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ABSTRACT. Ecosystems with a large number of species are often modelled as Lotka-Volterra
dynamical systems built around a large interaction matrix with random part. Under some
known conditions, a global equilibrium exists and is unique. In this article, we rigorously study
its statistical properties in the large dimensional regime. Such an equilibrium vector is known to
be the solution of a so-called Linear Complementarity Problem (LCP). We describe its statistical
properties by designing an Approximate Message Passing (AMP) algorithm, a technique that has
recently aroused an intense research effort in the fields of statistical physics, machine learning,
or communication theory. Interaction matrices based on the Gaussian Orthogonal Ensemble,
or following a Wishart distribution are considered. Beyond these models, the AMP approach
developed in this article has the potential to describe the statistical properties of equilibria
associated to more involved interaction matrix models.

1. INTRODUCTION

Equilibrium of a large Lotka-Volterra system. In the field of mathematical ecology, Lotka-

Volterra (LV) systems of coupled differential equations are widely used to model the time evolution

of the abundances of N interacting species within an ecosystem [38]. Such systems take the form
dCCN

(1) T

where the vector function xy : [0,00) — RY = [0,00)" represents the abundances of the N
species, ® is the componentwise product, ry € Rf is the so-called vector of intrinsic growth rates
of the species, and —Iy + I'y = (—1(;=j) + I'i;) € R¥*Y represents the interaction matrix. More
precisely I';; represents the effect of species j on the growth of species ¢ for ¢ # j and —1 + I';;
represents the intraspecific interaction. Equivalently, (1) can be written as a series of coupled
ordinary differential equations:

d(Ei
dt

(t) =2zn({t) O (ry — (In —Tn)zn(t), @n(0)€ (0,00)",

() = 2i(t) | 1 —@i(t) + D Tawai(t) | , :(0)>0, 1<i<N,
k

where I'y = (I';5), *n = (x;) and ry = (r;).

In theoretical ecology, the matrix I'y and the vector ry are often modelled as random when
the number N of species is large, turning the ecological system into a large disordered system.
Such systems have aroused an important amount of research in the fields of mathematical ecology,
borrowing tools from statistical physics, high dimensional probability, or random matrix theory
[2].

In this paper, we shall be interested in the situation where the LV dynamical system is well-
defined for all ¢ € R, and possesses an unique globally stable equilibrium vector:

ey = (2)L,  with  zy() —— a2k

for all initial conditions & (0) = (x;(0)); lying in the interior of the first orthant, that is ;(0) > 0
forallie{l,---,N}.
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In general there does not exist a globally stable equilibrium. Even a single equilibrium might
not exist. There are however various conditions ensuring the existence of such an equilibrium, see
Hofbauer and Sigmund [28], Takeuchi [38], etc. In the present work, we will rely on Takeuchi’s
condition (cf. Proposition 2) and will assume the existence of an equilibrium %, for large N.

It is well-known that the property xy(0) € (0,00)" is maintained for all ¢ > 0 and xy(t) €
(0,0). However, in general, the equilibrium vector &% may lie at the boundary of Rf, i.e. may
have vanishing components. Moreover, assuming that I'y and ry are random, the vector =} is
random as well.

When N becomes large, it is of interest to understand the statistical properties of &7 such as
for example its proportion of non-zero components, or the distribution of &% ’s components, etc.
Many interesting features and properties of the equilibrium are encoded in the empirical measure
of the abundances

Uw;\] = iidx* )
Ni=1 '

where J, stands for the Dirac measure at a. For instance, the proportion of surviving species at
equilibrium is given by

# surviving species =
N = | Lio,00) () ™ (dt)

Mathematically speaking, the measure p*¥ is a random probability measure on R, defined on the
same probability space €2 as ry and I'y.

Note that, if 7 is exchangeable, the distribution of the first (and in fact any) component [x% ]
of the equilibrium vector should resemble! =N .

In the literature devoted to large LV systems, standard choices for the matrix I'y are classical
random matrix models such as the Gaussian Orthogonal Ensemble (GOE) model, the real Ginibre
model (i.i.d. centered Gaussian entries for I'y), or the so-called elliptical model, that can be seen
as an interpolation between the GOE and the real Ginibre models [4]. For these models, feasible
equilibria where 7 > 0 for 1 < ¢ < N are studied in [10, 16, 3, 17].

The large-N properties of x7 were recently considered in the theoretical ecology literature.
In [12], Bunin considered a non-centered elliptical model with the help of the dynamical cavity
method. A similar result was obtained by Galla in [24] by means of generating functionals tech-
niques, see also [35, 39]. Many insights are provided by these techniques from a physicist point of
view. However, up to our knowledge, no rigorous method to describe the asymptotic properties
of &7 can be found in the literature so far.

The purpose of this paper is to address this question in the case where matrix I'y is either
taken from the GOE or follows a Wishart distribution. Our results on the asymptotics of @~
mathematically confirm Bunin and Galla’s works.

Linear Complementarity Problem. When it exists, the globally stable equilibrium x%, = (z})
of the LV equation above is known to be the solution of a so-called Linear Complementarity
Problem (LCP), see for instance [38, Chap. 3|, which consists in finding a vector with real entries

that satisfies a system of inequalities involving matrix I'y and vector 7 y:

(2) a} (ri — [(In = Tn)zy],) =0, forallie{1,---,N}.
Ty — [(IN — FN)$;V]1 < 0,

In the context of theoretical ecology, a vector satisfying (2) is often referred to as a saturated
equilibrium or saturated rest point, see for instance Hofbauer and Sigmund [27, Section 19.4] and
[28, Section 13.4].

The two first conditions are natural for an equilibrium to system (1): the abundances are
necessarily non-negative and the equilibrium should be a critical point of the dynamics. The third
one is more subtle, it is called uninvadability and its ecological interpretation is the following:

N thorough and rigorous study of this fact has been recently done in [25, Section 3.4].
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the quantity r; — [(Iy —I'n)x}y]; is the net growth rate (aka invasion fitness), that is the rate
of exponential growth or decay of a small population z; ~ 0 in an environment where the other
species are at equilibrium @7}, ; these rates being all nonpositive is a stability requirement. Sufficient
conditions on I' ;v to ensure existence and uniqueness of the solution x}; are known. The problem
boils down to the following question: how can we asymptotically extract statistical information
on &}, solution to the highly non-linear problem (2), given that I'y and rp are random?

The reader is referred to Section 4.2 below for a quick overview of the LCP theory, and to
[18, 34] for complete and comprehensive expositions.

Approximate Message Passing. The idea we develop in this paper is that the distribution
umyv can be estimated for large N by designing a proper Approximate Message Passing (AMP)
algorithm.

Approximate Message Passing (AMP) is a technique that has recently aroused an intense re-
search effort in the fields of statistical physics, machine learning, high-dimensional statistics and
communication theory. Among the many landmark articles, we can cite [20], [7], [11]. More
references can be found in the recent tutorial [23].

An AMP algorithm produces a sequence of RY—valued random vectors, say Sk = (&F), which
are iteratively built around a N x N random matrix, sometimes called the measurement matrix.
This algorithm is conceived in such a way that for any finite collection & Lo ,£k of these vectors,
the following joint empirical distribution:

1 N
¥ 220 e
1=1

converges as N — o0 to a Gaussian distribution on R* whose parameters can be fully characterized
by the so-called Density Evolution (DE) equations. In the context of our LV equilibrium problem, it
turns out that an AMP algorithm can be designed in such a way that the AMP iterates approximate
our LCP solution after an adequate transformation. Thanks to this approximation, the asymptotic
properties of u®~ can be deduced from the DE equations.

Random matrix models and perspectives. Regarding the statistical model for 'y, we shall
consider in this paper the GOE model [4], and the Wishart model. The latter has been intro-
duced to ecology in the context of resource-competition, see for instance the influential articles
by MacArthur [31]. Wishart models are also particular cases of a kernel matrix, which is con-
sidered when the interaction between two species depends on a distance between the values of
some functional traits attached to these species, see [2, §4.6] and the references therein, or the
recent paper [37]. Both models are first studied under a Gaussianity assumption for the entries,
see Assumptions 2-4. This assumption which might not seem biologically relevant is relaxed later
and we provide similar results without the Gaussian requirement, see Assumptions 8-9.

We believe that this LCP/AMP approach for studying u“‘fv can be generalized and applied
to more complex models for matrix 'y, see for instance [26] (symmetric matrix, sparse variance
profile) and [25] (non-symmetric matrix, elliptical models). The recent results of Fan [22] might
be used to cover the general rotationally invariant case; more general models are also considered
in [6, 41].

Outline of the article. The problem statement, the main results and simulations are presented
in Section 2. In Section 2.2 (resp. Section 2.3) Theorem 1 (resp. Theorem 2) describes the
statistical properties of the equilibrium for a matrix I'y drawn from the GOE (resp. from the
Wishart ensemble). In Section 2.4, we extend these results to matrix ensembles based on non-
Gaussian entries. Section 4 is devoted to the proof of Theorem 1, starting with an outline of the
proof in Section 4.1, while elements of proof of Theorem 2 are provided in Section 5.

Main notations. For z € R, let x; = max(x,0), z_ = max(—z,0) and [N] = {1,--- , N}. For
a given set S denote by |S| its cardinality. Vectors will be denoted by lowercase bold letters
a = (a;),b = (b;), etc. If f: R — R is a real function, vector f(a) is defined componentwise by
f(a) = (f(ai))ie(ny- For vectors of same dimensions, a © b = (a;b;) denotes the componentwise
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(Hadamard) product. Vector 1y is the N x 1 vector of ones and x — 1s(z) is the indicator
function of set S. Transpose of matrix A is AT and its eigenvalues are \;(A).

For a = (a;), a > 0 (resp. a > 0) refers to the componentwise inequalities a; = 0 (resp. a; > 0)
for all ¢ € [N]. A positive (resp. negative) definite matrix A is denoted by A > 0 (resp. A < 0).

Given a vector @ and a matrix A, |a| denotes the Euclidian norm of a and |A| the spectral
norm of A. For a vector a, |allo = |[{i;a; # 0}| is the number of its non-zero elements and supp(a)
is its support, that is the set of indices of non-zero elements.

Given vectors a = (a;), a' = (a}), -+ ,a" = (a¥) of the same size N, we denote as u® and

K3
/ﬂl’“' 2" the probability measures

1 1 ... ,k 1
ue = ¥ Z Sa, and pt ot = N Z Ol ak) -
ie[N] i€[N]

a

We call p® the empirical distribution of the components of a and p“l""’ " the joint empirical

distribution of the components of a',--- , a”.

If jun, o are probability measures over R? then py NL> w stands for the weak convergence of
—00
probability measures. The distribution of a random variable X is denoted by £(X) and we express

that two random variables X,Y have the same distribution by X £y, As usual, abbreviation
a.s. stands for almost sure/surely.

2. PROBLEM STATEMENT, ASSUMPTIONS, AND MAIN RESULTS

2.1. Equilibria, Wasserstein space and pseudo-Lipschitz functions. Independently of the
structure of T'y, it is known that if |[T'y| < 1, then the ODE (1) admits a unique solution
(zn(t),t = 0) with a bounded trajectory, for any arbitrary initial value &y (0) > 0, see [30].
Moreover the same condition ||| < 1 guarantees, as we shall recall in more detail in Section
4, the existence of a globally stable equilibrium point 7 in the classical sense of the Lyapounov
theory [38, Chapter 3].

Given k > 1, the Wasserstein space Py (R?) is defined as the set of probability measures u over
R? with finite ™ moment: (., [@|*u(dz) < 0. Given p, v € Pr(R?), we denote by My (u,v) the
set of probability measures in P (R? x R?) with marginals p and v, i.e.

ne M) {n(Ade) = ),

U

n(R? x B) =v(B),

for all A, B Borel sets in RY. We can endow the space Py(R?) with the distance:

1/k
douv) = inf { | x—y|kn<dwdy>} .
neMy (p,v) Rd xRd

A function ¢ : R — R is pseudo-Lipschitz with constant L and degree k > 2 if for all x,y € R?,
the following inequality holds:

o) —e(y)l < Llz—y| (1+[z]*" +y|*") .
We denote by PLy(R?) this set of functions. We will rely later on the following classical lemma,
see for instance [23, Section 1.1 and 7.4] and [40].
Lemma 1. Let uy, € Pr(R?) for k > 2. The following conditions are equivalent:
(1) dr(pn, 1) =0,
—00
(ii) For all ¢ € PLi(RY), §odun ~ §pdp,
—00
w k k
(ili) pnv —=— pand fo [|*py (de) —— fpa |2|* p(d).
If one of the equivalent conditions of Lemma 1 is satisfied, we say that the sequence (un)
converges in Py(R?) to p and denote it by
Pr(RY)

UN ——— [

N—w
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If not misleading, we will occasionally drop R¢ and simply write Py, PLy.
Let 75 be a random vector of dimension N x 1 that satisfies the following assumption.

Assumption 1. The following hold true.
(i) For all N = 1, ry > 0 is defined on the same probability space as matrix 'y and is
independent from Iy .
(ii) There exists a probability measure ji € Po(R™1) such that i # 8y and

(a.s.) uy RN i .

N—>

2.2. The GOE case. We first define rigorously the symmetric matrix I'y and express sufficient
conditions for the existence of a unique global equilibrium x%; to (1).

Assumption 2. Let Ay be a N x N matrix from the Gaussian Orthogonal Ensemble. Namely,
considering that Xy is a real N x N matrix with independent N(0,1) elements,
Ay L Xy+X ITI
V2

Let k be a positive real number. Then,

AN

VN
Remark 1 (biological interpretation of the interactions). The symmetric interactions correspond
to competitive interactions when negative and mutualistic interactions when positive. Predator-
prey interactions are not accounted for in this model. Let O be the standard ”big O” notation
then interspecific interactions I';; (i # j) are of order O (1/+/N) while intraspecific interactions
—1+4T;; are of order O(1). The scaling 1/ VN ensures that asymptotically in N the interaction
matrix I'y has a ”macroscopic” effect in the sense that |I'y|| = O(1) (see also the remark below
for mathematical details).

(3) 'y

Remark 2. Denote by AE;V) the element (4, j) of Ax, then Al(év) = A%V) and E(AE;V)) =N(0,1+
di;) where d;; is the Kronecker symbol with value 1 if ¢ = j, zero else. Much is known about
this model, in particular the asymptotic behaviour of the spectral measure of Ay/ VN (Wigner’s
theorem) and its spectral norm, see for instance [5, 36] and the references therein:

1 w (471172)_,_ AN
I I == B v/ I ==

We shall consider the following assumption:
Assumption 3. The normalizing factor « in (3) satisfies k > 2.

Note that non-optimality of this assumption is discussed at length in Remark 4 and Section
3.2. Before stating the main theorem, we recall its direct mathematical consequences.
Combining Assumption 3 and the a.s. convergence of | Ay/v/N| toward 2, we get that with
probability one, eventually
[Tl <1.

Formally, this property means that there exists a set O with probability one such that
VweQ, 3IN*(w), VN=N*(w), |Tn|<T1.

As a consequence, for every w € (~2, the existence and uniqueness of x}; is granted for IV large
enough.

We can now state the main result of this section : after justifying the existence of a globally
stable equilibrium x%, one can describe the asymptotic distribution of the abundances at equilib-
rium, expressed mathematically through the convergence of the empirical measure p*~ as N — o0.
The limiting distribution is expressed in terms of a random variable 7, with law f, the limiting
distribution of the intrinsic growth rates and three auxiliary parameters v, and d that will be
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defined as the solutions of a fixed point equation. Biologically, « represents the proportion of sur-
viving species (more details are given below the theorem), o measures the diversity at equilibrium
and § is a bit more subtle to interpret but can be linked to the sensitivity to the introduction of a
new species when the system is near equilibrium. We now give the precise statement in the GOE
case:

Theorem 1. (i) (existence of equilibrium) Let rn > 0 and let Assumptions 2 and 3 hold
true. Then, |[I'y| < 1 eventually with probability one. For such N’s, the ODE (1) is
defined for all ¢ € R} and has a globally stable equilibrium 7. For the other N’s, let
N = 0.

(ii) (asymptotic distribution of the abundances)
(a) Let ¥ = 0 be a real valued random variable with finite second moment and L£(7) # do.
Let Z be a N(0,1) random variable independent of 7. Then, for any & > /2, the
system of equations

(5a) 143:54-1,

6
5b 2= 1p(oz+7)’
(5b) =5 (o +7")+,
(5¢) 7=IP’[JZ+F>O],

admits an unique solution (4, ¢, ) in (1/4/2,0) x (0,00) x (0,1).

(b) Let Assumptions 1, 2 and 3 hold. Define x}, as previously. The distribution pEN
is a Py(R)-valued random variable on the probability space where Ay and ry are
defined. Assume that 7 is a r.v. with £(7) = i, independent of Z ~ N(0,1). Then,
the convergence

(6) (a.s.) PN %% <z ((1 +7/6%) (0 Z + F)Jr)

holds true, where 6, 0, are defined as solutions of system (5).
This theorem, which proof is postponed to Section 4, calls for some remarks.

Remark 3. Equations (5a)-(5¢) have already been obtained? at a physical level of rigor by Bunin
[12] and Galla [24]. Up to our knowledge, Theorem 1 is the first rigorous statement to describe
the asymptotic properties of the distribution of the elements of x7};.

Remark 4. Notice that system (5) admits an unique solution for & > /2 while Convergence (6)
is only established for x > 2. The range of solutions (k > 1/2) to equations (5a)-(5c) supports
the fact that the true threshold should be x > +/2 instead of x > 2 (as in Assumption 3), a fact
already noticed in the theoretical ecology literature [12], see also Section 3.2.

Ecological interpretations. Theorem 1 brings valuable ecological information on the equilibrium
for large N. Some important features, detailed hereafter, are illustrated in Fig. 1.

e Proportion of surviving species at equilibrium.

This is a key property of the equilibrium and Theorem 1 sheds some light on this proportion for
large N: by inspecting (5¢) and (6), the parameter v can be interpreted as an approximation of
the proportion of surviving species |z |o/N. Simulations in Fig. la confirm this fact.

One can see from Equation (5¢) that v > 1/2, which means that in this model, more than half
the species survive.

Furthermore, an easy calculation involving Equations (5b) and (5c) shows that 7 does not
change if we replace 7 with K7 where K > 0 is an arbitrary constant.

2Notice that in [12, 24], the authors consider more general models such as the elliptical model, which encompasses
the Wigner model as a particular case.
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We should note however that rigorously speaking, Theorem 1 does not assert that -« is the limit
of |zx|o/N. Indeed, one can only deduce from this theorem that

1 *

sup § (a.s) Jim = > (af) r =,

¥ i€[N]
where sup,, is taken on the set of functions {¢ : R — [0,1] continuous, ¢(0) = 0}. Since the
function 1y,-¢y is not continuous at zero, the convergence (6) does not imply that |z} [o/N
converges to v, for any type of convergence. Up to our knowledge, the study of the asymptotic
behavior of |x%|o/N is an open question.

e Distribution of surviving species at equilibrium.

Denote by s(x*) the subvector of * with the positive components of *. Its dimension |s(x*)|
is random and the distribution of the surviving species is given by:

s(m*) _ 1
|s(2*)|

I Ofs(@*)]: -

i€[ls(z*)[]

For a similar reason as previously the convergence of /ﬁ(‘”;) is out of reach but a good proxy for
the limiting law should be:

£<(1+’y/52)(02+7‘)+ aZ+r>0> 7
the density of which is explicit and given by
(y—r)2
) (5y 1(y>0) e 202
7 surv = - Z4r \ — ) — h cZ+7 =S —7(d
(7) fourv(y) ozt (n) N where foz4r(y) v a(dr)

(recall that 1+ 55 = & by Eq.(5a)). The matching between 5@ and fou is illustrated in Fig.
1b.

Notice that if the r.v. 7 is constant then fsy, is the density of a truncated Gaussian distribution.
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(A) Proportion of surviving species (GOE) (B) Density of a surviving species

FIGURE 1. Subplot la represents the proportion of surviving species, that is the
proportion of positive components of the equilibrium a* (star), versus the theo-
retical value of v (solid line), given the parameter x which varies from 2 to 3.75.
In the plot, N = 1000 and each point (star) is the mean of proportions obtained
out of 100 Monte-Carlo simulations. Subplot 1b represents the distribution of a
surviving species (N = 1000 and 100 Monte-Carlo simulations). The solid line
represents the theoretical value of the density fsurv, see (7).
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2.3. The Wishart case. As pointed out in the introduction, Wishart matrices are also relevant
in theoretical ecology. They were introduced to ecology in the context of resource-competition,
see for instance the influential articles by MacArthur [31]. Wishart matrices model interactions
between two species which depend on the distance between values of some given functional traits,
see for instance [2, § 4.6] or [37].

Assumption 4. Let By be a P x N matrix with i.i.d. Gaussian N (0, 1) entries. Let x be a real
positive number and define the N x N matrix I'y as:

_ BBy

kP

For this model, the ith column of matrix By is a vector modelling the traits of species 1.
We will be interested in the specific regime where IV, P go to infinity at the same pace:

(8) I'n

Assumption 5. Let N = N(P) and assume that

N € (0,00)
P P> ¢ ’ '

This regime will be denoted by N, P — o0 in the sequel.
Model (8) has been thoroughly studied under Assumption 5. Marchenko-Pastur’s theorem

describes the asymptotic behaviour of the spectral limit of B, Bx/P. The limiting spectral norm
has been studied by Bai and Yin, see for instance [5, 36] and the references therein:

(a.5.) B;VPBN (1+ /).

’ N,P—x0
Assumption 6. The normalizing factor in (8) satisfies k > (1 + +/c)?.

For this model, a similar result as Theorem 1 can be stated, giving the existence of a globally
stable equilibrium and characterising the limiting behavior of the distribution of the abundances.
Again, three auxiliary parameters are necessary to describe the limiting law, they obey a system
of equations which slightly differes from (5a)-(5c). The respective interpretation of the three
parameters is the same as in the GOE case.

Theorem 2. (i) (existence of equilibrium) Let 7y > 0 and let Assumptions 4, 5 and 6 hold.
Then, |[T'n| < 1 eventually with probability one. For such N’s, the LV ODE solution is
defined for all t € Ry and has a globally stable equilibrium x};. For the other N, set
zy =0.

(ii) (asymptotic distribution of the abundances)
(a) Let 7 > 0 be a real valued r.v. with £(7) # dy. Let Z be a N(0,1) r.v. independent

from 7. Then, for every x > (1 + \/g)z, the system of equations

(9a) k= (0+c) <1+(15>,

(9b) 72 = 5—621[-2 [( 7+ F)i] :
(9c) fyzlP’[TZ+f>O],

admits an unique solution (4, 7,7) in (y/¢/2,90) x (0,90) x (0,1).

(b) Let Assumptions 1, 4, 5 and 6 hold. Define x}, as previously. The distribution ,u“:?V
is a Py(R)—valued random variable on the probability space where Ay and ry are
defined. Assume that 7 is a r.v. with £(7) = [i, independent of Z ~ N(0,1). The

following convergence holds true:
ROy -
(10) (as)  p EE (14 1/0) (TZ+7“)+) :

where §, 7 and v are defined as solutions of system (9).
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FIGURE 2. Subplot 2a represents the proportion of surviving species, that is
the proportion of positive components of the equilibrium x* (star), versus the
theoretical value of v (solid line), given the parameter x which varies from 8 to
10 (in this case, ¢ = 1000/300 and the threshold is (1 4 1/c)? ~ 7.98). In the plot,
N = 1000, P = 300 and each point (star) is the mean of proportions obtained
out of 100 Monte-Carlo simulations. Subplot 2b represents the distribution of a
surviving species (N = 1000, P = 300 and 100 Monte-Carlo simulations). The
solid line represents the theoretical value of the density fz 7~ where Z is the
random variable with limiting distribution of u*~ given in (10) - cf. Theorem 2.

There is a strong matching between the parameters obtained by solving system (9) and their
empirical counterparts obtained by Monte-Carlo simulations, as illustrated in Fig. 2.

Remark 5. There is again a gap between the range of values of the parameter « for which the
system (9a)-(9¢) has a unique solution, that is x > (1 + \fg)z , and the range of values for which
we can prove the convergence (10).

The proof of this theorem relies on an asymmetric version of the AMP algorithm and is otherwise
very close to the proof of Theorem 1. We provide some details in Section 5.

2.4. Toward universality. From the ecological point of view, there is no obvious reason why the
interactions between species should be Gaussian. It is therefore natural to wonder to what extent
one should get rid of this Gaussianity assumption. This is the question we mathematically address
in this section. We mentioned in the introduction that AMP techniques have been generalized to
matrices with non-necessarily Gaussian entries, see [6, 14, 21, 41]. It is possible, at low cost, to
relax the Gaussiannity assumption of the entries in Assumptions 2 and 5.

We first strenghten Assumption 1 and replace it by the following stronger assumption:

Assumption 7. The following holds true:

(i) For all N = 1, v > 0 is defined on the same space as matrix I'y and is independent of
Iy.
(ii) There exists a probability measure i € P(R™) such that ji # §g, the moment generating
function of & is analytical near zero (which implies that i has all its moments finite), and
(a.s.) u"N Pr®), I forall £>1.

N—0

We now relax the GOE assumption (Assumption 2).



10 AKJOUJ ET AL.

Assumption 8. Let Ay = Ag;v)) be a N x N symmetric matrix where the AE;V)’S are centered
independent random variables satisfying

E(ANM)? =1 (i<j), swpmaxEAN)? <0,
N 1

and

— 0 (k=3).

max N'~F/2E ‘A(-N) ‘k
P 1]

[2¥) N—w
Moreover, assume that the following holds true:
A a.s
(11) e
A/N| N-owx

Denote by T'y = An/(kV/N).
Example 6 (Wigner matrices). The standard example of a matrix Ay that generalizes the GOE

model and that complies with Assumption 8 corresponds to the case where AEJN) £ x for i # j

and AEZN )£ X', where the centered random variables x and x’ do not depend on N, Ex2 = 1, and
x and x’ have all their moments finite. Note that in this case, the convergence (11) is a standard
result in Random Matrix theory [5, 36].

Beyond the model described in Example 6, some sparse models can also be covered by Assump-
tion 8, as the following example shows.

Example 7 (Sparse models). Sparsity of the food interactions is often justified from an ecological
point of view, see [13]. Let py € (0,1), and

1/\/bn  with probability py /2
N . o
AZ(.j ) = —1/4/pn  with probability py /2
0 with probability 1 — py.
Since IE‘AZ(-;-V) !k = p}v_k/Q, the moment condition in Assumption 8 is satisfied as soon as Npy ———

N—w

o0. Furthermore, the spectral norm convergence condition (11) is satisfied when 11(\)’ é’ & ~o o0
—00

as shown in [9], see also [8]. Therefore, according to this model, a species within our LV system
can interact with an average number of species much smaller than N but of an order >» log V.

)

We are now in position to state a non-Gaussian version of Theorem 1:

Theorem 3 (Non-Gaussian symmetric matrix). All the conclusions of Theorem 1 remain true
if Assumptions 1 and 2 in the statement of this theorem are replaced with Assumptions 7 and 8
respectively.

Elements of proof are provided in Appendix B. In Fig. 3, simulations illustrate the matching
between theoretical curves and simulated equilibria for Wigner matrices with uniform entries and
sparse matrices (cf. Example 7).

We now provide the proper assumption to state a non-Gaussian version of Theorem 2.

Assumption 9. e We have N = N(P), and there exists ¢ > 0 such that
N(P)
— c.
N P—w
P,N

e The P x N random matrix By = (BZ(jN)) is such that the random variables Bi(;v) for
Q=1

i € [P] and j € [IN] are centered, independent, with variance one and satisfy

max P/FRE[ BN ——o0,  (k=3).
@] N—w
We denote by
BJ By
Iy = N

wkP
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F1GURE 3. In Subplot 3a, we consider a Wigner matrix whose entries are uniform
on [—+/3,4/3] (hence centered with variance one) as in Example 6. The plot
represents the proportion of surviving species in the equilibrium a* (star), versus
the theoretical value of v (solid line), given the parameter x which varies from
2 to 3.75. In Subplot 3b, we consider entries as described in Example 7 with
pn = V/N. The plot represents the distribution of a surviving species. The solid
line represents the theoretical value of the density fz|z~¢ where Z is the random
variable with limiting distribution fsv of um;V, see Eq. (7). In both simulations,
we consider N = 1000 and 100 Monte-Carlo simulations.

e Finally, in this asymptotic regime, the convergence

) B (G

P—oo

holds true.

Example 8. The standard model for a matrix By satisfying this assumption is the model for

which ijN ) £ X, Where Yy is a centered random variable with unit variance having all its moments
finite. In this case, the convergence (12) is a standard random matrix theory result [5, 36].

With this assumption at hand, we are in position to provide a counterpart to Theorem 2.

Theorem 4 (Non-Gaussian Wishart matrices). All the conclusions of Theorem 2 remain true if
Assumption 1 is replaced with Assumption 7 and Assumptions 4 and 5 are replaced with Assump-
tion 9 in the statement of this theorem.

Elements of proof are provided in Appendix B.

3. DiscussioN

We summarize hereafter our contributions, discuss its limitations and the open problems raised
by the present work.

3.1. Main contribution of the present work. In this article we are interested in large Lotka-
Volterra dynamical systems, popular in theoretical ecology to model large foodwebs. In this
context, the interaction matrix writes —I + I' where I' is a large random matrix. We focus on
symmetric models for T', either based on Gaussian Orthogonal Ensemble or on Wishart matri-
ces under normalizations which yield the existence of a stable equilibrium. Symmetric matrices
account for competitive or mutualistic interactions but cannot model predator-prey interactions.

We develop a new mathematical method to describe the statistical properties of the equilibrium.
We are able in particular to estimate the number of surviving species at equilibrium.
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We show that the distribution at equilibrium is completely characterized by a few parameters
of the model, in particular the limiting law of the intrinsic growth rates, and three auxiliary
parameters, the proportion of surviving species, the diversity at equilibrium of the sensitivity to
perturbations, that are shown to obey a simple 3 x 3 system of equations.

Our work is based on the mathematical technique known as Approximate Message Passing
and developed this last decade by Montanari and many others [20, 7], etc. This rigorous method
complements numerous works on the subject [12, 24, 17], etc. based on replica methods and other
non-rigorous heuristics. Our theoretical results are illustrated by simulations which show a strong
matching between the (theoretically) predicted quantities and simulated quantities.

Up to our knowledge, the application of AMP to theoretical ecology is new and we believe
that this method is robust and could pave the way to a rigorous and systematic study of large
Lotka-Volterra systems beyond the specific random matrix chosen here.

3.2. Further developments and open questions. FElliptic models. A natural question is to
extend the present approach to non-symmetric random matrices, such as real Ginibre random
matrices (all the A;; are i.i.d.) or elliptic random matrices (there is a fixed correlation p between
A;; and Aj; for ¢ < j). Contrary to the Wigner case, no AMP results were readily available to
cope with these models. Some time after the release of the present work, an AMP algorithm has
been developed in [25] for elliptic random matrix and extends the present strategy to the elliptic
Gaussian context.

Optimal threshold. In Theorem 1, we assume that x > 2 (see Assumption 3). Extensive
simulations and theoretical physicists’ results [12, 24] suggest that the right condition should be?
k > /2. This is a very interesting open problem, see also Remarks 3 and 4. In our proof, we
need the condition k£ > 2 to apply Takeuchi’s result (see Prop. 2) which asserts the existence and
uniqueness of the LV equilibrium. A similar gap occurs in the Wishart model, see Remark 5.

Consistent estimation of the number of surviving species. Given a LV system fulfilling the as-
sumptions of Theorem 1 there is a strong matching between the empirical quantity % Zf;l L(zr>0)
and parameter v defined in (5a)-(5c) as illustrated in Fig.1. A rigorous proof of the convergence
is currently out of reach, see the comments at the end of Section 2.2.

4. PROOF OF THEOREM 1

4.1. Outline of the proof. There are four steps in the proof.

Step 1. In Section 4.2, we characterize the stable equilibrium @7 of (1) as the solution of a Linear
Complementarity Problem (LCP). We give an equivalent formulation of the solution of a LCP as
the solution of a fixed-point equation, see Proposition 3.

Step 2. In Section 4.3, we establish the uniqueness and existence of parameters §, o and ~y, solutions
to system (5). These parameters will play a crucial role to design an AMP algorithm fitted for
our purpose. Equations (5a)-(5c) will progressively appear during the proof.

Step 8. In Section 4.4, we first recall some general facts about Approximate Message Passing
(AMP) algorithms and present a specific algorithm (20) whose output (£%;); will converge toward
x’y, characterized as the solution of the fixed-point equation associated to the corresponding LCP.
The approximate fixed-point equation satisfied by 5’1“\, is given in (23), see also (25).

Step 4. The strength of the AMP procedure is that we can track down via the Density Evolution
(DE) equations the asymptotic distribution of (ﬁlf\,)Jr’s empirical measure for any k. We can then
transfer it to x% by using a perturbation result by Chen and Xiang in [15], see (33). A central
argument borrowed from Montanari and Richard [32] is that vectors Slfv tend to be aligned for
large k.

3See for instance Bunin [12], Fig. 5(a), yellow curve corresponding to v = 1 and p = 0 (GOE). In Bunin’s figure,
o = 1/k. Bunin asserts that the system is stable below the yellow curve, corresponding to o = 1/4/2 at u = 0,
which reads k > /2.
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4.2. Characterization of z}; through a LCP. In this section, we recall the connection between
the possible stable equilibrium of the ODE (1) and the solution of an underlying LCP in the theory
of mathematical programming. We mainly rely on chapter 3 of Takeuchi’s book [38].

Given a matrix M € R¥*N and a vector ¢ € RY, the LCP problem, denoted as LCP(M, ¢),
consists in finding couples of vectors (y,w) € RN x RY satisfying

w = My+c>0,
(13) y > 0,
w'y = 0.

Notice that the last condition can be written equivalently either w;y; = 0 for all i € [N] or
supp(w) n supp(y) = . When a solution (y,w) exists we write y € LCP(M, ¢). If a solution
exists and is unique, we write

y=LCP(M,c).

A necessary and sufficient condition for the existence of a unique solution to the LCP problem
has been given by Murty [33], see also [18]. For a symmetric matrix, this condition is simply to
be positive definite.

The following proposition establishes a connection between the solution of an LCP problem
and globally stable equilibrium for a LV system .

Proposition 2 (Lemma 3.2.2 and Theorem 3.2.1 of [38]). Given a symmetric matrix B € RV*¥V

and a vector ¢ € R, consider the following LV system of ODE:
dy
2O =y®)O(c+By(t), y(0)>0.

for all t > 0. Then, the LCP problem LCP(—B, —c) has an unique solution for each ¢ € R if
and only if B < 0, i.e. B is negative definite. On the domain where B < 0,c € RY, the function
r = LCP(—B, —c) is measurable. Moreover, if B < 0, then for every ¢ € R, the ODE (14) has a
globally stable equilibrium y* given by y* = LCP(—B, —c).

(14)

Indeed, the equilibrium is characterized by the conditions y* > 0 and for all i € [N],yr(c; +
(By*);) = 0 whereas the condition —c — By* < 0 (with the obvious meaning of <) turns out to
be a necessary condition for the equilibrium y* to be stable in the classical sense of Lyapounov
theory (see [38, Chapter 3] to recall the different notions of stability, and [38, Theorem 3.2.5] for
this result).

Going back to system (1), a potential equilibrium %, should satisfy

zy >0 and x; (r; — [(Uy —Tn)xy];) =0 forall ie[N]
and
TN"'(FN_IN)Q?;V <0,

which means that the couple (x%,, wy) solves the problem LCP(Iy — I'n, —7n).
Applying the reminder (4) and Assumption 3, matrix Iy — 'y is eventually positive definite
with probability one. Define now the vector x}; by

. [ LCP(Ix —Tn,-ry) if [Tn] <1,
(15) TN = { 0 otherwise .

Then, from Proposition 2, we get that vector ), satisfies the statement of Theorem 1-(ii).
We end this section by providing an alternative expression of the LCP problem as the solution
of a fixed point equation.

Alternative expression for the LCP solution. This fact will be useful in Section 4.4.
Proposition 3. Let z = (z;) € RY and consider the fixed-point equation:

(16) z="TNnz, + py

where z; = ((#;)+). Then z is a solution of (16) iff z, € LCP(Ixn — T, —py)-
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Proof. Suppose that z is a solution of (16) and write z = z, — z_. Then
2,220, (24)"2.=0 and z_=(Iy —TN)zy — py-
Hence z4 € LCP(Iy — TN, —py)-

To establish the converse, let (y,w) a solution of LCP(Iy — Ty, —py)- Define z = y — w then

{:+=Z] and w=IUN—-TN)y—py = z=Tnzi+py.

O

4.3. Existence and uniqueness of the solution of system (5). We begin with the following
technical lemma, the third part of which will be used in Section 4.4. To avoid any ambiguity, we
shall always refer to o as the unique positive root of o2 > 0.

Lemma 4. Let 7 be a non negative r.v. with £(7) # do.

(i) For a given § > 0, Equation (5b) admits a solution o2 if and only if § > 1/4/2. In this
case, this solution is unique, and is denoted by o%(§).
(ii) Let > 1/4/2 then
P{c(0)Z +7 =0} <&2.
(iii) Assume § > 1/4/2. Starting with an arbitrary oo > 0, consider the iterative scheme:

1 _
o = ﬁE (002 + f)i , then o7 P a?(9).

Proof of Lemma 4 is postponed to Appendix A.1.

We now establish that system (5) has a unique solution
(8,0,7) € (1/7/2,0) x (0,00) x (0,1).

Let § > 1/v/2, 02(8) be defined by (5b), and ~(5) by (5c). Setting f(0?) = E(¢Z + 7)%, we have
established in the proof of Lemma 4-(i) that

v(6) i

do? 02=02(9) .
Moreover v(8) < 62 by Lemma 4-(ii). All what remains to show is that the equation

(17) H:5+@

has a unique solution § > 1/4/2. We thus need to study the behavior of (d). In all the remainder,
differentiability issues can be easily checked and are skipped.

Recall that df (02)/do? decreases asymptotically to 1/2 as o2 increases from 0 to oo, from which
we can deduce that 02(§) — o0 as § | 1/+/2 by Lemma 4-(ii). Using the fact that

f(o2(6
0_2<5) _ ( 52( ))
and taking the derivatives with respect to &, we get that
do(9) (1 1 df(e?) ) _2f(0*(9))
dd 62 do? R ’

02=02(6)
which shows that ¢2(§) is a decreasing function. Hence 7(9) is increasing since o +— P{cZ +7 > 0)
is decreasing (cf. proof of Lemma 4).

We can now conclude. For § | 1/4/2, 0%(§) — oo by what precedes, thus, v(6) | 1/2, and
§ +7(8)/§ — /2 < k. Near infinity, 6 + v(6)/6 ~ 6 > x. Consequently, Eq. (17) has a solution
by continuity. To establish uniqueness, we prove that the function § — & + v(8)/d is increasing.

Indeed,

d (%) 7'(0) () 7(9)

_ -7 — _ 7 2 _ 7

%5 (6 + 5 1+ 5 52 1 5z 0

as shown by Lemma 4-(ii), and we are done. Proof of Theorem 1-(ii)a is completed.
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4.4. Design of an AMP algorithm to approximate the LCP solution.

The AMP principles in a nutshell. We begin with some of the fundamental results of the AMP
theory. The now classical form of an AMP iterative algorithm, as formalized in the article [7] of
Bayati and Montanari based in part on a result of Bolthausen [11], can be presented as follows. Let
(h¥)=0 be a sequence of Lipschitz R? — R functions. By the Lipschitz assumption, the derivative

oh*(u,a)
ou

is defined almost everywhere and the function 0;h*(u, a) is any function that coincides with this
derivative where it is defined. For @ = (2;);c[n], define by (x)n the scalar quantity:

1
()N = N Z]xi.

€[N

Let ay € RY be a random vector of so-called auxiliary information. Recall that Ay is the
GOE matrix introduced in Assumption 2. Starting with a vector u; € RY, the AMP recursion is
written
ANn IR

(18) ult = SE R an) — @hF Gl an )y B (L aw)
VN

where h*(u,a) = (hk(ui’ai))ie[m'

From this recursion, it is possible to precisely evaluate the asymptotic behavior of the empirical

measures

’uaN,u}V,m ,uﬁ,
as N — oo for any k, and to prove that u®~ Ul Ul converges toward a centered vector
(a,Z%,---,Z%) whose covariance structure is defined by the so-called Density Evolution (DE).
In particular @ 1L (Z1,---,Z%) and (Z!,--- ,Z¥) is a Gaussian vector. The term

<§1hk(u’fv, an))N pE-1 (uﬁfl7 ay)

(equal to zero for k = 0) is referred to as the Onsager term and plays a crucial role in making
possible this convergence. For a detailed exposition of the AMP theory, along with the description
of many of its applications, the reader is referred to the recent tutorial [23].

A specific AMP algorithm for the LCP. To establish Theorem 1, we design the following AMP
algorithm and study its properties. For each N, let (u};,an) € RY x RN be a couple of random
vectors independent of Ay, with ay > 0. Assume that there exists a couple of L? random variables
(@, a) such that

P2 (R?)

N—w

(19) (a.s)  penoy Z((w,a)), a#0.
Vectors u; and ay will be specified later, see (24). Notice that @ > 0. By Assumption 3, & is

larger than v/2 hence (5) admits an unique solution (8,02, v) by the first part of the theorem. Let
ht = h for all k = 0, where

(uta)s
0

]l{u+a>0}

h(u,a) = 3

and O1h(u,a) =

The AMP iteration 18 now reads

1,5 >N (ukil + aN)
k+1 N k < {uf,+an>0} N +

(20) U —W(’U/N—FGN)JF— a 52 .

The DE equations for this algorithm are provided by the following proposition, which is a direct
application of [23, Theorem 2.3] (see also [7, Theorem 4]):
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Proposition 5. For N > 1, Let Ay be a GOE matrix and let (u%,ay) € RY x RY be a couple
of random vectors independent of Ay, with ay > 0. Assume (19) and consider the recursion (20).
Then, for every k > 1,

. (RE+1
(a.s.) ,uaN’u}V"”’“’f\’ PR, 2@, 2,...,72%)),
N—w
where (Zl, ‘e ,Zk) is a centered Gaussian vector, independent of (@,a). The k x k covariance
matrix R* of the random vector (Z ... ,Zk) is defined recursively in k as follows:
R'=E(Z')* = 5—2E(u +a)3

and given R*, matrix RF*1’s first principal submatrix is RF,
k+1 k -
[RE* ]ij =[R ]ij for i,j€[k],
whereas the last row and column of R**! are defined via the equations:

L | E@ZF+a) (2 +a), i Led2,. . k+ 1),
k+1 _ k+1l0 _
[R ]k+1,Z_EZ Z Y .

E(Z* +a);(a+a)4 if (=1.

Notice that by writing a*** = (@ +a)4, (Z' +a)4, -+, (Z% + EL)+)T, we see that RFf! =
Ea*+!(a*+1)T, which immediately shows that R¥*! is a positive semidefinite matrix (actually,
one can prove that it is definite, see [23]).

Denote by

élf\[ = ’u,IICV +apy.
What is going to drive the following computations is the fact that the vectors &% N and §n7 will

tend to be aligned as N — o then k& — oo. This will be formalized and proved in Lemma 6.
Denote by % = (1 ek >0}>  and recall the expression of v given in (5¢). With these notations

at hand, the AMP recursion (20) reads:

k+1

E+1 AN 7
o= 5\ﬁ(5N) (;zv( N, +an,
AN k Y

k
_ Y= _
6/7N(£N)+,62(7v1)++a1v+ 62N(11€V1)+7

) ko _
= V%(gﬁv)+iél2(glfv)++al\/+ ! 527N( N 1)++6l2 (('E?VL*( N 1)+) '

Replacing now E’Hl by £§€V, we end up with:

A
(21) €y = s s (), — (€h) rav+eh,
where

Ak

(22 ek = T (N, + ek — e+ 55 (6, - (e).).
Massaging (21) and relying on (5a) we obtain:

(€x). 4 , dlay +<k)
(23) (€8~ T ~ s EN et
Denote by

(¢x)_

- (€N)+ 14~/62°
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Notice that z, = (ﬁlf\,) N and set finally

(24) uly = 1y and ay = -Trn.

S

With these notations, (23) is rewritten
o 4
(25) zzFNz++rN+E€N.

Relying on Proposition 3 and on the fact that |I'y| < 1 eventually, we conclude that z = (ﬁlfv) N
is the unique solution of

)
LCP <IN ~Ty,—TNn — e’fv)
K
for N large enough, which is almost what is aimed, up to the term %e’f\, - see Eq. (15).

Remark 9. Retrospectively, notice that with the choice (24), assumptions of Proposition 5 are
satisfied: (ul,ay) is independent of Ay and (19) holds thanks to Assumption 1 with a = %7.

k
Before bounding €%;, let us first study the behavior of u(EN )+. Applying Proposition 5, we get
that for all £ > 2:

’uu’;\] Po (R)

$<Zk)a

N—0

where Z% £ 0,7 with Z £ N(0,1) and 6, satisfying the following DE equation:
1 5 -

(26) 02,1 = 5—2E(0k2 +a)?.

Since function ¢(u,a) = (v + a)4 is Lipschitz, it is clear that

(27) pehe 28 g gz +a),) .

N—0

Furthermore, since the distribution function of 6 Z + a has no discontinuity, the following conver-
gence holds:

(a.s.) v ——P(0:Z +a>0) where vk = <]l{€’f\,>0}>N .

N—x

Introduce the quantity:
)
(28) o) = ;ek.
Following (26), the recursive equation satisfied by oy, is
2 1 5 . =\2
Ojog1 = 5—21}3 (UkZ+T)+
which is precisely the equation appearing in Lemma 4-(ii). As a conclusion, oy, paendcl where o

satisfies (5b). This convergence has two interesting consequences:

P(0rZ+a>0)=P(oxZ+7>0) —— P(cZ+7>0)=1,

k—0
where v satisfies (5¢), and

P2(R)

k—0o0

L(OuZ+a)y) =L ((1+7/0%) (0xZ +7)4) L((1+7/6%) (0Z +7)4)

the latter being the distribution appearing in Theorem 1-(iii).
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Control of the error term e%;. Recall the expression of €% given in (22):

_ Ak
ek = g 62’YN( IIcV—l)+ +€N €k+1 ((£N) ( ﬁcv—l)Jr) .

A direct consequence of (27) yields that

2
D sy 740 = st

k—1 2
In particular, the sequence (M)N is bounded. Furthermore, limg(a.s.) limy (y — %) = 0.
We thus have

=0.

. (=) IR AP
(29) Jim (a.s.) Jim = N

The main idea to control the two remaining terms ﬁN EkH and ({fv) L ( f\fl) L isto establish
that the correlation coefficient
Ezkfl Zk

(30) Qr = 610,

converges to 1 as k — oo. This can be interpreted as an alignement of vectors Elfv and 5’16\,_1. This
argument was developed in a similar context in [32], see also [19]. For self-containedness, we state
and prove the following lemma:

Lemma 6. The sequence (Qy)r>2 defined in (30) satisfies Qx —— 1.

k—o0
Proof of Lemma 6 is postponed to Appendix A.2.

We now conclude the proof of Theorem 1. Consider p(x1,z2) = (71 — 22)? € PLa(R?). By
Proposition 5, we have

J€ = EN112 1Sk ey - )
((I.S.) # N Z : m} E (Z -7 ) 0k+1 + 9/{: - 29k+10ka+1 .

Applying Lemma 6, we get that:

k k+1
(31) lim (a.s.) lim M

=0.
k—0 N—w N

A similar argument applies to the last term.

1 _ 1 _
SIER), — (€)1 = Ik +aw), — (k™ +aw) P

i, B ((ZF4a), — (25 v a)y) = B (25 - 2F)°

N—w0

Finally, using that

k|12 3 2
Bl < 2 (hent 0% g 12 + ek &1 + ZI(ER), - (€5 IP).

we conclude that

k |12
(32) lim (a.5.) lim LS8 _ ¢

k—o0 Now N

Notice that the fact that the a.s. limy at the left hand side exists can be deduced again from
Proposition 5.
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From the approximated LCP to the genwine LCP. Recall that whenever |I'y| < 1, which happens
eventually,

)
xy =LCP(Iy —T'y,—ry)  and  (&y), = LCP (IN ~T'n,—TN — Hr—:’f\,) :

Statistical properties have been established for (Elfv) . via the AMP procedure, see for instance
(27). Using LCP perturbation results, we shall identify the limiting empirical distribution of x3,.
Let us introduce:

pt = L((1+7/02)(0Z +7)y) =L (g(az + F)+)

In [15, Th. 2.7, Th. 2.8], Chen and Xiang provide the following bound:
(33) llak — €8] < |(w =Tw) ™ x S k]| = b ekl
where bN = H(IN 7FN)_1H X g

Let ¢ : R — R be an arbitrary function in PL(R?) with Lipschitz constant L. For a given positive
integer k, we have

1 & 1< 1
¥ 2 ) = [ o = 5 3 (pted) —()) +
i=1 izl
= CN(k) + €N(k)
We first handle €% (k). By Proposition 5, we have:

(k) 225 R (%(Ukz +7’_)+) —Eo (g(az + F)+> .

Mz

((E4)4) — J dys*

Il
_

1

N—>w
The r.h.s. is easily bounded by a constant C'(k) which converges to zero as k — o0, using the fact
that limy o, = 0.
We now turn to €} (k). By Cauchy-Schwarz inequality

N
S felat) — (€] < 22 2\ S ]+ 1))
N “
1/2
< Zelay @] | 2 a v vieh?
i€[N]
lon — €N)e] [ sl )]
< 3L, T <1+\/%+ Nis )

Recall the bound (33) and the definition of by, then

1 lekl (€81 ek
|6N(k)|<3Ls&bN\/N<l+2 Wi +bN\/N .

By Assumption 3, by a.s. converges to a positive constant. By Proposition 5, we furthermore
have

k
% Naj;;o (E(0Z +a)% )1/2’

which is bounded in k. Using (32), we obtain that limsup |e} (k)| is bounded with probability
one by a constant C7(k) which converges to zero as k — co. Finally,

1
(a.s.) limsup |— Z olxy) — f(pd,u* < C(k) + Ci(k) .
N Nie[N]
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Since C'(k) + C1(k) can be made arbitrarily small, we have

1 N
@) el 5 [

7

—

which ends the proof of Theorem 1.

5. ELEMENTS OF PROOF OF THEOREM 2

The strategy of proof is similar to that of Theorem 1. The Wishart model induces differences
for the design of the AMP algorithm that we describe hereafter. The full mathematical proof is a
matter of careful bookkeeping of Section 4. We provide the main steps of the proof but skip many
mathematical details which can be found in [1].

5.1. Existence and uniqueness of the solution of system (9). This can be established as in
the case of the GOE model with minor modifications and is hence skipped.

5.2. Design of an AMP algorithm to approximate the LCP solution. We shall rely on
the framework of asymmetric AMP as presented in [23, Section 2.2]. Suppose that for a given k
satisfying Assumption 6, (§,72,7) is the unique solution of (9). Consider the following recursive
system:

ij(r p (uf +an)y

34a ubft = vp —
(34a) N B P 5
By N <1{u’“ +aN>0}>N _
34b ko= T (yk N k—1
(34b) vp 5\F(UN+GN)+ Iz 5 vp
where uf;, uk! are N x 1 vectors and and v% 1, v%, P x 1 vectors with initial conditions

By
uy =1 and b = ——(ul +a .
N N P 6\/]3( N N)+

The following proposition is the counterpart of Proposition 5 for asymmetric AMP.

Proposition 7 (consequence of Theorem 2.5 of [23]). For N, P > 1, let Assumptions 4, 5 and 6
hold true. Suppose that ax > 0 is a random vector independent of Ay satisfying

ay N—ow® L(a
(@s)  uev 222 s

and consider the recursions (34). Then for every fixed k > 1,

1ogk Pa(RFT) _ 77l k
.S. ANUN T UN L v,---,U
(a.s.) H m ((aa ) ) )) )
0 gkl Pa(RY) g k—1
UN»HUN -
(CL.S.) 1% m L ((CL,V 5 ,V )) 5
where (U',--- ,U¥) is a centered Gaussian random vector independent of @ with covariance Tk,
and (VO,---  VF=1) is a centered Gaussian random vector with covariance matrix T'I¥]. More
precisely the covariance matrices
™ = (Ty)igepy: Ty =EUVY,
S = (Sis1-1)igem Si1j-1 =EV vt

are defined inductively. First, let Z ~ A(0,1) and introduce 7, such that

VvEL9,Z and UFEnZ,

so that 9% = Y, and 7']? = Tkr. We define these quantities by induction:

C

93 = E(l + @)3_ ) Tl?-ﬁ-l = ]Evk2 = 9%, 91%-}—1 = 52 E(Uk-‘rl + fl)i :
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Now given XIF = (2, ;_1), S*+1 is defined by

c — —

Yo = EE(UZ +a), (U* +a), forlelk],
C — —

Yok = 57E(1 +a), (U* +a), .

Given T = (Ty;), T+ is defined by
Togsr = EVEWF = %, ,, forlel[k+1].

From AMP recursions to an approximate LCP solution. We introduce the following notations:
k k k
€y =uy tan, TN = (Lek s0p)N -

Recall the definition of v solution to (9). Performing similar computations as in Section 4.4, we
obtain:

(€%) BBy
35 k + _ N k ~k
(35) v + 5 (1+%)5P(€N)++GN+€N
where . i
~k By (CV—N/P’YN k=1, Yk k—1 ) k k+1
EN = v + —(vp—v + - .
N (1-&-%)4/]3 ) P 5(P P ) En N
We introduce the following notations:
k ~k
_ k _ (gN)— o aiN ko EN
@V TN T s N T e

Then (35) can be rewritten as
z=Ipnz4 +7'N+E§“V,
where Ty is given by (8). Applying Proposition 3, we finally obtain that
zt =LCP(Iy —Tn,—rn — k) .

The rest of the proof closely follows the corresponding part in the proof of Theorem 1 and is
omitted.

APPENDIX A. THEOREM 1: REMAINING PROOFS
A.l. Proof of Lemma 4. Consider the function f(c?) = E(cZ + 7)%. Then, Equation (5b) is
equivalent to the fixed-point equation:
(36) —= =0

We can prove by elementary means that
A 1
do? 20 do

Moreover, conditioning on 7 and applying the integration by parts formula for the Gaussian r.v.

Z we get

(02) — %EZ(UZ 7).

LB (2602 +7)217) = E (uzrroy | 7)
Hence
daf
do?
Notice that % is a decreasing function since

(0®)=P{cZ +7 >0} =P{Z +7/o = 0}.

o<do = {Z+7/0’ 20} c{Z+7F/o >0},
with
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We now introduce function g(o?) = 1e%) _ 52, Notice that g(0) = E#?/6% > 0 and that

62
dg , 5. P{Z+7/o>=0} 1
(37) ﬁ(0)25—2_1>ﬁ_1'
If # — 1 > 0 which is equivalent to the condition § < (v/2)~! then g¢’s derivative is positive

hence g is increasing with a positive starting point and never vanishes.
Suppose now that ¢ > 1/4/2. We shall prove that g vanishes at a unique point o(J):

(38) g(d?(8) =0  for  o%(8)>0.
Notice that the derivative dg/do? is decreasing with a negative limit at infinity
; dg . o 1
Am Ger() = gm 1 <0,

Depending on the sign of the value of dg/do? at zero, either g is constantly decreasing from the
positive value g(0) or g is first increasing then eventually decreasing. We now prove that

(39) lim g(o?) <0.
02—
This will yield (38).
2 7 L =)\2 A Ay
g(O’):E(O'Z+7“)+_1:E(Z+T/U)+_1 L_1<0.
o2 0202 52 o2 202

Hence g¢’s limit is —oo at infinity. Eq. (39) is proved, so is (38). The first statement of the lemma
is proved.

We now address the second point of the lemma. Let § > 1/ v/2 be fixed. From the previous
analysis, we know that

g <0.
do?|,2_2(5)
From (37), one can compute
dg :P{J(5)2+f>0}71
do? | 2 y2(s) 52 ’

and this gives the second point :
P{c(0)Z +7 =0} < §2.
We now address the third point of the lemma. Consider a sequence (o) such that
= 6% f(o2).
One can easily prove that o 1, 0(0) (resp. o7 | 02(9)) if 0§ < 0*(d) (resp. of > 0°(5)). The
sequence remains constant if 0 = 0(§). Lemma 4 is proved.

2 2
oy >0and 0,

A.2. Proof of Lemma 6.
Proof. Let (X3, X52) be a centered Gaussian vector with covariance matrix T'(X1, X5) given by
I'(X1, Xo) = ((11 (i]) with  ¢e[0,1] .
Let W be a (real) random variable independent of (X1, X») with finite second moment EW? < co.
Consider the function # : [0,1] — [0, 1] defined as
]E(Xl + W)+(X2 + W)+
E(X: + W)%

It is shown in [32, Lemma 38 and proof of Lemma 37| that H is a continuous increasing function
on [0, 1] such that

q — H(q) =

H(g) >¢q foral ¢g<1 and  H(1)=1.
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Let Z* be defined in Proposition 5, 6 in (26) and Q in (30). Writing Z* = 6,Z% where
L (Z%) = N(0,1), notice that
Cov (Zk,Zk_l) =Qp .
We have
EZka+1 E(akflzkil + (_l)+(0k-2k + d)+
Qk+1 = 0,0 = = = )
e B0k 12t + @) B0, 20 + )%
]E(Zk_l + a/@k_1)+(2k +a/0k)+

\/]E(Z’f—l +a/0k—1)2E(Z* +a/0,)% '

Notice that the last expression only depends on 6x_1, 0 and Q, the covariance between ZF and
Z*=1. We thus introduce the following function

E(ZFY +a/0p_1)+ (ZF + a/0k)+ _
\/]E(Zk—l +a/0p_1)2 E(ZF + a/0,)2

The function H is continuous. Combining Eq. (28) and the convergence of oy, denote by 6, = 5o
where o satisfies (5b). If we set W = @/04 in the definition of H above, then
H(q) = H(q,0x0,0x) .

The lemma is established if we prove that @, := liminf, Q) satisfies @, = 1. Let us first
show that liminf H(Qr) > H(Qx). If Q. = 0, then Qr > @, and since H is increasing we
have liminf H(Qr) = H(Q.). It is thus sufficient to assume that @, > 0. For each £ > 0,
Qr = Q — ¢ for all k large enough. Thus, H(Qx) = H(Q. — ¢) for all k large, which implies that
liminf H(Qr) = H(Q« — €). Since € > 0 is arbitrary, we have liminf H(Q) = H(Q.). With this,

we have

H(Qk,0k—1,0k) =

Q. = liminf H(Qx,0-1,00) @ lim inf H(Qx, 0o, 0c) = Tim inf H(Qu)
= H(@*)7
where (a) follows from the continuity of H. By H’s properties, this implies that @, = 1. O

APPENDIX B. ELEMENTS OF PROOF FOR THEOREMS 3 AND 4 (UNIVERSALITY)

We provide hereafter arguments to complete proofs of Theorems 3 and 4 based on what has
already been developed in the proofs of Theorems 1 and 2 and on various results available in the
literature.

Proof of Theorem 3. We just need to prove that Proposition 5 above remains true when Assump-
tions 2 and 1 are replaced with Assumptions 8 and 7 respectively. This is a direct application of
[41, Theorem 2.4]. O

Proof of Theorem 2. We only need to prove that Proposition 7 remains true with the assumptions
of Theorem 4. To that end, it is enough to notice that [23, Theorem 2.5], from which Proposition 7
follows directly, can in turn be cast in the framework of the AMP algorithm for GOE matrices (18),
thanks to the embedding of Javanmard and Montanari described in [29]. Indeed, Assumptions 9
and 7 used in conjuction with this embedding provide a version of Algorithm (18) that enters the
framework of [41, Theorem 2.4]. This leads to Proposition 7. O
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