
Lemma [2] and Prop [I} we should establish two points: first, the weakx-relatively compactness of
the family of intensities {I(®;(m"™))}+.,; second, a uniform integrability condition of the pth order
moments of the measures I(®;(m™)(z)). These results are respectively stated in Lemmas [4f and
below.

Lemma 4. We posit the assumptions of Prop. . The family of intensities {I(®y(m™))}in is
weakx-relatively compact in P(C).

Proof. Let us establish the first point. For every bounded continuous function ¢ : C — R, we have
n n 1 v n Y Ln
1@ ))6) = E | [ o) (@mn)a)| = 1 3B [oxi)] =B [ocxir]
i€[n]

where we used the exchangeability stated in Assumption . Let us define the measure ﬁ? €
P(R?) as

[7(0) = E [$(X}™)]

for each measurable function ¢ : R — R;. According to Theorem 7.3 in [Bil99], the weakx-
relative compactness of the sequence (I});,, in P(C) is guaranteed if and only if the weakx-relative

compactness of (I7);,,, in P(R%) is ensured, and if the following equicontinuity condition

lim limsup P (wT (0) > 5) =0 (19)

vl,n
=0  ¢n Xk

12



is met for every €, T > 0, where w? (§) is the modulus of continuity of a function z on the interval
[0,T]. The weakx-relative compactness of (I}'); , in P(R?), follows directly from Assumption
Using the notation k; := inf{k : Zle v; > t}, and using the definition in Eq. , we obtain the
decomposition:

X" - Xk =Pr+ NI+ UL, (20)
n ke—2
3 (B et

+mwwwwmwmin+m;ﬂmﬁﬂwﬁzn

k2
Ny= ) bl + 20 i+ \/’kaf;itn
k=ks
1 n ki—2 ) . ]
Ude = > (Z Ve+1G 4 + (e, — 8) G+ (Tw, — 1) C;Z;”) :
i=1 \k—h,

Let the sequence () be defined by: Ak, := 7, — 8, Yk, := Tk, —t and Jy := g for all k # k;_, ky, .

Note that:
ki—1

> Ap=t—s. (21)

k=ks—1

Moreover, we have:

T, — 8 —~ TE, — t —~
ICST\/%S < V., and kv Ve <Ak - (22)

t

The term N, is expressed as a sum of martingale increments, with respect to the filtration 7.
Let | - |lo denote the a-norm in R?. We apply Burkholder’s inequality stated in [BDG72, Th. 1.1]
to the components of the vector N¢; in Re. As Eq. and hold:

ke—1 4
~ 1,n
Z Ve+1 || €y nE

k=ks—1

E([[N2]3) < C - 9E

where C is a constant independent s,¢ and n. As Assumption holds, there exists a constant
C' > 0 independent of s,t, and n, such that

supE(H il ) < C(t—s)2. (23)

Furthermore, using Jensen’s inequality along with Eq. , we obtain

ki—1
e S S e !
j€[n] k=ks—1

Using Assumptions [1| and [3] there exists a constant C', independent of s, ¢, n, such that
supE(H ) <o -9, (24)

Also, by Jensen’s inequality, we have

o <=5 o ||

i€[n] k=ks—1

Since, by Assumption |3, we have sup, ,, E[|¢4™[|?] < oo, there exists a constant C' independent of
n, s, and t, such that:

supE<|| nlf) -5 (25)
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Combining Equations , and , we have shown:
Sng[H vz + oz ] < o - s)?, (26)

where 0 < s < t < 0o, and C' is a positive constant, independent of s,¢,n. Using [Leo23, Th. 2.8]
and Markov’s inequality, Eq. hold. O

Lemma 5. We posit the assumptions of Prop. [} For every T > 0,

lim sup E
a0 teR,, neEN*

/ P H$s||p ]lsuPse[o,T]|$S|Zad®t(mn)(x)] -

s€1[0,T)

Proof. By the exchangeability stated in Assumption , we obtain:

E
u€(0,T]

/ sup H$u|| 1 S}Jp qu||>adq)t( )(x)] =

p
1

E| sup HX}JL
w€[0,T]

sup ||Xt+u>a‘| )
u€e(o

for every k,t,n. Recalling the decomposition introduced in Eq. , for every u € [0,T):

i< =t (50 + Il + 1Pl + [0l ?)
Hence,
_ P 1P
HXEL’L Lo |52 )15 <4 (HXtMH Ljgim >4

+H‘]\/vl‘jrft‘f‘u||p bUP HNttJruH>4
u€e(o,

+HPtT7Lt+qu]1 SUP ” tottu Z HUtH_uH 1 sup HUf t4u Z) .
welo u€[0

Consequently, for each T > 0, it suffices to obtain the uniform integrability of the four collections
of random variables: (| X/"||P : t € Ry,n € N*), (supyefo,r INFerull? + t € Ryyn € N¥),
(supyefo,r 1Plesull? + ¢ € Ryyn € N¥) and (supyejo ) IUfhtull? ¢ € Ry,n € N¥).

(||Xt1” :t € Ry,n € N*) is uniformly integrable by Assumption when p < 2, and by
Assumption when p = 2. As obtained in Eq. (23), Burkholder inequality stated in [BDG72,
Th 1.1] yields:

E| sup HNztr,LtJruH4 <CT?,

u€[0,T]

where C is a constant independent of ¢,n, and T. Hence, since p < 4, we obtain the uniform
integrability of {sup,ejo 7 [[V{'4.llP : t € Ry,n € N*}. As obtained in Eq. and Eq. (25), we

derive:

CcTP~ n n
swp [Pl < Z Z e (1 x|
u€l[0,T] n €[n] k=k¢—

and kesr—1
sup HUtnt—iruH <*Z Z ’Yk+1HCk H )
u€[0,T1] jEn] k=k¢—1

where C' remains a constant independent of n and ¢. Using Assumption when p < 2, and
Assumption when p = 2, by de la Vallée Poussin theorem, there exists a non-decreasing,
convex, and non-negative function ' : R} — R such that
P
)} < oQ.

F(h
lim £(h) =oo,and sup E {F (HX;’"
h—oo D keN,neN*
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Hence, by Jensen’s inequality, and the exchangeability stated in Assumption

kt+T 1
P

E F( sup HP[}Hqu) = > ank[F (o (14| xim))] -

uE[O,T] _kt*

Consequently,
P
] R | B (B )
teR} ,neN* u€l0,T] keN,neN~

< 0.

Therefore, de la Vallée Poussin theorem yields the uniform integrability of the collection
(supyejo,r 1PlesullP + ¢ € Ryyn € N¥). In the same way, we obtain the uniform integrability
of the collection (sup,co, 7] [|Ut40 " : ¢t € Ry,n € N¥). O

To conclude the proof of Prop.[4] it is sufficient to remark that the tightness conditions provided
in Lemma [2] are satisfied, thanks to Lemmas [] and [5] with Prop.

5.2 Proof of Proposition
The core of the proof is provided by the following proposition.

Proposition 10. Let Assumptions @ @ and hold,

lim  E|G(®,(m")| =0,

(t,n)—(00,00)
for each function G € Gp.

Proof. We need to show that for each Ry x N—valued sequence (¢, ¢,) — (00, 00) as n — oo, the
convergence E|G(®;, (m¥"))| — 0 holds true, where G = G, ¢, .....hyt.501.....0. has the form of
Eq. @D, with 0 < vy < -+ <, < s <t. We take ¢,, = n for notational simplicity, and we write
my,, := ®, (m") € P,(C). We have

G(m,) =

B bttt 1
S5 etxin) - exin.) - / S p(Xim, X Xomydu | @, (27)

’I’L
i€ln] tnts 0 jeen)

where we set ¢(z,y,y') = (Vé(x), b(z,y)) + tr (o(z,y)" Hy(z)o(z,y')), and
j=1

We note right away that |Q“"| < C where C depends on the functions h; only, and furthermore,
the random variables {Qi’”}ie[n] are ]—"&ﬁ;measurable, where we recall that the integer k; is
defined by k; := inf{k : Zle vi > t}.

In the remainder, we suppress the superscript (™ from most of our notations for clarity. To
deal with the right hand side of (27)), we begin by expressing ¢(X; ,,) — ¢(X] _,) as a telescoping
sum in the discrete random variables X :

ki, +t—2

¢(in+t) - ¢(Xtin+s) = Z (¢(Xli+1) - ¢(Xllc))

k:k’ﬁn+s
+o(Xy, 1) = 0( Xk, 1) FO(XG, ) — (K] L)

The summands at the r.h.s. of this expression can be decomposed as follows. Remember the
form of our algorithm. Denoting as H, the Hessian matrix of ¢, by the Taylor-Lagrange
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formula, there exists 0xy1 € [Tk, Tk+1] such that

A(Xjy1) — A(X5)

, . 1 T _ . ,
= {Vo(Xi), Xir — Xi) + 5 (Xir1 — Xi)" Ho(Xp,,,) (X1 — X7)

1 , L
= ’Ykﬂrlg Z <V¢(X;€,7l), b(Xi,X}i))

j€ln]
Tk iy i i
+ S e (o0, X)) T H(XR)o (X X))
Jt€ln]
i\ i Lo i\ T i i i
+V2%+1(VO(X}), §pyr) + 3 (Xiy1 — Xi) Hy(Xg, ) (Xis1 — Xi)
Tk iy i i iy i
- S b (00 XD T Ha (XD (X X0) + 9041 (VO(XD), i)
Jre€[n]
’Yk 1 i y 1 i i T Si i i
= ngr > (X, X Xp) + 5 (Xhr = X5)" Ho(X5,,,) (Xirr — X0)
JLE[n]
iy Tr+1 i yJ i i
91 (VO Ghin) = L0t 7t (o X)) T Hy (X} (X, X)) )
3L€[n]

+ V2741 (VO(XL), k)
V+1 iy e iy X} ; ;
- n;r Z (XP, X7, X)) + 2 (k1 = X5) " Ho(Xp,,,) (Xjsr — Xi)
Ji.l€(n]

e (YO, Ghin) = 2 37t (0, X)) Hy (X))o (X, X)) +

Jil€(n]

AY4 27k+1<v¢(Xlic)a €lic+1> + 7k+1(€lic+1)TH¢(Xli)€;c+1 - 7k+1(€lic+1)TH¢(Xli)€;c+1

In this last expression, the terms n =2 Ej,ee[n] w(X,i,X,Z;,Xf) will be played against the integral
term at the right hand side of ', and the other terms will be proven to have negligible effects.
Since tr(&} 4 (6h1)7 Ha(X1)) = (€h41)" Hy(X{)EL 4, the term

772+1 =V 2’7k+1<v¢(Xli)a§lic+1> + 7k+1(fi+1)TH¢(Xli)§li+1

Ve+1 i j i i
— 3 (o0 XD T Ho (K)o (X, X))

Jj-teln]

in the expression above is a martingale increment term with respect to the filtration (F}')g,
thanks to Assumption [3}-(i).
To proceed, considering the integral at the right hand side of , we can write

tntt . Thiy+t—1 .
/ B, XD, X du = / B(Xi, X2, X du
tnts Thi, +s
Tktn+s — . _ . — tn+t . _ . _
+ / B(X1, X3, XL )du + / B(XL, X3, Xo)du,
tn+s Thy, 411
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and with these decompositions, we obtain G(m,,) = 2?21 X[, where:

ktn+t -2

1 . . Thip+t—1 . .
Gims Y {2 v XL x) - [ e X XDdu Q)

i,5,0€[n] k=k¢, s Tkt +s
X = = SO ) — 0], ) + 0, L) - 6K 1) b
ze[n]
kfn«i»s P, tntt . . .
X5 =— / X;,Xg,xﬁ)dw/ w(X5,X5,X5)du}Q1
i,5,LE€[n tnt The, +¢—1

ktn+t72
1 ) ) )
Xi= QD (Vo (X))
i€[n] k=k¢, +s
Kty pt—2
= S e () (oK) — (D) (640) @)
ze[n]k Ktp+s
Eip+e—2
Xg = n2 Z Z ( 2121 XkaX])TH¢(X0k+1)£k+1)Q
i,j€[n] k=Fktp+s
)
Z Z ( ’Yk:-ﬁ-lb Xk7Xp) H¢(Xék+1)b(X;€’X;€1)> Ql’
i,p,q€[n] k=ke,, +5
Kt,+t—2

T
1 i xJ
X7 = o) Z Z 7k+1 (\/m <b(XIZmXIJs) Ck+1> + f€k+1>

i,j€n] k=kt,+s

Hy (X, )G ) Q' and
ktn«i»t -2

X§ = *Z > naQ

i€[n] k=ke, 15

To prove our proposition, we show that E|x}'| — 0 for all I € [8]. The notation E will be
generically used to refer to error terms.
Let us start with E|x}|. For 4,7, ¢ € [n], writing

ktn +t—2

Elei= S (X, X2, X)) — /

k= k}t”+s Tktn+s

Thy, -1

D(X,, X, X)du

and using the boundedness of Q? and the exchangeability as stated by Assumption , we obtain
that
Elx}| < C (E|ET 5| + (EIET o] + E|E3 1|+ E|EL o ])/n +E|E111|/n?) .

We begin by providing a bound on the second moments of E7'; ,. Recalling the definition of ¢, and
using the compactness of the support of ¢ along with Assumption [T} we obtain that

E(ED;)? <2(t—s)*  max  Ely(X,, X], X))

bt WE[tn+5,tn+1]

< Ot —s)? (1 + suplE(Xi)2>

u>0
< C(t—s)?
thanks to Assumption . To obtain that E[x| — 0, we thus need to show that E[ET 4 5] — 0.
By Prop. [4] above, the sequence (m,,) of P(C)-valued random variables is tight. By Lemma

this is equivalent to the weak*-relative compactness of the sequence of intensities (I(m,,)). For
each Borel set A € B(C), we furthermore have that

T(my)(A) = % S p[Xin. e 4] =P[Xin € 4]

i€[n]
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by the exchangeability, thus, the sequence of random variables (thni)n is tight. Given i € [3], let
us work on the r. v. U} := 7o g #X{ . defined on the set C([0,t — s]) of continuous functions
on the interval [0, — s]. Since (X}
Ke € C([0,t — s]) such that

’1.)n is tight, given an arbitrary € > 0, there is a compact set

vneN*, P[U, ¢K.] <e.

Writing 4 = supy>; 7k, we now have

ki, +t—2

|Ef2,3’§ Z 7k+15€1[%1&X W(Xiﬁ&X?ﬁ&X%M)—w(XikaszX}o’Ha)‘
PR Yk+1)

<(t-s) | max  [U(ULW).UR). VW) — w00, U0).US0)]
u,v€|0,t—s

lu—v|<Fr,, o,
We thus can write

E|Efss| =E|ET 5| Lws vz, us)exs + E|ET2 5] Lws,vz,us)¢xs

<(t—s) sup max  [Y(fi(u), f2(u), fs(u)) = Y(fi(v), f2(v), f3(v))]
f1,f2,f3€K, luli,zleg[(gz—s]

+/E(ET23)? V3P [U; & Kcl. (28)

By the Arzela-Ascoli theorem, the functions in K. are uniformly equicontinuous and bounded.
Since v is a continuous function, one can easily check that the set of functions S on [0,t — s]
defined as

S= {u = w(fl(u)’fQ(u)’f?)(u)) : f17f2af3 € Ica}

is a set of uniformly equicontinuous functions. As a consequence, the first term at the right hand
side of the inequality in converges to zero as n — oo, since Y, .. — 0. The second term is
bounded by C+/e thanks to the bound we obtained on E(Eﬁ273)2. Since ¢ is arbitrary, we obtain
that E[ET 5 3| — 0, thus, E|x}| — 0.

The terms x2, x3, and x> are dealt with similarly to x.. Considering x2, we have by the
exchangeability that E|x?| < CE|E?|, with

El = (X, 1) —0(Xp, 1) +O(X5, L) — (X 1)
= (X} 1) —o(X] )+ o(X) ) =X L)

Thtp+t =1 Thtp+s

Keeping the notations U} := W[O,t_s]#thnJrer_ and 4; introduced above, we have

BHI<2 | max W) - oUW
lu—v|<F&, .,

Taking £ > 0, selecting the compact K. C C([0,t — s]) as we did for x7, and recalling that the
function ¢ is bounded, we have

E|Ef|<2sup  max  [lo(f(u) = o(f()]| +CP[U, & K],
fers wveli=d
u—v _’th7l+s

and we obtain the E|x2| — 0 by the same argument as for x?.
The treatment of x3 is very similar to x2 and is omitted. Let us provide some details for 3.
Here we have by exchangeability that

ki, +t—2

Elxel < > wnElE",

kzk’/n*’s

where T _
Ei’n = (5]};-{-1) <H¢(X91k+1> - H¢(X/1)) (fé‘i‘l) Ql'
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satisfies

B < Cllginl? | mae || Ho(Un () = Ho(Un ()]
u,vE[0,t—s]
‘U_U‘S:th,,ﬁrs

Therefore,

E ‘E,i

=E ’Ei”‘ Lytex. +E ’Ezi"’ Lysgex.

< CE[|&pal® sup  max  [[Hy(f(u)) — Ho(f(0))]
feK. w,€E[0,t—s)

lu—v|<Vr,
+/E(E,")2VP UL € K.

Since E||&,11]/? and E(E,™)? are bounded, we obtain that E|xZ| — 0.
Considering the term X%, we have by exchangeability

ki, +t—2

Elxi| <CE| > ws1(Ve (X)), i)
k:k‘n+s

ki, +t—2

<CE Z Ye1(Vo (X3)  E[Ghry | Fi)

k:kt7z+5

Kt,+t—2

+CE Z %+1<V¢(Xk1:)7&+1>

k=kt,, +s

= Elxy 1]+ Elxioal,

where C,i = (¢l — E[¢} | F_,] is a martingale increment with respect to the filtration (FJ*);. We
have

which converges to zero by Assumption [3]-(iii). By the martingale property, we furthermore have

Elxi,| <C(t—s) sup E|E[¢) | F]

ZNtn+s

Kty +t—2

E(xX12)? <C Y A1 < C,, L (E—5),

k=kt, +s

which also converges to zero. Thus, E|x}| — 0.
We now turn to xg. Here we write

Kty 4t—2 y
3/2 i
Z Z Vir1 Ers
[n] k=kq,, 15
where
i 1 i v i i i
=~ V(X5 X)) Hy (X5, )€1 Q
je[n]
Z me Xi, XP)THy (X5, )b(XE, XHQ!
p,qE ]
satisfies
i c J i ¢ P q
|Ey| < . S @HIXLN NIl + 2Vt S A+ IXENA+ X
J€[n] p,q€[n]

We readily obtain from Assumptions (3| and that E|Ej| < C, which leads to E|xg| — 0.
The treatment of the term x% is similar and is omitted.
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We finally deal with xg that involves the martingale increments 77};. We decompose this term
by writing

Kty +t—2

" 1 i\ i i
X0 = Z - Z V201 (VO(X}), &1 1) Q'+
k:ktn+s le[n]
Kty 4t—2
V1 i iygi i X : : '
Z nJ:g Z ((fk+1)TH¢(Xk)§k+1 - (U(XlwX%)Tth(Xk)U(X’C’Xﬁ)) @
K=k, +s i,5,£€[n]

= Xg1 T Xs2-

Since the random vectors f,i 415> &y are decorrelated conditionally to F! by Assumption ,
we obtain that

1 i N\ 2
El (=Y v2ur(Ve(Xi). &)@ |7 | < 02,
i€[n]

and by the martingale property,

Kip4e—2

Tet1 _ Ct—s)

E(g.)’< ), - =<——
k=kt,, +s

Using the martingale property again along with the inequality (3"} a;)> <n ) ] a?, we also have

)
1

E(X?,Q)ZS Z ’Y}%+1]E n3 Z ((§IQ+1)TH¢(X12)€IZ-€+1
k=kip+s i,5,£€[n]

—tr (U(Xf;, XDTHy(Xp)o (X, Xﬁ)) Qi)z

Foi, 41—2
<C Z ’7]3+1
k=ke, +s
< Yy, .. C(t = 5).
It results that E(x%)? — 0. The proof of Prop. [10|is completed. O

Proof of Proposition[3. Let (t,,¢n)n be a Ry x N*—valued sequence such that the distribution of
(®y, (m®n)),, converges to a measure M € M, which exists thanks to the tightness of (®,, (m#")),
as established by Prop. @ Let G € G,. By the continuity of G as established by Lemma
G(®y, (m?)) converges in distribution to GgM € P(R). On the other hand, we know by the
previous proposition that G(®,, (m¥~)) converges in probability to zero. Therefore, GxM = .
Let supp(M) C Pp(C) be the support of M, and let p € supp(M). By definition of the support,
M(N) > 0 for each neighborhood N of p. Therefore, since GxM = dy, there exists a sequence
(p1)1en such that p; € supp(M), G(p;) = 0, and p; —; p in Py(C). By the continuity of G, we
obtain that G(p) = 0, which shows that supp(M) C G~1({0}). Since G is arbitrary, we obtain
that supp(M) C V), = Ngeg, G~ ({0}), and the theorem is proven. O

5.3 Proof of Theorem [1I

Throughout this paragraph, we assume that 1 < p < 2.
We define the following collection (M;* : ¢t > 0,n € N*) of r.v. on P(P,(C)):

1 t
Mtn = g/ 5¢S(mn)d8. (29)
0

Lemma 6. The collection of r.v. (M]*, t>0,n € N*) is tight in P(P,(C)).

Proof. Based on Lemma [I] we just need to establish that the family of measures (I(M[")) is
relatively compact in the space P(P,(C)). Recall that I(M;*) is the probability measure which, to
every Borel subset A C P,(C), associates:

1

(M) (4) = /O P(®, (m™) € A)ds
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Consider € > 0. By Prop. 4] there exists a compact set K € Pp(C) such that P(®,(m™) € £) > 1—¢,
for all s,n. As a consequence, I(M;*)(K) > 1 — e. The proof is completed. O

Let us denote by . the set of weakx accumulation points of the net ((M")xP: ¢ > 0,n € N*),
as (t,n) — (00,00). By Lemmalf] .# is a non empty subset of P(P(P,(C))). Define:

Vp ={M € P(P,(C)) : M(V,)=1}.
Lemma 7. For every Y € 4, Y(V,) = 1.

Proof. Consider Y € .#. Without restriction, we write T as the weakx limit of some sequence
of the form (M )4P. The distance W,(.,V,) to the set V, (which is non empty by Prop.
is a continuous function on P,(C). Denoting by (., .) the natural dual pairing on Cy(Pp(C)) x
P(P,(C)), the function (W, (.,V,), -) is a continuous on P(P,(C)). Thus, the sequence of real r.v.
(Wp(.,Vp), M{ ) converges in distribution to (W,(.,V,), -)4Y. These variables being bounded,
we obtain by taking the limits in expectation:

[ [ Wt Vy)atmat (a) = tim B(QW,(.,V,), M)

n—oo

1 tn

:M—/MWMW%M
n—oo ty, Jo

< limsup E(W,(®,(m"),V,)) =0,
(t,n)—(c0,00)

where the last equality is due to Prop. 5} As V, is closed by Prop. [2 this concludes the proof. [

Recall the definition of the shift ©; : & +— x;4. defined in C. For every t > 0, define (©)x4 =
((©¢)#)%. Define:
7= {M € P(Pp(C)) 2 VE>0,M = (@t)##M}.

In other words, for every M € Z and for every ¢t > 0, (0;)4 preserves M.
Lemma 8. For every Y € 4, Y(T) =

Proof. Similarly to the proof of Lemmal|7, we assume without restriction that T = lim,, o (M}’ ) %P
in the weak* sense. Set ¢t > 0. The map M > dp, (M, (0O;)x4M) is continuous on P(P,(C)), where
we recall that dj, stands for the Lévy-Prokhorov distance. Thus, by Fatou’s lemma,

/dL {(©0)y 4 M)A (M) < limsup E(dy, (M, (€,) 4 M) (30)
n—oo
Note that:
1 t+tn
(Qt)##Mt”i = 7/ (5(@S)#mnd8.
n Jt
In particular, for every Borel set A C Py(C), [(Of)pxM{ (A) — M (A )\ < 2t/t,. The Lévy-

Prokhorov distance being bounded by the total variation distance, dL( £, (On) g M) < 2t/ty

which tends to zero. The Lh.s. of Eq. ( is zero, which proves the statement for a fixed value of
t. The proof of the statement for all t is easﬂy concluded by a using dense denumerable subset
argument. O

Define: B, = {M € P(P,(C)) : M(BC,) =1}.
Proposition 11. For every Y € 4, Y(B,) = 1.

Proof. Consider an arbitrary sequence of the form ((M]*)xP) where t, — oo, converging in dis-
tribution to some measure T € .# as n — co. By Lemma Bl the map (@t)# Pp(C) — Pp(C)
preserves the measure M, for all M Y-a.e., and for all ¢. By Lemma [7] ' M(V,) = 1. Thus, the
restriction of the map (@t)# to V,, still denoted by (©¢)% : V, — V,, preserves the measure M as
well, for all M T-a.e.. By the Poincaré recurrence theorem, stated in Theorem 2.3 of [Man8&7], it
follows that M(BC,) =1 for all M Y-a.e. O
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Proof of Theorem[1l To conclude, assume by contradiction that the conclusion of Theorem [I] does
not hold. Then, there exists € > 0 and a sequence, which, without restriction, we may assume to
have the form ((M{ )4P), such that for all n large enough,

E((Wp(.,BCp), M) > ¢, (31)

where (., .) is the natural dual pairing on Cy(P,(C)) X P(P,(C)). By Lemma 6} one can extract an
other subsequence, which we still denote by ((M;" )4P), converging to T € .#. As a consequence,

lim E((vvp(.,Bcp),Mg))://vvp(m,Bcp)dM(m)dr(M):o,

n— oo

where we used the fact that, due to Prop. J W, (m,BC,)dM (m) = 0 for T-amost all M. This
contradicts Eq. . O]

5.4 Proof of Corollary
Throughout this paragraph, we assume that 1 < p < 2. We define the functions, for u € Pp(Rd),

g1(p) := Wp(p, (mo)% BCy)

and
g2(p) = Wp(p, (mo) 4 BCp)" .

1 n
Yn = — 5*7‘,,n 5

Consider the r.v.

for ¢ € [2].
Lemma 9. The r.v. (Y, ¢(s): s > 0,n € N) are uniformly integrable for £ € [2].

Proof. Let € € [2]. Note that Y, ¢(s) < C(1+ 137, || X?"||?). Hence for a convex, and increasing
function F': R} — R, by the exchangeability stated in Assumption [3, we obtain E(F (Y, (s))) <
E(F(C(1+1 %, 1 XimP)) < F(C(1+E(|XL"[[?))). By de la Vallée Poussin theorem, the random
variables (Y, ¢(s) : s > 0,n € N) are uniformly integrable if the random variables (|| X1"|P : s >
0,n € N) are uniformly integrable. We conclude using Assumption if p < 2, or Assumption 4}

([ if p=2. O

Let ¢ € [2], recall the definition of M* in Eq. (29), and recall that .# is the set of cluster points
of (M{)4P:t>0,n € N*)as (t,n) — (00,00). Consider an arbitrary sequence t,, — 0o, such
that (M )xP converges to some measure T € .#. Consider ¢ > 0. By Lemma |§|, there exists
a > 0 such that sup,, ; E(Y, ¢(s)1y, ,(s)>a) < €. Using the inequality y < a Ay +yl,~q, we obtain:

tn tn
E <1/ Yng(s)ds> SE(l/ a/\Yng(s)ds> +e
tn Jo ’ tn Jo ’

=5 ( [ anaul(mhpmpans, m)) + ¢ (32

The restriction of my to the space P,(C), which we still denote by 7, is a continuous function on
(Py(C),W,) — (Pp(RY), W,,), where W, represents the p-th order Wasserstein distance on P(R%).
As a consequence, the pushforward map (o) : P(P,(C)) — P(P,(R?)) is continuous. Therefore,
as (mp)y BC) is non empty by Prop. the function M — [a A ge((m0)xm)dM (m) is bounded
and continuous on P(P,(C)). Recall that M;* converges in distribution to Y, and noting that, by
Prop.

//ge((ﬂo)#m)dM(m)dT(M) =0.

Hence, by letting n — oo in Eq. , we obtain lim sup,, E(ti fg Y, (s)ds) < e. As ¢ is arbitrary,

. 1t
lim E (tn /0 Yn(s)ds) ~0. (33)
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In order to establish the statement of Corollary [1} we now should consider replacing the mtegral in
Eq. (33) by a sum. This last part is only technical. Recall the definition of k; := inf{k : 21 1Y >
t}, and 7, in Eq. ([ ). Let (an) be a sequence of integers tending to infinity. By the triangular

inequality,
o uge(n L[
() <)
Zz 1M Tan

1
S Tan / W E Z 5Xg‘n)]].g:1d5

1€[n]

1 Ten 1
+E */ Wi, = > xin)li—ads
T, Jo nie[n]

—I—IE(l/ v Yn(s)ds> .
Ton Jo

The third term in the righthand side of the above inequality tends to zero by Eq. with ¢, = 7,,,-
We should therefore establish that the first and the second term vanish. For an arbitrary integer
land s € [, Ti41],

1/p

2 |W 5 S ne )| < |5 2 I -

i€[n]

< (B(Xx," - Xb

.

where the last inequality uses Jensen’s inequality and the exchangeability assumption. Continuing
the estimation,

E(IX," - X:"7) < E(1X5) - X"

)

I+1
p—1_p 1 b 1,n YR p
<E|3 71+1ﬁ2” (X, X7)
j€[n]
2
E|:3p 1.p/ Hfl-i-l

Vi1

] +E [3;7 o/ H§l+1

2
< OO +70),

where we used Assumptions [l and [3] Consequently,

. 2 L/p
E? 1 ( (71111 + ’Yin+1)>

o e 3 s S

=17

and, by the same computation,

/ W Z 5 Zl N ( (Vfﬁ +'7f+1))
Ta” /u‘k 9 XZ" Zl 17[ .

ze [n]

As Assumption [2| holds, C’('ylin1 + Y1) =100 0, and 37,51 v = oco. Therefore, by Stolz-Cesaro
theorem, the r.h's. of the above inequality converges to 0 when n — oo. Hence,

Qnp n
lim ]E(Zl 1’7196(”1)) :0,

for an arbitrary sequence () diverging to co. By Markov’s inequality, Corollary [1|is proven.
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5.5 Proof of Theorem [2]
We let the assumptions of the theorem hold.

Lemma 10. For a nonempty compact set K C P,(R?), it holds that

lim max W,(¥,(v), Ap) =0.

t—oo veK

Proof. Assume for the sake of contradiction that
Je > 0,3(vn) C K,3(tn) = 00 such that W, (¥, (vn), 4p) > €.

Choose § > 0 small enough so that the é—mneighborhood Ag of A, for the distance W), is included
in the fundamental neighborhood of A,. Up to taking a subsequence, we can assume by the
compactness of K that there exists v, € K such that v, —, v. Since A4, is a global attractor,
there exists 7' > 0 such that W,(¥7(vso), 4p) < 0/2. Furthermore, by the continuity of ¥, there
exists ng such that

Vn>ng, Wp(Ur(v), ¥r(ve)) < d/2.

This implies that Up(v,,) € Ag for all n > ng. Since Ag is included in the fundamental neighbor-
hood of A, there exists T > 0 such that

Vn > ng, V> T, Wo(Us,(v),4A,) <e,

T+t
and we obtain our contradiction. O

We now prove Theorem [2| Recall that the collection {®;(m™)} is tight in P,(C) by Prop.
Let (tn, pn) be a sequence such that (¢, @n) = (00,00) and such that (P, (m*#)), converges in
distribution to M € M as given by . To prove Theorem 2| it will be enough to show that

Vé,e >0,3T >0, limsupP (W, (77"Lfn’L+T7 A,) >0) <e.

This shows indeed that
Wy (', Ap) ————— 0,
(t,n)—(c0,00)
and by taking ¢t = 74 and by recalling that m?, = u}, we obtain our theorem.

Fix § and €. By the tightness of the family {®;(m")}, there exists a compact set D C Pp(C)
such that P(®,(m") € D) > 1 —¢/2 for each couple (t,n). This implies that M (D) > 1 —¢/2
by the Portmanteau theorem. Since V, is closed by Prop. [5| the set K = DNV, is compact in
P,(C), and by consequence, it is compact in V,, for the trace topology. By the same proposition,
M(V,) =1, therefore, M(K) > 1 —¢/2.

Since P,(C) is Polish, we can apply Skorokhod’s representation theorem [Bil99, Th. 6.7] to the
sequence (P, (m¥n)), yielding the existence of a probability space (§~27 F , ]f"), a sequence of P,,(C)-
valued random variables (72") on € and a P,(C)-valued random variable m> on € such that
(mn)#ﬁ = (®y, (Mm¥)) 4P, (ﬁlm)#ﬁ’ = M, and m™ — m> pointwise on 2. Noting that m{"
and 7 have the same probability distribution as P,(R%)-valued random variables, we show that

37 >0, limsupP (W, (i}, A,) >6) <e. (34)

to establish our theorem. Observing that the function p — (mg)4p is a continuous P(C) — P,(R?)
function, the set K = (m)xK is a nonempty compact set of P,(R?). Applying Lemma [10]to the
semi-flow ¥ and to the compact K, we set T' > 0 in such a way that

max W, (¥r(v),Ap) < 0/2.

By the triangular inequality, we have

Wy (i, Ap) < Wy (mip, ) + Wy (77, Ap) -

24



The first term at the right hand side converges to zero for each @ € Q by the continuity of the
function p — (wr)4p, thus, this convergence takes place in probability. We also know that for P—

almost all @ € Q, it holds that m> € V,,. Thus, regarding the second term, we have m¥ = Up(mg°)
for these w, and we can write

P (W, (A5, 4p) = 6)
<P (0™ ¢ K) +P (W, (¥r(75°), Ap) = 6) N (g € K)).

When m§°® € K, it holds that W, (U7 (mg°), Ap) < 6/2, thus, the second term at the right hand
side of the last inequality is zero. The first term satisfies P (1> ¢ K) =1 — M(K) < /2, and the
statement follows. Theorem [2]is proven.

6 Proofs of Section 4

The Assumptions [5| and o > 0 are standing in this section.

6.1 Proof of Prop. [6]

Lemma 11. Let p € Vy. For everyt > 0, p; admits a density x — o(t,xz) € C1(R? R). For every
R > 0,t9 > t1 > 0, there exists a constant Cry, +, > 0 such that:

inf tx)>C , 35
te[tl,tlzrinwnsz%g( ?) 2 ORirita (35)

and there exist a constant Cy, 4, > 0, such that

sup  [[Vo(t, )| + o(t,z) < Cyy e, - (36)
zERY tE[t,t2]
Finally,
sup /(1 + llz*) [ Veo(t, )| do < oo. (37)
tefts,ta]

Proof The result is an application of Th.1.2 in [MPZ21] with the non homogeneous vector field
f b(x,y)dp:(y). The proof consists in verifying the conditions of the latter theorem. By
Assumptlon 5 for every (z,y,T) € (R))2 x Ry,

tebl(l)pT Hb (t,z) —b(t,y H < ||VV(x) = VV(y)l

+ sup / IVU(x — 2) — VU (y — 2)|| dpt(2)
€[0T

<C(lz =y’ vz —yl),
Moreover,

sup b(t,x) < C(1+ ||z +/ sup |lyelldp(y)) < C(1+[z])). (38)
te[0,7] te[0,7]

As o > 0, [MPZ21l, Th. 1.2] applies: p admits a density = — o(t,z) € C*(R?), for 0 < ¢ < T, and
there exists four constants (C; r, A, 7)ic[2], such that:

1 x—0(y 2
e /exp <_|)\1tT(t)”> dpo(y) < olt, z)

C A
ott.0) < S [exp (=28 o = 0001 ) doal)
CQT 2
Vet < o [own uI* ) donl),

where the map ¢ — 6;(y) is a solution to the ordinary differential equation: de;gy) = b(t,0,(y))

with initial condition y(y) = y. By Gronwall’s lemma and Eq. , there exists a constant Cp
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such that [|60:(y)|| < Crlly||, for every n,y, and ¢ < T. For every t; < t < t3, and every x, we
obtain using a change of variables:

y ) 20,
> Cuaty o (— 5 el?) oo (<2l ) doolo)
K2 sl2

(Cre,t1 )71 > o(t, z)

[ al?) 1vett. ) do
< Contt 7 [ 20l + 26, [ lylPdpo(u)) exp (~daty ) da

and |[Vo(t,z)|| < C'z,tzt;(dﬂ)/?. Consequently, p satisfies Eq. , Eq. and Eq. . O

For every p E Vo and every ¢ > 0, recall the definition of the velocity field v; in Eq. (15)):
v(z) == =VV(z) — [ VU (z,y)dp(y) — 02V log o(t, z), where o(t, ) is the density of p; defined in
Lem.

Lemma 12. For every p € Vo, and every to > t; > 0,

/ [tz ldou()at < oe. (39)

Moreover, for every ¢ € C°(Ry x R4 R),

[ottamiapu(o) - [ itr,z)dp (@)

/ / (@ub(t, 7) + (Vo (1, 2), ve(2)))pe(dx)dt . (40)

Proof. The first point is a direct consequence of Lemma Consider ¢ € C*°(R% R) and 7 €
CP (R4, R). Using Eq. @[) and with hy = --- = h, = 1, we obtain that for each ¢ €
C(R, x R4 R) of the form (¢, z) = g(t)¢(x),

/¢ (t2, x)dpy, (x /¢ t1, x)dpy, (x) =

/t / (Bi(t, ) + (V. ), b pr)) + 0> Ap(t, ) )pe(d)d . (41)

As the functions of the form (t,z) — g(t)¢(z) are dense in C°(R; x R R), Eq holds in
fact for any smooth compactly supported 1. Using Lemma [11] and an integration by parts of the
Laplacian term, Eq. follows. O

The goal now is to establish that the functional 7 is a Lyapunov function. This claim will follow
from the application of Eq. to the functional (¢, z) — o2 log(o(t, z))+V (z)+ [ U(z—y)o(t, y)dy.
However, this function is not necessarily smooth nor compactly supported. In order to be able to
apply Lem. [I2] mollification should be used. In the sequel, consider two fixed positive numbers
to > t;.

Define a smooth, compactly supported, even function 5 : R? — R, such that [ n(z)dz =1,
and define 7.(z) := e 9n(z/e) for every ¢ > 0. For every t > 0, we introduce the density
0c(t, ) == ne*pc(t,-), and we denote by ps(dx) = o.(t, x)dx the corresponding probability measure.
Finally, we define:

- ._ Nex (veo(t, )
vf = ——— 2
Oc (tv )
With these definitions at hand, it is straightforward to check that the statements of Lem. [12[ hold
when p;, v; are replaced by p;, vi. More specifically, we shall apply Eq. using a specific smooth
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function ¢ = v, 5 r, which we will define hereafter for fixed values of §, R > 0, yealding our main
equation:

/1#6,5,1%(752,%)95(152739)6156—/ws,a,R(thﬂf)Qe(tl,x)dfﬂ =

/t 2 / (Butde s m(t 2) + (Vb (b 2), 05 (2))) 0s ()t . (42)

We now provide the definition of the function 1. 5 p € C°(R; x R, R) used in the above equality.
Let 8 € C*(R,R) be a nonnegative function supported by the interval [—t;,¢1] and satisfying
[6(t)dt = 1. For every & € (0,1), define 65(t) = 6(t/5)/5. We define o=°(-, x) := 05 * 0°(-,x). The
map t Qa’é(t,j is well defined on [t1, 5], non negative, and smooth in both variables ¢, z. In
addition, we define V. := n.+V, U, := n.+U. Finally, we introduce a smooth function x on R? equal
to one on the unit ball and to zero outside the ball of radius 2, and we define xg(z) := x(z/R).
For every (t,x) € [t1,t2] x R, we define:

Yesr(t,x) = (02 log 0o (t x) + Ve(z /U (z— )XR(y)gES(t y)dy)xr(x). (43)

We extend 1) s.r to a smooth compactly supported function on Ry X R?, and we apply Eq.
to the latter. We now investigate the limit of both sides of the equality as §, e, R successively
tend to 0,0, 00. First consider the lefthand side. Note that for all ¢ € [t1, ta],

lim 1im v 5, m (1, ) 0c (1, @)
- (02 logo(t.a) + V(@) + [ Ule =~ pxa(welt. y)dy) o(t 2)xn(®)

The domination argument that allows to interchange limits and integrals is provided by Lem
Indeed, for a fixed R > 0, there exists a constant C'r such that ¢*°(¢,z) < Cr and Ve s r(t,x) < Chr
for all ||z]| < R and all ¢ € [t1,t2]. As a consequence,

lig liy [ e rlt2)o-(t.2) = o [ xu(oolt.)logoft,x)dot
[ Vena@dota) + [ U6~ pxato)xe(et oot vdzdy.

Since p; € P2(R%), [o(t,z)|logo(t,z)|dz < oo, and the first term in the r.h.s. of the above
equation converges 1o o? f o(t,z)log o(t, z)dx as R — oco. Similarly, [V (z)xr(z)dpi(z) tends to
[ Vdp: as R — oo, by use of the linear growth condition on VV in Assumption along with the
fact that p, admits a second order moment. The same holds for the last term. Finally, we have
shown that, for every t € [t1,t2],

R—ooe—06—

lim hmhm/%éRtﬂﬁ)Qa(t 2)dz = A (py) // v = y)dpy(y)dpy(a)

recalling . (p) := 02 [logo(t, )dp, + [ Vdpe + % [ U(z — y)dpi(y)dps(z) . As 8, e, R successively
tend to 0,0, 00, we have shown that the L.h.s. of Eq converges to:

5 [ Ve = widonipn @) - 5 [ U6 - vdon t)ap @) @)

We should now identify the above term with the limit of the r.h.s. of Eq. in the same regime.
The latter is composed of two terms. First consider the second term:

%(pb) - %(ptl)

/t 2 / (Ve gt ), 05 () 5 ()
- / 2 / (Ve st ), e * (ve()o(t, )Vt

t1
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We can let § — 0 in this equation and interchange the limit and the integral. This is justified by
Lem. which implies that for every R > 0, there exists a constant C'g such that for every £ > 0,
§€(0,1),t € [ty,ts], » € RY,

Ve s.r(t z)| < Cr. (45)

Using Eq. along with Eq. , the dominated convergence applies. Letting € — 0 in a second
step, the exact same argument applies, and we obtain:

ta
lim lim /(sz’(;’R(t,x)7vf(x)>g€(t, x)dxdt

e—=05—0 Jy

/ /hm 1 (Vo s (1, ), * (o)l 2)))dodt

e—=06—
/ / hm hrn Ve s r(t,x)), ve(z))o(t, x)dxdt,

where the interchange between V and the limits is again a consequence of Lem. We now write
the gradient in the above inner product. Note that:

lim lim . 5 (t, ) = (o%log o(t,x) + V(z) + / Uz —y)xr(y)o(t, y)dy)xr(x) .

e—=046

‘We obtain:
gi_r)% }iir(l) t12 /<V¢5757R(t,x),vf(z»ge(t,:E)da:dt =
- / 2 / lon () P () et )t
- / 2 / (vi(a), / (1 - Xa®)VU( — y)dpu())xr(@)dps (x)
- / 2 / (0e(2), Vxr(2)(V(z) + / Ux — y)xr(y)dpe(y)))dpr(z) . (46)

By the dominated convergence theorem, Assumption and Eq. (37)), the last two terms in the r.h.s.
of Eq. tend to zero as R — oo, while the first term is handled by the monotone convergence
theorem. We thus obtain:

to
lim lim lim /(V@[JE’&R(Lx),vf(x))ge(t,x)dxdt
1

R—00e—06—0 J;

:_/:/||Ut(x)|2g(t,x)dxdt. (47)

As a last step, we should evaluate the limit of the first term in the r.h.s. of Eq. (42), which writes:

tf f Oue 5, R(t, T)0c(t, v)dxdt . Here the domination argument allowing to interchange limits and
integrals requires more attention, and is justified by the following lemma, whose proof is provided
at the end of the section.

Lemma 13. Let t; >t > 0 be fized. For every R,e > 0, there exists a constant Cr. such that
for every § € (0,1), t € [t1,t2], © € RY,

|0¢e 5, r(t, 2)| < CRrc, (48)
for every t < T, 6 >0, and every x € R?.

By Eq. and by the continuity of the map t — 9;0° (see the proof of Lemma , we can
expand the first term in the r.h.s. of Eq. as:

t2 t2
/ /3,51#5_,573(@ x)dpi (z)dt = / /8,51/18’5,3(15, x)gf7‘s(t, x)dzdt + os r(J), (49)
tl tl
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where o, r(d) represents a term which tends to zero as 6 — 0, for fixed values of €, R. Note that:

£,0 T
Bete s nlt x) = ngm(@ + [ = xrloxr@e tdy. (50)

Plugging this equality into and noting that U; is even (because U and 7. are), we obtain:

to
/ / Otbe s 1t ) 0" (1, )dadt
ty

ta
= 02/ /3tgg(t,x)xg(x)dxdt
t1

+ % /:/ Ue(a = )04 (07 (t,y) 0™ (t, 2) )X R (2) X r(y)dadydt
—o* [ ¢t apxrlado — o [ O (tr,a)xnlz)ds

45 [ [0 = (e nlo) 2, 006 12, ) dady

~5 [ [ Ule = el e o) 0, v)dody.

By the dominated convergence theorem, we finally obtain:

ta
lim lim lim/ /8t¢s,6,R(t7x)dpi(x)dt:
1

R—00e—=00—0 J,

5 [ [ U= vt aette sty — 5 [ [ UG- yottratespisdy. (51

Putting together Eq. , and , and passing to the limit in the continuity equation 7
the statement of Prop. [f] follows.

Proof of Lem. Using Eq. and integration by parts,

/:/ (Vne(x = ), b(y, ps))dps(y)ds + o / /Angx— )dps(y)ds .

Since p € P(C), supye 1 1w, po)ll < CC1L+ lyll) + C J supyery 7y Il dp(e). As a consequence,
supierr, 7 [10(y, pe)|| < C(1+ |lyl|) . Along with the observation that, for any fixed €, V. and A
are bounded, it follows that ¢ — o°(¢,z) is Lipschitz continuous on [t1, 3], and that its derivative
almost everywhere is given by: 9,0°(t,z) = [((Vn-(z — v),b(y, pr)) + An-(xz — y))dp¢(y). Thus,
there exists a constant C. > 0, such that:

QE(tQa‘r) - Qe(tlam)

sup 0o (t,z) < C-.
te€[t1,t2],xER?

Considering the second term in the r.h.s. of Eq. (50)), the presence of the product of the compactly
supported functions xr(z)xr(y) implies that the former is bounded in absolute value:

\ [ Ve = pxna@one )] < One.

On the otherhand, using the lower bound , the first term in the r.h.s. of Eq. , is also
bounded, and finally, Eq. follows.

6.2 Proof of Prop. [7]

The map A : p + 5 (p.) is real valued and lower semicontinuous by Prop. |§| and Fatou’s lemma.
Moreover, for every p € Vo, J(®4(p)) — H(p) = H(prse) — #(pe) = —f€t+€f |lvs||2dpsds.
Therefore, %(@t(p)) is decreasing w.r.t. t, and, as such, . is a Lyapunov function. In addition,
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the identity /2 (®.(p)) = A (p) for all t, is equivalent to: v; = 0 ps-a.e., for every t > e. By
Lem. this implies that p; = p. for all t > e. Thus, JZ(®:(p)) = 5 (p) for all ¢, if and only if
ve = 0 and p; = p, for all t. This means that JZ is a Lyapunov function for the set A.. The first
point is proven.

Consider a recurrent point p € Vy, say p = lim ®; (p). By Prop. 3} p € A, for any € > 0. This
means that there exists ;1 € S such that p, = p for all ¢ > 0. By continuity of the map ()4,
po = lim p; . Thus, pg = . This means that p, = p for all t > 0, which writes p € Ag. The proof
is complete.

6.3 Proof of Prop.

Since 8 = 1, we obtain by Assumption [f] that VU and VV are Lipschitz continuous, therefore, the
functions U and V' are weakly convex. Thus, we obtain from our assumptions that the functions
U and V with U being even are differentiable, weakly convex, and they satisfy the doubling
assumption. In these conditions, the following facts hold true by [AGS08, Th. 11.2.8] (see also,

g., [DS10]): for each measure vy € Po(RY), there exists an unique function  — v € Pa(R?) that
satisfies the following properties:

i) vy > pastlO.

ii) sup / |z]|?v¢(dz) < oo for each T > 0.
t€[0,T)

iii) The measure v; has a density 7; = dv;/d%? for each t > 0. This density satisfies 7; €
1,1
IOC((O OO) Wloc (Rd))

iv) The continuity equation

8,51/t + V- (l/t’LUt) =0

is satisfied in the distributional sense, where
V()

() 0~ [ VU= pmwa

wy(x) =

) HthLQ(ut GLIOC(O’OO)'

Furthermore, the function ¢ + v; is the solution of the gradient flow in Py(R?) of the functional
2 provided in the statement, and w; € —95 (1), where 0.5 is the Fréchet sub-differential of
. From the general properties of the gradient flows detailed in [AGS08, Chap. 11], one can then
check that we can write v; = W, (1) where ¥ is a semi-flow on Py (R%).

With this at hand, all we have to do is to check that for each p € Vo, the function ¢t — p; satisfies
the five properties stated above. The first two hold true for each ¢ € P2(C): to check the first one,
let X ~ (. Observe that X; —_,0 Xo by continuity and that || X; — X,|? < 28UP,co,1] | X2 for ¢
small, and use the Dominated Convergence. The second property follows from the very definition
of P5(C). Property 3 follows from Lemma By Lemma the continuity equation is satisfied by
the function ¢ — p; with vy = wy, hence Property 4. Finally, Property 5 follows from Proposition|[G]
Equation . This completes the proof of Proposition

6.4 Proof of Prop. 9

In this paragraph, Assumptions 2] and [f] hold. Therefore, Assumptions [T] and [3] also hold. Let
k € N;n € N*. We recall Eq.

Xy = X5 = e VV(X™) - %T;rl Z VUX;" — X" + V201607 -
J€ln]

Let us momentarily drop the upperscript n to simplify the notations, and we write v as a shorthand
notation for yx4+1. Note that VU (—z) = —VU(z). We expand:

I I? = XGNP = 2(VV (X5), X) — 2 > (VUXE — X]), Xp)
j

i i i gl i j
+ 29161 1P + V2T 22 IVVIXG) + o ZVU(Xk - X%
J
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where we defined:

i i i i g i j
Thyq = Gy, X =7 VV(XE) — - ZVU(Xk - X7)).
J

Using Assumption [§] and Cauchy-Schwartz inequality, there exists constants C, A > 0 such that:

i i 2y i j i i
[Xial? < (1= My + CAIXGP - o D AVU(X} = X1), Xi) + 29)1h4 117
J

+ V20T + O+ D IXLP) . (52)

J
Note that E(T},|F;") = 0. As a preliminar, we first establish the bound:

n n 1 n
sup (B IPIXEIP) + XY ) < oc. (53)

,n

To that end, compute the average w.r.t. ¢ € [n] of both sides of Eq. . Setting Sy, := £ 3. [| X[ ||%,
and

]' 7 i 7
XE = g D0 D (VUXG = X)), XG)
7 J
€= =S e
Xk+1 T n & k+1

1 .
X£+1 = n ZTIerl :
i
Eq. leads to, for every k larger than some fixed constant,

Se1 < (1= X9)Sk — 29xE + 29541 + V29xE + C72.
Moreover, using that VU(XZ - Xi)=-VU(X} - X,i)7 we obtain:

1 j i i j
Xg T o2 ZZ<VU(X1€ - Xp), X, — Xj) > —C.
v g
Therefore, Sk11 < (1 — A\y)Sk + Z'in_H + \/2’yxg+1 + C#, for large k. Raising to the square,

Sir < (1= 298 + (27X + V20X 11 + C)°
+ CSK(27XG 1 + V27X + C) -
Thus, for large k,

ES? 1 < (1 M)ES} + Cy?E(xs,,)?
+ CYE(XE41)? + CY? + CYE(SkxGyy) + CHES) .

Note that E((Xi +1)?) is bounded uniformly in k,n. Moreover, by Jensen inequality, E(Sy) <
VE(S?). Finally, using that E(Skxi_H) = do?*E(S}), we obtain:

ESi 1 < (1= M)ES; 4+ C* + CHE((Xi11)?) + C7* + CyyJE(S?) -
We inspect the term E((x{,,)?):

o? i i gl i j
E((dk0)*) = 13 DUEIXL —9VV(X) = 0 3 VUK - X))
i J
C i C 1 ; ;
< g SUBIXE 475 30 S IVUK - X))?
% @ J
C : C 1 ; :
< o3 2B+ 975 D0 5 D I+ X
% % J

C C
S *Sk+’y272
n n
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We finally obtain: ES?, | < (1 — M)ES; + C* 4+ Cy4/E(S7). This proves that ES? is bounded
uniformly in k,n. By the exchangeablhty stated in Assumptlon m ES? = n_lE(HXkH )+ (1 -

1/n)E(]| X112 HX2H ). This proves Eq. ‘ 4 ‘
We now expand || X}, || starting from . First, we define VU? := n~! >, VU(X] - X))
For all k large enough,
Xkl < (1= AMIXEN® + (=7 (VU X5) + 29]16 a1
+ /29Ty + OV (1 + 8i))* = 24(VU', Xp)[IXE |12
+ 290161 IPIXENP + V29T [ X2 + C2IIXENP (1 + Sw) -
We take expectations in the above equation. Remark the following E[|¢},,(|* < C, ES7 < C and
E([& 1 1P XE]1?) < CE|XL||? = CE(Sk) < C (where as usual, C' changes at each inequality).
Thus
E|Xpll* < (1= yNEIXE* + CyE(VU", X})? + ChE((Tiga)?) + Cy
= 29E(VU*, Xi) | X lI? + Cy*E(| XilI* Sp).
It is straightforward to show that E((T}, ;)?) < C(1+~*E(|[VU*||?)) and that, in turn, E(||VU*||* <

C(14ESk) < C. Thus, E((T},,)* < C. Moreover, by Cauchy-Schwartz inequality followed by the
triangular inequality,

E(VU*, Xi)?

3\)—‘

(= VUG = XDIPIXE?)
J

< CEG ST+ XL + 1) IXEP)
J
< C + CE[|IX;||* + CE| Xz |1 XE|
Note that the last term in the above inequality is bounded uniformly in k, n, by Eq. . Changing
again the constants C, A\, we obtain that for large k,

E|Xpll* < (1= yNEIXE* = 20E(VUY, X IXE|? + Cry.

The crux is to estimate the term —2yE(VU? X!)||X{||>. By exchangeability, and using that
VU(0) =0,

E(VU', XP) I XE 12 = - > E(VU(XE = X)), X)X P
J#i

n—1
JE(VU(X;, = X3), Xi) [ Xz |1 -

=( -

Moreover, using that (VU(X1 - X, X} - X} >-C,

E(VU(Xg — X2), Xp) | X512

> —CE[|Xi|I* + E(VU (X; — X3), Xi) | X5 ]1%]

> —CE[|Xi|* - E[IVU(Xg — XDIXZN X))
> —CE||IX;[|* — CE[(1 + | Xgll + IXZIDIXENIX5 1)
> —C(E\|Xk\|2+E[||Xk||||Xk|| ]+ E[IXEIP1 X617 + 1)
> —CE[|XFI Xkl -

where we used the fact, proven above, that IEHXM2 and E[|| X2||?|X]|?] are bounded, uniformly
in n, k. The term E[|| XZ|||| X}[|*] can be handled by Cauchy-Schwartz inequality:

1 1 1
E[IXZIIXEI1PT <EQXZIPIX ) 2E(IX 1) 2 < CE(X5]1*)z
We have shown that:

[NIE

E(VU", Xp) | Xil* > —CE(|| X;]|")
Putting all pieces together,

E|Xill* < @ =y NEIXg[* + Cyy/E(IXL) + O

This proves that E[ X}||* is bounded, uniformly in k,n. The proof is complete.
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6.5 Proof of Th. d

The convergence provided in the statement follows at once from Proposition [8|and Theorem [2] We
need to prove that S = As when As = {po}. For an absolutely continuous probability measure
dv(z) = n(x)dz € P2(R?) with n € C1(R? R), write

() = —VV(z) - / VU (z — y)n(y)dy — o°V logn(z)

With this at hand, using Equation in conjunction with the identity poo = V:(pso) for each
t > 0 shows that u,_(z) = 0 for po—almost all . This shows that po € S. On the other hand,
for v # poo in P2(RY), we obtain from Equation that the function ¢t — J2(V:(v)) is strictly
decreasing. Thus, [ |lu,||*dv > 0 which shows that v ¢ S.

A Technical proofs
A.1 Proof of Proposition

Let I C R, we denote by C(I,R%) the set of continuous function from I to R?. One can show,
that (p,) is a Cauchy sequence in the complete space (P,(C([0, k], R%)),W,). Thus, there exists a
sequence of compact sets (Kj) in C([0, k], R?) such that:

3
_277

for all k € N*. Let K := 5, F[?)}k](Kk) C C. The union bound yields p,,(K) > 1 — e. Referring
to [Bou89, Theorem 2, Section X, Chapter 5], K has a compact closure in C. Hence, there exists
a converging subsequence (p,,,) converging to p € P(C). Following the proof of [Vil09, Theorem
6.18], one can readily check that lim, oo Wy ((70,x])%0n; (T[0,k))#p) = 0, for every k. Conse-
quently, lim,,_,oc W, (pn, p) = 0, which means the completeness of P,(C). It remains to obtain its
separability.

As C is Polish, there exists a dense sequence (z,,) in C. Following the proof of [Vil09, Theorem
6.18], one can construct a sequence (p,) in P,(C) from (z,,), such that ((mgr)xpn) is dense in
C([0, k], R?) for every k. With this result, it can be verified that (p,,) is dense in P,(C).

(0,87 on (Kk) > 1

A.2 Proof of Lemma [2

Since Prop. 1] holds, (I(p,,)) is a weakx-relatively compact sequence in P(C), and there exists a
sequence of compact sets (Kj) in C, such that

1
I(p,)(Kp) > 1 — —-
(pa) (KR) > 1=

for every k € N* and every n € N*. Let € > 0. We define the relatively compact set in P(C):
1
Ke = {p ePC) : p(Kg)>1— T for every k € N*, such that ke > 1} .

The union bound and Markov’s inequality yields:
PlppeKe)>1—¢ (54)

for every n € N*.

To be relatively compact in P,(C), the set K. must satisfy Eq. (p-UI). Since the sequence
(I(pn)) has uniformly integrable p-moments, there exists a sequence (ax,i)(,i)em+)2, such that for
every | € N*, limy_,oc a,; = 00 , and

1

sup ||z 1 dpn(®)| < 7057 -
/te[OI,)l] (EA 2up llee|[>an. pu()| < klI2k+1

V(k,1) € (N*)2, sup E
neN*

For € > 0, we define a set that satisfies Eq. (p-UI):

1 *
U = pe Pp(C) : / sup thHp]l sup th|\>a;€,ldp($> < —, k,l eN .
te[o,l] te[0,1] ekl
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Using Markov’s inequality and the union bound, we obtain
P(ppclU.) >1—¢. (55)
Putting together Eq. and Eq. (55),
P(p, e Ko.NU) > 1—2¢.

Ke NU is a relatively compact set in P,(C). Thus, (p,) is tight in P,(C).

A.3 Proof of Lemma 3

Given G = Gy g ny,...hoit.s01,.. 0. € Gp, we first want to show that G(p,) = G(pso) 88 P — Poo
in P,(C). This last convergence is characterized by the fact that p, — poo in P(C), and that the
sequence (p,,) has uniformly integrable p-moments as shown by (p-Ul)), which is written here as

vI'>0, lim Sup/]l sup _lyall>a < sup Iyu||p> dpn(y) = 0.

a0 neN u€[0,7] u€(0,T]

We write G(p,) = [ 9(z,y, 2)d(pn ® pp @ pn)(z,y,2), where for z,y, z in C:
9(@,y,2) = (d(x¢) — d(as)—
/ ((V(ﬁ(xu), b(@u, Yu)) + (2w, yU)TH¢(xu)J(xu7 Zu)) du) h(z),

and h(z) := H;Zl hj(z¢;). Using Cauchy-Schwartz inequality, we state a useful inequality:

9z, 2)] < C (1 +f NTICAR) du) , (56)

where C = b, max (2[|6]. + loll% (¢ = 5) [A6]. . [V8]..)- Note that pn © pu ® pn = poc ©

Poo @ Poo I P(C x C x C). Furthermore, using the bound (56| for our function g, and observing
that ¢ is the maximum of the time snapshots intervening in the definition of g, we have for each
a>0

sup / ﬂ|g(z,y,z)|>a‘g<x7 Y, Z)|d(Pn & pn & Pn)(ﬂ% Y, Z)

neN
P
< sup / 1 e (14t sup llyall | dpu(y).
neN C’<1+t sup |\yu\|>>a u€(0,t]
u€[0,t]

therefore,

lim sup / ]l|g(m,y,z)\>a|g(xvy7 Z)|d(pn & pn ® pn)(xvya Z) =0,

a—00 neN

which shows that G(p,) — G(p) by uniform integrability, and the first result of the lemma is
established.
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