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Abstract

Consider the empirical autocovariance matrices at given non-zero time lags, based on ob-
servations from a multivariate complex Gaussian stationary time series. The spectral analysis
of these autocovariance matrices can be useful in certain statistical problems, such as those
related to testing for white noise. We study the behavior of their spectral measure in the
asymptotic regime where the time series dimension and the observation window length both
grow to infinity, and at the same rate. Following a general framework in the field of the
spectral analysis of large random non-Hermitian matrices, at first the probabilistic behavior
of the small singular values of a shifted version of the autocovariance matrix is obtained.
This is then used to obtain the asymptotic behaviour of the empirical spectral measure of the
autocovariance matrices at any lag. Matrix orthogonal polynomials on the unit circle play a
crucial role in our study.
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1 Background, assumptions and results

1.1 Background

Consider a multivariate time-series sequence pxpNqqN“1,2,... where for each N P Nzt0u, the pro-

cess xpNq “ px
pNq
k qkPZ is a CN–valued centered Gaussian stationary process in the discrete time

parameter k. Let

R
pNq
L “ ExpNqL px

pNq
0 q˚

be the autocovariance matrix of xpNq at lag L (throughout this article, ˚ stands for the conjugate
transpose). Let pnN qN be an increasing sequence of positive integers such that

0 ă lim inf
NÑ8

N

nN
ď lim sup

NÑ8

N

nN
ă 8. (1)

Assume that for each N , we have the sample x
pNq
0 , . . . ,x

pNq
nN´1 of the process xpNq. Fixing an

integer L ě 0, the empirical autocovariance matrix of order L is given by

pR
pNq
L “

1

nN

nN´1
ÿ

`“0

x
pNq
``Lx

pNq˚

` P CNˆN ,
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where the sum ``L will be taken modulo–nN . For any matrixM P Cmˆm, let tλ0pMq, . . . , λm´1pMqu

be its eigenvalues. The spectral measure of pR
pNq
L is then defined as

µN “
1

N

N´1
ÿ

`“0

δ
λ`p pR

pNq
L q

.

We are interested in studying this measure as N Ñ 8. In the field of multivariate time series
analysis, it is classically assumed that N is fixed while the observation window length increases
to 8, in which case, under standard sets of assumptions, µN converges weakly to the spectral

measure of R
pNq
L in the almost sure sense. This is no more true in the asymptotic regime that we

consider in this paper, where the time series dimension and the window length are both large and
of the same order of magnitude.

Note that for L “ 0, pR
pNq
L is Hermitian and several results are known for this case under

different assumptions. Our aim is to consider the cases L ě 1 in which case pR
pNq
L are non-

Hermitian. Generally speaking, the study of the spectral measure of non-Hermitian matrices is
much harder than that for Hermitian matrices. See for example [23, 31, 18]. As an example, it
took a tremendous amount of effort from researchers over a long period of time to establish the
limit of the empirical spectral measure of the matrix all whose elements are real-valued iid with
mean zero and variance 1 (see [38]).

In [7], using the ideas from [23, 31, 40], we identified the limit spectral measure of pR
pNq
L in

the particular case when the time series is a (complex) white noise process. The same setting is

considered in [42], but they relax the modulo–nN summation when constructing pR
pNq
L . However,

when the time series is not a white noise, no such result appears to exist in the literature.
Spectral properties of the sample autocovariance matrices in a stationary time series carry

information on the process and hence potentially, can be used for statistical inference. Some work
in this area were initiated by [2] and [3]. See also [6] for a book-level exposition. For example,
plots of the empirical spectral measure of the sample autocovariance matrices for different lags
can serve as graphical tests for white noise, or for the order of dependence in the time series.
Some first results in this vein were proposed in [7]. The nature of the empirical spectral measure

of pR
pNq
L for different values of L reflect the degree of dependence that exists in the underlying

process. Theoretical support for these tests rests on the asymptotic behavior of the empirical
spectral measure. Moreover, once this behavior is identified, it can potentially be used to develop
significance tests for other statistical hypothesis too. This issue will be taken up elsewhere.

For any matrix M P CNˆN , let s0pMq ě s1pMq ě ¨ ¨ ¨ ě sN´1pMq be its singular values
arranged in a non-increasing order. It is well-known that for a non-Hermitian matrix, say MN P

CNˆN , as N Ñ8, the behavior of its spectral measure is connected to the probabilistic behavior
of the small singular values of the related matrix MN ´ z fi MN ´ zIN for z P Czt0u. With this
in mind, we shall seek solutions to the following problems.

� The behavior of the smallest singular value sN´1p pR
pNq
L ´ zq for an arbitrary z P Czt0u.

� For an arbitrary β P p0, 1q, the behavior of the “small” singular values sN´`p pR
pNq
L ´ zq for

` P ttNβu, . . . , tN{2uu and z P Czt0u. Later this will help in controlling the magnitude of the
singular values sN´` when the indices ` are close to Nβ .

� The behavior of µN as N Ñ8 via the existence of a deterministic equivalent.

1.2 Assumptions

We shall assume that for every N , px
pNq
k qk is a stationary Gaussian process whose spectral density

exists and satisfies some reasonable regularity conditions. As we shall see, this provides the
opportunity to use a variety of technical tools. If the time series are not Gaussian, then the
situation is way more involved technically but results similar to those in this paper are expected
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to hold under suitable restrictions on the time series. Let T denote the unit circle of the complex
plane. Let HN

` be the set of N ˆ N Hermitian non-negative matrices. Suppose that for each

positive integer N , there is an integrable function SpNq : TÑ HN
` such that for each L P Z,

R
pNq
L “

1

2π

ż 2π

0

e´ıLθSpNqpeıθq dθ. (2)

This SpNq is called the spectral density of tR
pNq
L , L ě 0u or of the corresponding stationary process

[30, Chap. 1], [9]. We assume that for each N , SpNq is non-trivial in the sense that for each
non-zero CN–valued polynomial ppzq,

ż 2π

0

ppeıθq˚ SpNqpeıθq ppeıθq dθ ą 0 (that is, the matrix is positive definite).

We now turn to the more substantial assumptions on SpNq. The first assumption is akin to uniform
equicontinuity of tSpNqu. For h ą 0, let

wpSpNq, hq “ sup
θ

sup
|ψ|ďh

›

›

›
SpNqpeıpθ`ψqq ´ SpNqpeıθq

›

›

›

be the modulus of continuity of SpNq with respect to the spectral norm } ¨ }.

Assumption 1. (i) For any ε ą 0, there exists h ą 0 such that

sup
NPN

wpSpNq, hq ă ε.

(ii) With }SpNq}T8 “ max
θ
}SpNqpeıθq},

M :“ sup
N
}SpNq}T8 ă 8.

(iii) infN sN´1pR
pNq
0 q ą 0.

Regarding the last assumption, note that

sN´1pR
pNq
0 q “ sN´1

´ 1

2π

ż 2π

0

SpNqpeıθq dθ
¯

.

We allow the spectral density SpNqpeıθq to be singular or close to singular at some points of T, but
within the restrictions provided by the two following assumptions. Assumption 2 stipulates that
SpNqpeıθq can be close to being singular only on a set of frequencies with a small Lebesgue measure
and it implies Assumption 1–(iii). Assumption 3 puts additional constraint on sN´1pS

pNqpeıθqq.
Examples where Assumptions 2 and 3 are satisfied are provided in Section 2 below. Let Lebp¨q
denote the Lebesgue measure.

Assumption 2. Suppose that for any κ P p0, 1q, there exists δ ą 0 such that

sup
N

Leb
!

z P T : sN´1pS
pNqpzqq ď δ

)

ď κ.

Assumption 3.
1

N

ż 2π

0

log sN´1pS
pNqpeıθqq dθ ÝÝÝÝÑ

NÑ8
0.
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1.3 Results

Before we state our results, we wish to recall that we have used modulo–nN summation to construct
pR
pNq
L . This is for convenience and helps in the details of the proofs. We believe that the results

we establish continue to hold for the sample autocovariance matrices when we define them via
the usual summation over all indices that maintain a lag L. See for instance [42] who relax the
modulo–nN summation in the context of the model with i.i.d. processes considered in [7]. These
results can be adapted to our model with some work.

The first result is on a probabilistic bound on the magnitude of the smallest singular value of

p pR
pNq
L ´zq. In problems similar to ours, often the optimal factor at the left hand side of the bound

given below is N´1t instead of our N´3{2t when ε ą 0 is fixed. Our weaker bound will serve our
purpose. We shall elaborate on this issue during the course of the proof.

Theorem 1. Suppose Assumptions 1, 2 and 3 hold. Then, for each z ‰ 0 and arbitrarily small
ε ą 0, there exists a constant c1 such that for all small t ą 0 and for all large N ,

P
”

sN´1p pR
pNq
L ´ zq ď N´3{2t

ı

ď εt` expp´c1ε
2Nq.

The behavior of the small singular values is handled by Theorem 2. The behavior of sN´kp pR
pNq
L ´

zq for values of k which are close toNβ is more important. The theorem implies that sN´Nβ p pR
pNq
L ´

zq Á Nβ{2´1 with large probability. Again, though the rate is not optimal, it will be sufficient
for our needs. Further comments on this issue will be provided in the course of the proof, see
Remark 1 below.

Theorem 2. Suppose Assumptions 1, 2 and 3 hold. Let β P p0, 1q. Then, for each z ‰ 0, there
exist two positive constants c2 and C2 such that for all k P rtNβu, tN{2us, and for N ě N0, where
N0 is independent of k,

P
”

sN´k´1p pR
pNq
L ´ zq ď C2

?
k{N

ı

ď expp´c2kq.

We now turn to the large-N behavior of µN . For this we rely on the well-known Hermitization
technique due to Girko [16] (see [5] for a comprehensive exposition). Let µ be a probability measure
on C that integrates log | ¨ | near infinity. Then its log-potential Uµp¨q : C Ñ p´8,8s is defined
below. The measure µ can be recovered from Uµpzq.

Uµpzq “ ´

ż

C
log |w ´ z| µpdwq.

For the empirical spectral measure µN , we can write

UµN pzq “ ´
1

N

N´1
ÿ

`“0

log |λ`p pR
pNq
L q ´ z| “ ´

1

2N
log detp pR

pNq
L ´ zqp pR

pNq
L ´ zq˚

“ ´

ż

log t νz,N pdtq,

where νz,N , the empirical measure (on R) of the singular values of the matrix pR
pNq
L ´ z given by

νz,N “
1

N

N´1
ÿ

`“0

δ
s`p pR

pNq
L ´zq

.

Given a matrix M P CNˆN , denote its so-called Hermitized version as

HpMq “

„

M
M˚



.
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As is well-known, the spectral measure ν̌z,N (on R) of Hp pR
pNq
L ´ zq is given by

ν̌z,N “
1

2N

N´1
ÿ

`“0

´

δ
s`p pR

pNq
L ´zq

` δ
´s`p pR

pNq
L ´zq

¯

.

The measure ν̌z,N is clearly symmetric in the sense that ν̌z,N pBq “ ν̌z,N p´Bq for each Borel set
B Ă R, and it is the symmetrized version of νz,N . Observe that

ş

log t νz,N pdtq “
ş

log |t| ν̌z,N pdtq.
Note that all of these are random measures. To study the behavior of µN , we will find it more

convenient to study ν̌z,N instead of νz,N , since the matrix Hp pR
pNq
L ´ zq is Hermitian. This ap-

proach is formalized in the following general proposition which provides conditions under which the
sequence of random measures pµN q can be approximated by some sequence pµN q of deterministic
measures.

Proposition 3. Assume that for almost every z P C, the following two conditions hold:

1. With probability one, log | ¨ | is uniformly integrable with respect to tν̌z,NuN .

2. There exists a tight sequence of deterministic symmetric probability measures pν̌z,N qN on
R such that for each bounded and continuous function f : RÑ R,

ż

f dν̌z,N ´

ż

f dν̌z,N
a.s.
ÝÝÝÝÑ
NÑ8

0.

Then, there exists a tight sequence of deterministic probability measure pµN q on C such that for
each bounded and continuous function f : CÑ C, we have

ż

f dµN ´

ż

f dµN
a.s.
ÝÝÝÝÑ
NÑ8

0.

Moreover, the logarithmic potential of µN is

UµN pzq “ ´

ż

log |t| ν̌z,N pdtq.

This proposition is very close to [5, Lem. 4.3] (see also [11]). The proof of this lemma can be
adapted to our situation by considering converging subsequences of pν̌z,N qN .

The uniform integrability condition needed in Proposition 3 is ensured by Theorems 1 and 2
(again, see [5, Sec. 4.2] for the proof details). We are thus left to consider the asymptotic properties
of ν̌z,N with a goal to comply with Condition 2 of Proposition 3. Classically, the central object
that is used for this is the resolvent (in what follows z P C is arbitrary)

QpNqpz, ηq “
´

Hp pR
pNq
L ´ zq ´ ηI2N

¯´1

of Hp pR
pNq
L ´ zq in the complex variable η P C` fi tw P C : =w ą 0u. The resolvent QpNqpz, ¨q

is a typical example of a so-called matrix Stieltjes transform. Before we recall its nature, let us
recall that the Stieltjes transform of any probability measure ν on R is given by

gνpηq “

ż

R

1

λ´ η
νpdλq, η P CzR.

The real and imaginary parts of a square matrix M are respectively given as

<M “
M `M˚

2
and =M “

M ´M˚

2ı
.

Given an integer m ą 0, we let Mm
` denote the set of matrices M P Cmˆm such that =M ą 0.

The following result can be found in the literature dealing with the moment problem and
related topics, see, e.g., [4, Pages 64-65], [15], [19, Prop. 2.2 and Appendix A].
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Proposition 4 (matrix Stieltjes transform). Let F : C` Ñ Cmˆm be a matrix-valued function.
Then, the following facts are equivalent.

1. F is the Stieltjes transform of an Hm
` –valued measure µ on R such that µpRq “ Im.

2. F is analytic, F pηq PMm
` for η P C`, and ´ıtF pıtq converges to Im as tÑ8.

Such an F is called a matrix Stieltjes transform. Let Sm denote the set of all such m ˆ m
matrix Stieltjes transforms. It is known that if F P Sm, then

(1) }F pηq} ď 1{=η.

(2) m´1 trF pηq “ gνpηq for some probability measure ν on R.

An illustration of (2) is provided by the resolvent we just defined: it can be checked that

QpNqpz, ¨q P S2N and gν̌z,N pηq “ p2Nq
´1 trQpNqpz, ηq.

In the remainder of this paper, whenever we write M P C2Nˆ2N as M “

„

M00 M01

M10 M11



, it

is understood that the blocks Muv belong to CNˆN . With this notation, we define the linear
operator T : C2Nˆ2N Ñ C2ˆ2 as

T

ˆ„

M00 M01

M10 M11

˙

“

„

trM00{nN trM01{nN
trM10{nN trM11{nN



.

Given an integer L ą 0, we also define the 2ˆ 2 Hermitian unitary matrix function UL on T as

ULpe
ıθq “

„

e´ıLθ

eıLθ



.

The next technical result is on the existence of a unique solution for a functional equation. It
will be used to show that pν̌z,N qN approximates pν̌z,N qN . Denote as b the Kronecker product
between matrices.

Theorem 5. Let Σ : T Ñ HN
` be a continuous function, and let z P C. Given a function

Mpηq P S2N , the function displayed below is well-defined and belongs to S2N as a function of η.

FΣ,zpMpηq, ηq

“

´ 1

2π

ż 2π

0

`

T ppI2 b ΣpeıθqqMpηqq ` ULpe
ıθq

˘´1
b Σpeıθq dθ ´

„

η z
z̄ η



b IN

¯´1

.

Moreover, the functional equation in the parameter η P C`

P pz, ηq “ FΣ,zpP pz, ηq, ηq (3)

admits a unique solution in the class P pz, ¨q P S2N . Write

P pz, ¨q “

„

P00pz, ¨q P01pz, ¨q
P10pz, ¨q P11pz, ¨q



and Λpdtq “

„

Λ00pdtq Λ01pdtq
Λ10pdtq Λ11pdtq



where Λpdtq is the matrix measure whose matrix Stieltjes transform is P pz, ¨q, where Piipz, ¨q is
the Stieltjes transform of Λiipdtq. The positive matrix measures Λ00 and Λ11 are symmetric.

One consequence of this theorem is that the probability measure ζ on R such that gζpηq “
p2Nq´1 trP pz, ηq is symmetric. In fact, it can be proved that

gζpηq “ N´1 trP00pz, ηq “ N´1 trP11pz, ηq.
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The first part of the next theorem claims the tightness of pν̌z,N qN . Later we shall need the
behavior of the difference

`

QpNqpz, ηq ´GpNqpz, ηq
˘

. This is captured in the second part. The
extra generality obtained by including the matrix D is not necessary for the purposes of the
present work in which we use only the specific choice of D “ I. However this will be useful to
derive convergence and related properties of pµN qN and pµN qN that we wish to pursue in future.

Theorem 6. Suppose Assumption 1 holds. Let GpNqpz, ηq be the solution in S2N , of the equation

GpNqpz, ηq “ FSpNq,zpGpNqpz, ηq, ηq,

as specified by Theorem 5. Let ν̌z,N be the symmetric probability measure on R whose Stieltjes
transform is

gν̌z,N pηq “
1

2N
trGpNqpz, ηq.

Then, the sequence pν̌z,N qN is tight.
Let DpNq P C2Nˆ2N be an arbitrary deterministic matrix such that }DpNq} “ 1. Then,

@η P C`,
1

2N
trDpNq

´

QpNqpz, ηq ´GpNqpz, ηq
¯

a.s.
ÝÝÝÝÑ
NÑ8

0. (4)

Taking DpNq “ I, this theorem shows in particular that gν̌z,N pηq ´ gν̌z,N pηq
a.s.
ÝÝÝÝÑ
NÑ8

0. Since

pν̌z,N qN is tight, we have the following corollary, whose proof employs well-known facts about
scalar Stieltjes transforms (see, e.g., [27], [19, Sec. 2]), and is omitted.

Corollary 7. The sequence pν̌z,N qN of probability measures is tight with probability one. Fur-
thermore, for each bounded and continuous function f : RÑ R, we have

ż

fdν̌z,N ´

ż

fdν̌z,N
a.s.
ÝÝÝÝÑ
NÑ8

0.

We can now conclude by characterizing the asymptotic behavior of pµN q. Theorems 1 and 2
provide the uniform integrability condition stated in Proposition 3–(1), see, e.g., the derivations
made in [5, Sec. 4.2]. Condition (2) in the statement of Proposition 3 is ensured by Theorem 6
via its Corollary 7. Therefore, thanks to Proposition 3, we obtain:

Theorem 8. Suppose Assumptions 1 to 3 hold. Then, there exists a tight sequence of deter-
ministic probability measures pµN q on C such that, for each bounded and continuous function
f : CÑ C,

ż

f dµN ´

ż

f dµN
a.s.
ÝÝÝÝÑ
NÑ8

0.

The function log | ¨ | is integrable with respect to ν̌z,N for each z ‰ 0, and the measure µN is
defined by its logarithmic potential through the identity

UµN pzq “ ´

ż

log |t| ν̌z,N pdtq.

A natural issue is if can we say anything further about the behavior of pµN q. In particular,
its weak convergence in turn would ensure the weak convergence of pµN q. An idea that goes back
to [13] and which has been frequently used in the literature of non-Hermitian matrices, connects

the behaviour of pµN q to that of N´1 trG
pNq
01 pz, ıtq as tŒ 0. In the present context the details need

some significant efforts. Since this is outside the focus of this work, it will be pursued separately.
Incidentally, the above idea was applied in [7] to the particular case where SpNqpeıθq “ IN .

The connection of the present paper with [7] is provided by the following corollary to Theorem 8.

This corollary will be proved by showing that N´1 trG
pNq
01 pz, ıtq coincides with the analogue of

this quantity that was computed in [7].
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Corollary 9. Assume that SpNqpeıθq “ IN , N{nN Ñ γ ą 0 as N Ñ 8, and L “ 1. Then the
random sequence pµN q converges weakly in the almost sure sense to the deterministic probability
measure µ on C described by [7, Th. 2].

The remainder of the paper is organized as follows. Examples where Assumptions 2 and 3
hold, are provided in Section 2. Theorems 1 and 2 are proved in Section 3. The results related to
the behavior of the singular values, i.e., Theorems 5 and 6, are proved in Section 4. The proof of
Corollary 9 will be sketched in this section as well.

Notation

The indices of the elements of a vector or a matrix start from zero. Given two integers k and m, we
write rk : ms “ tk, k ` 1, . . . ,m´ 1u, this set being empty if k ě m. We also write rms “ r0 : ms.
Assume m ą 0. For k P rms, we denote as em,k the kth canonical basis vector of Cm. When there
is no ambiguity, we write ek for em,k. Given a matrix M P Cmˆn, and two sets I Ă rms and
J Ă rns, we denote as MI,J the |I| ˆ |J | sub-matrix of M that is obtained by retaining the
rows of M whose indices belong to I and the columns whose indices belong to J . We also write
M¨,J “ Mrms,J and MI,¨ “ MI,rns. Given a vector v P Cm, we denote by vI the C|I| sub-vector
obtained by keeping the elements of v whose indices are in I.

For any matrix M , M ą 0 means that it is positive definite. The column span of a matrix M
is denoted by spanpMq. The orthogonal projection matrix onto spanpMq (respectively, onto the
subspace orthogonal to spanpMq) is denoted by ΠM (respectively, ΠKM ). The spectral norm of a
matrix and the Euclidean norm of a vector are denoted by } ¨ }. The Hilbert-Schmidt norm of an
operator will be denoted } ¨ }HS. The notation M ě G where M and G are Hermitian matrices
refers to the semi-definite ordering of such matrices.

We write R` “ r0,8q. Suppose B is a Borel set of Rd. Then LebpBq denotes its Lebesgue
measure. For any x P Rd, distpx,Bq “ infyPB ||x´ y||. For B in a metric space E, VEρ pBq denotes
its closed ρ–neighborhood. If the underlying space E is clear, we simply write VρpBq.

The unit-sphere of Cm will be denoted as Sm´1. The set of vectors of Sm´1 that are supported
by the (index) set I Ă rms will be denoted by Sm´1

I .
The probability and the expectation with respect to the law of the vector x will be denoted by

Px and Ex. The centered and circularly symmetric complex Gaussian distribution with covariance
matrix Σ will be denoted by NCp0,Σq.

2 Examples where Assumptions 2 and 3 are satisfied

In this section, we provide examples where the spectral density satisfies Assumptions 2 and 3.
Consider the moving average MAp8q model:

x
pNq
k “ ξ

pNq
k `

ÿ

`ě1

A
pNq
` ξ

pNq
k´`, (5)

where ξpNq “ pξ
pNq
k qkPZ is an i.i.d. process with ξ

pNq
k „ NCp0, IN q and pA

pNq
` q`ě1 is a sequence

of deterministic matrices which satisfy the minimal requirement
ř

`ě1 }A
pNq
` } ă 8. The spectral

density for this model is

SpNqpeıθq “
´

IN `
ÿ

`ě1

eı`θA
pNq
`

¯´

IN `
ÿ

`ě1

e´ı`θpA
pNq
` q˚

¯

.

Let us look at some particular cases:

(i) First suppose that

lim sup
N

ÿ

`ě1

}A
pNq
` } ă 1.
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Then it is obvious that both Assumptions 2 and 3 are satisfied and sN´1pS
pNqpzqq remains bounded

away from zero when z runs through T.

(ii) Now consider the MA(1) case, so that A
pNq
` “ 0 for ` ě 2, and suppose that we only have

supN }A
pNq
1 } ă 8. In this case, Assumptions 2 and 3, written in terms of A

pNq
1 are, respectively

(the log in the second expression is always integrable),

@κ P p0, 1q, Dδ ą 0, sup
N

Leb
!

z P T :
›

›

›
pz ´A

pNq
1 q´1

›

›

›
ě 1{δ

)

ď κ, and (6a)

1

N

ż 2π

0

log
›

›

›

´

eıθ ´A
pNq
1

¯´1›
›

›
dθ ÝÝÝÝÑ

NÑ8
0. (6b)

These conditions are closely connected with the pseudospectrum of A
pNq
1 [39]. The Toeplitz ma-

trices are among the matrices for which the pseudospectra are well-understood. Suppose that

A
pNq
1 “

”

a
pNq
k´`

ı

0ďk,`ďN´1
is a Toeplitz matrix with the so-called symbol

fN pzq “
N´1
ÿ

k“1´N

a
pNq
k zk.

Then, by the Brown and Halmos theorem [8, Th. 4.29], Assumptions 2 and 3 are respectively
satisfied if

@κ P p0, 1q, Dδ ą 0, lim sup
N

Leb
 

z P T : distpeıθ, conv fN pTqq ď δ
(

ď κ, and

1

N

ż 2π

0

log distpeıθ, conv fN pTqq dθ ÝÝÝÝÑ
NÑ8

0,

where conv denotes the convex hull of a set.

(iii) Another particular case of the model in (5) is the following. Assume that N “ MK where

M and K are two positive integers. Assume that the matrices A
pNq
` are block-diagonal matrices

of the form
A
pNq
` “ IM bB

pKq
`

where B
pKq
` P CKˆK . We also assume that b “ supK

ř

`ě1 }B
pKq
` } ă 8. The process ξpNq consists

of M i.i.d. streams of stationary processes each of dimension K. Let us show that if M Ñ8, then
Assumption 3 is satisfied for this process. Further if K is upper bounded, then Assumption 2 is
satisfied.

The spectral density of each stream is ΣpKqpeıθq “ CpKqpeıθqCpKqpeıθq˚, with CpKqpzq “

IK `
ř

`ě1 z
`B
pKq
` on the unit-disk. It is well known that (see, e.g., [30, Th. 6.1]),

1

2π

ż 2π

0

ˇ

ˇ

ˇ

ˇ

log
ˇ

ˇ

ˇ
detCpKqpeıθq

ˇ

ˇ

ˇ

1
K

ˇ

ˇ

ˇ

ˇ

dθ ď
1

2π

ż 2π

0

´

det ΣpKqpeıθq
¯

1
K

dθ ´ log
ˇ

ˇ

ˇ
detCpKqp0q

ˇ

ˇ

ˇ

1
K

“
1

2π

ż 2π

0

´

det ΣpKqpeıθq
¯

1
K

dθ.

By Hadamard’s inequality, the right hand side is bounded by p1` bq2. Thus,

| log sK´1pΣ
pKqpeıθqq| ď

ˇ

ˇ

ˇ

ˇ

ˇ

K´1
ÿ

`“0

log s`pΣ
pKqpeıθqq1s`pΣpKqpeıθqqď1

ˇ

ˇ

ˇ

ˇ

ˇ

` logp1` bq2

ď

ˇ

ˇ

ˇ

ˇ

ˇ

K´1
ÿ

`“0

log s`pΣ
pKqpeıθqq

ˇ

ˇ

ˇ

ˇ

ˇ

` pK ` 1q logp1` bq2

“ 2
ˇ

ˇ

ˇ
log

ˇ

ˇ

ˇ
detCpKqpeıθq

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ
` pK ` 1q logp1` bq2,

9



and we deduce from the last display that

1

2π

ż 2π

0

| log sK´1pΣ
pKqpeıθqq| dθ ď 2Kp1` bq2 ` pK ` 1q logp1` bq2.

Since SpNqpeıθq “ IM b ΣpKqpeıθq, Assumption 3 is satisfied when M Ñ8. Furthermore, given a
small δ ą 0, we have

1

2π

ż 2π

0

1sK´1pΣpKqpeıθqqďδ dθ ď
1

| log δ|

1

2π

ż 2π

0

| log sK´1pΣ
pKqpeıθqq| dθ

ď
2Kp1` bq2 ` pK ` 1q logp1` bq2

| log δ|
.

This shows that Assumption 2 is satisfied if K is bounded.

3 Small singular values: Proofs of Theorems 1 and 2

3.1 Outline of the proofs

In the sequel we shall most often omit the dependency on N in the notation for simplicity. Writing
n “ nN , define the matrix

X “
“

x0 ¨ ¨ ¨ xn´1

‰

“ n´1{2
“

x0 ¨ ¨ ¨ xn´1

‰

P CNˆn

with xk P CN being the kth column of X, and consider the nˆ n circulant matrix

J “

»

—

—

—

—

–

0 1

1
. . .

. . .
. . .

1 0

fi

ffi

ffi

ffi

ffi

fl

.

Then, the sample autocovariance matrix pRL can be rewritten as pRL “ XJLX˚. Let the so-called
nˆ n Fourier matrix F be defined as

F “
1
?
n

“

expp2ıπk`{nq
‰n´1

k,`“0
. (7)

Then J “ FΩF˚, where

Ω “ diagpωkqn´1
k“0 and ω “ expp´2ıπ{nq.

Furthermore, for k P rns, let

yk “
1
?
n

n´1
ÿ

`“0

e2ıπk`x`

be the discrete Fourier transform of the finite sequence px0, . . . , xn´1q, and define the Nˆn matrix

Y “
“

y0 ¨ ¨ ¨ yn´1

‰

“ XF P CNˆn.

Then, we obviously have
pRL “ Y ΩLY ˚.

Note that the columns yk of Y are “almost” independent, since they are the discrete Fourier
transforms applied to a time window of a Gaussian stationary process. This is why we shall

10



heavily rely on the above expression of pRL. Let us elaborate on this point before entering the core
of the proof. Write

yk “ ỹk ` y̌k, y̌k “ Eryk |Yks,

the latter being the conditional expectation with respect to the σ–field σpYkq generated by the

elements of the matrix Yk “
”

y0 ¨ ¨ ¨ yk´1 yk`1 ¨ ¨ ¨ yn´1

ı

P CNˆpn´1q. Write Sk “ Spe2ıπk{nq for

brevity, where we recall that Speıθq is the matrix spectral density. Due to the Gaussianity, ỹk and
Yk will be independent, and we shall prove that

Erỹkỹ˚k s » Eryky˚k s » Sk.

For this, as is frequently done in estimation theory for stationary processes, we shall make use of
the orthogonal matrix polynomial theory with respect to the matrix measure p2πq´1Speıθqdθ on
T. Assumption 3, which is reminiscent of the notion of regular measures found in this literature
[36, 35], will play a major role in our analysis that will be presented in Section 3.2.

We now consider the proof of Theorem 1, starting with a well-known linearization trick. Write

H “

„

Ω´L Y ˚

Y z



P CpN`nqˆpN`nq.

By using the well known formula for the inverse of a partitioned matrix that involves the Schur
complements (see [20, §0.7.3]), it follows that }pY ΩLY ˚ ´ zq´1} ď }H´1}. Hence

sN`n´1pHq ď sn´1pY ΩLY ˚ ´ zq, (8)

and the problem then is to control sN`n´1pHq. A similar problem, considered in [40], was that of
the smallest singular value of a symmetric random matrix with iid elements above the diagonal,
see also [25]. Even though our matrix is quite different from theirs, we borrow many of their ideas
as well of their predecessors, such as [31].

First, it can be shown that for C ą 0 large enough, Pr}Y } ě Cs is exponentially small
(Lemma 17) by using some standard Gaussian calculations. Then, as in these articles, the control
over sN`n´1pHq will be provided on the event r}Y } ď Cs . More specifically, we will prove that,
for some constant c ą 0,

P
””

sN`n´1pHq ď N´3{2t
ı

X r}Y } ď Cs
ı

ď εt` expp´cε2nq.

The smallest singular value of H can be obtained from the variational characterization

sN`n´1pHq “ inf
uPSN`n´1

}Hu}.

A well-established method to control the smallest singular value of a random matrix is to study
the action of this matrix on the so-called compressible and incompressible vectors [23, 31]. Let
θ, ρ P p0, 1q be fixed. A vector in Sm´1 is called θ-sparse if it does not have more than tθmu

non-zero elements. Given θ, ρ P p0, 1q, we define the set of pθ, ρq-compressible vectors as

comppθ, ρq “ Sm´1 X
ď

IĂrms
|I|“tθmu

VCm
ρ pSm´1

I q.

In other words, this is the set of all unit vectors at a distance less or equal to ρ from the set of the
θ-sparse unit vectors. The set incomppθ, ρq of pθ, ρq-incompressible vectors is the complementary
set Sm´1zcomppθ, ρq.

Getting back to the variational characterization, and writing u “ rvT wTsT with v P Cn, we
(roughly) define the set

S “ tu P SN`n´1 : }v} ď a constant or v{}v} is compressibleu,

11



and we write
sN`n´1pHq “ inf

uPS
}Hu} ^ inf

uPSN`n´1zS
}Hu}. (9)

For the first infimum, we focus on the component v of the vector u because v impacts the first n
columns of H which are nearly independent. Relying on the decomposition yk “ ỹk ` y̌k, we first
show that Pr}Hu} ď cs is exponentially small when v{}v} is a sparse vector, and then we complete
the analysis by an ε–net argument.

The second infimum requires other arguments. Let hk be the kth column of H, and so Hk “
”

h0 ¨ ¨ ¨hk´1 hk`1 ¨ ¨ ¨hN`n´1

ı

P CpN`nqˆpN`n´1q. Following a by now well-known idea of [31,

Lem. 3.5], the infimum over the incompressible vectors can be controlled by managing the distances
distphk, Hkq between hk and spanpHkq. Given k P rns, let Ωk “ diagpω`q`‰k P Cpn´1qˆpn´1q. Let

Gk “

„

Ω´Lk Y ˚k
Yk z



P CpN`n´1qˆpN`n´1q,

and partition G´1
k as

G´1
k “

„

Ek Fk
Pk Dk



, Ek P Cpn´1qˆpn´1q, Dk P CNˆN .

Then, after some algebra, we get the following equation (similar to what was obtained in [40]):

distphk, Hkq “

ˇ

ˇω´kL ´ y˚kDkyk
ˇ

ˇ

a

1` }y˚kPk}
2 ` }y˚kDk}

2
.

Let us assume temporarily that the y̌k are equal to zero. Restricting ourselves to the indices k for
which sN´1pSkq „ 1 (which is allowed), we can show that for these indices

b

1` }y˚kPk}
2 ` }y˚kDk}

2 „ }S
1{2
k DkS

1{2
k }HS. (10)

Consequently, the control of distphk, Hkq can be reduced to the control of the probability (with

respect to the law of yk) that, y˚kDkyk{}S
1{2
k DkS

1{2
k }HS lies in a small ball. Due to the Gaussian

nature of yk, this task is easy and leads to a rate of N´1t in the statement of Theorem 1.
Now consider the term that involves y̌k. Even though E}y̌k}2 is small, its interdependence

with pPk, Dkq prevents us from obtaining an approximation similar to (10). Its presence in fact is
responsible for the N´3{2t term (instead of N´1t) in the statement of Theorem 1.

The proof of Theorem 2 is laid out on a similar canvas. Let k P rtNβu, tN{2us. In Lemma 24 be-
low, we show that the smallest singular value of H¨,rN`n´ks, is a lower bound for sN´k´1pY ΩLY ˚´
zq. As in the proof of Theorem 1, this value can be characterized through the action of H¨,rN`n´ks
on the compressible and incompressible vectors. The former can be handled exactly as for H. The
latter can also be reduced to a distance problem, and indeed this term is easier to tackle than
earlier, thanks to the rectangular nature of H¨,rN`n´ks.

3.2 Statistical analysis of the process pykq

Recall the decomposition yk “ ỹk ` y̌k, with y̌k “ Eryk |Yks. We now derive approximations for
nE ryky˚k s and nE rỹkỹ˚k s. Let R denote the NnˆNn block-Toeplitz matrix

R “ E vecXpvecXq˚ “
1

n

»

—

—

—

—

–

R0 R´1 R´n`1

R1
. . .

. . .

. . .
. . . R´1

Rn´1 R1 R0

fi

ffi

ffi

ffi

ffi

fl

“
1

n

“

Rk´`
‰n´1

k,`“0
. (11)
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We also write the Fourier matrix F as

F “

»

—

–

f0
...

fn´1

fi

ffi

fl

,

with fk P C1ˆn being the kth row of F, and we define the function

apeıθq “
“

1 e´ıθ ¨ ¨ ¨ e´ıpn´1qθ
‰T
P Cn.

From Equation (2), we have

R “
1

2πn

ż 2π

0

papeıθq b IN qSpe
ıθqpapeıθq˚ b IN q dθ.

Observe that R is invertible, since the spectral density Speıθq is non-trivial, as is well-known.

Indeed, the equation Ru “ 0 with u “
“

uT0 , . . . , u
T
n´1

‰T
being a non zero vector with u` P CN

would lead to the identity
ş2π

0
ppeıθq˚Speıθqppeıθq dθ “ 0 where ppzq “

řn´1
`“0 z

`u` is a non-zero
polynomial. We also have that }nR} ďM from Assumption 1–(ii) by a similar argument.

Lemma 10. Let Assumption 1 hold true. Then,

max
kPrns

}nE ryky˚k s ´ SpNqpe2ıπk{nq} ÝÝÝÝÑ
NÑ8

0.

Proof. Let k P rns. Since F “ FT, we have yk “ XFek “ XfTk “ pfk b IN q vecX. Hence,

nEyky˚k “ npfk b IN qRpf˚k b IN q

“
1

2π

ż 2π

0

ppfkape
ıθqq b IN qSpe

ıθqppapeıθq˚f˚k q b IN q dθ

“
1

2π

ż 2π

0

ˇ

ˇfkape
ıθq

ˇ

ˇ

2
Speıθq dθ “

1

2π

ż 2π

0

Fn´1pθ ´ 2πk{nqSpeıθq dθ, (12)

where Fn´1 is the Fejér kernel, defined as

Fn´1pθq “
1

n

ˇ

ˇ

ˇ

n´1
ÿ

`“0

eı`θ
ˇ

ˇ

ˇ

2

“
1

n

sinpnθ{2q2

sinpθ{2q2
. (13)

This kernel satisfies

1

2π

ż 2π

0

Fn´1pθq dθ “ 1, and Fn´1pθq ď n

ˆ

π2

n2θ2
^
π2

4

˙

for θ P r´π, πs,

see, e.g., [35, Page 136]. For an arbitrarily small number η ą 0, we know by Assumption 1–(i) that
there exists δ ą 0 independent of k and N such that }Speıθq ´ Spe2ıπk{nq} ď η if |θ ´ 2πk{n| ď δ.
Splitting the integral that apppears on the right side of (12) as

ş

|θ´2πk{n|ďδ
`
ş

|θ´2πk{n|ąδ
and

using the properties of the Fejér kernel provided above, along with Assumption 1–(ii), we obtain
the result of the lemma after some routine derivations.

The handling of nE rỹkỹ˚k s is more involved.

Proposition 11. Let Assumptions 1 and 3 hold true. Then,

@δ ą 0,max
kPrns

}nE rỹkỹ˚k s ´ SpNqpe2ıπk{nq}1SpNqpe2ıπk{nqěδIN ÝÝÝÝÑNÑ8
0.
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Proof of Proposition 11. The first step is to provide a single letter expression for E rỹkỹ˚k s.
This expression is reminiscent of the formula to calculate the partial covariance of real valued
random variables.

Lemma 12. For any given k P rns, E rỹkỹ˚k s “
`

pfk b IqR´1pf˚k b Iq
˘´1

.

Proof. The covariance matrix E rỹkỹ˚k s coincides with the conditional covariance matrix covpyk |Ykq
of yk with respect to σpYkq. Let Z0 and Z1 be two random square integrable vectors with arbitrary
dimensions. Writing

E
„

Z0

Z1



“

Z˚0 Z˚1
‰

“

„

Σ00 Σ01

Σ10 Σ11



with the block dimensions at the right hand side being compatible with the dimensions of Z0 and
Z1, it is well-known that covpZ0 | Z1q “ Σ00 ´ Σ01Σ´1

11 Σ10 when Σ11 is invertible. Observe that

E vecY pvecY q˚ “ E vecpXFqpvecpXFqq˚ “ pFb IN qRpF˚ b IN q.

Let Fk P Cpn´1qˆn be the matrix that remains after taking the row fk out of F, and let R1{2 be
the Hermitian square root of R. Then

E rỹkỹ˚k s

“ pfk b IN qR1{2
´

Ipn´1qN ´R1{2pF˚k b IN q ppFk b IN qRpF˚k b IN qq
´1
pFk b IN qR1{2

¯

R1{2pf˚k b IN q

“ pfk b IN qR1{2ΠKR1{2pF˚kbIN q
R1{2pf˚k b IN q.

Let C be a positively oriented circle with center zero and a radius small enough so that R has
no eigenvalue in the closed disk delineated by C. This implies that the positive definite matrix
pFk b IqRpF˚k b Iq does not have eigenvalues in this closed disk either. With this choice, the
projection ΠKR1{2pF˚kbIN q

can be expressed as a contour integral, which leads us to write

E rỹkỹ˚k s

“
´1

2ıπ

¿

C

pfk b IN qR1{2
´

R1{2pF˚k b IN qpFk b IN qR1{2 ´ z
¯´1

R1{2pf˚k b IN q dz

“
´1

2ıπ

¿

C

pfk b IN qR1{2
´

R´R1{2pf˚k b IN qpfk b IN qR1{2 ´ z
¯´1

R1{2pf˚k b IN q dz.

Let Qpzq “ pR´ zq´1 when z P C is not an eigenvalue of R, and let

Σpzq “ pfk b IN qR1{2QpzqR1{2pf˚k b IN q “ IN ` zpfk b IN qQpzqpf˚k b IN q.

Now using the Sherman-Morrison-Woodbury formula, we get

E rỹkỹ˚k s “
´1

2ıπ

¿

C

`

Σpzq ` ΣpzqpIN ´ Σpzqq´1Σpzq
˘

dz

“
1

2ıπ

¿

C

z´1 ppfk b IN qQpzqpf˚k b IN qq
´1
dz

“
`

pfk b IN qR´1pf˚k b IN q
˘´1

,

where the last equality is obtained by expressing Qpzq in terms of the spectral decomposition of
R and by using that p2ıπq´1

ű

C z
´1pλ´ zq´1dz “ λ´1 when λ is outside the closed disk enclosed

by C.
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We now reinterpret the expression provided by this lemma in the light of the matrix orthogonal
polynomial theory. Let us quickly review some of the basic results of this theory. For the proofs
of these results, the reader may consult [12].

For each N , consider the N ˆN matrix valued measure %N defined on T as

d%N pθq “
1

2π
SpNqpeıθqdθ.

Given two CNˆN matrix–valued polynomials F,G, we define the N ˆN matrix sesquilinear func-
tion xxF,Gyy%N with respect to %N as

xxF,Gyy%N “

ż 2π

0

F peıθq˚d%N pθqGpe
ıθq.

We now define the sequence pΦ%N` q`“0,1,2,... of matrix orthogonal polynomials with respect to
xx¨, ¨yy%N . The following conditions, which are analogous to a Gram-Schmidt orthogonalization,
are enough to define this sequence:

� Φ%N` pzq is a CNˆN–valued monic matrix polynomial of degree `, and is thus written as
Φ%N` pzq “ z`IN ` lower order coefficients.

� For each ` ě 1, the relation xxΦ%N` , zkyy%N “ 0 holds for k “ 0, 1, . . . , `´ 1.

Since SpNq is non-trivial, the matrix xxΦ%N` ,Φ%N` yy%N is positive definite for each ` P N. Thus, one
can define the sequence pϕ%N` q`PN of the normalized versions of the polynomials Φ%N` as

ϕ%N` pzq “ Φ%N` pzqκ%N` ,

where the matrices pκ%N` q`PN are chosen in such a way that xxϕ%N` , ϕ%Nk yy%N “ 1k“`IN . This identity
determines the matrices κ%N` up to a right multiplication by a unitary matrix, the convenient choice
of which is specified in [12, § 3.2] and is not relevant here.

The Christoffel-Darboux (CD) kernel of order ` for the measure %N is defined for z, u P C as

K%N
` pz, uq “

ÿ̀

k“0

ϕ%Nk pzqϕ%Nk puq˚. (14)

This function is a reproducing kernel, in the sense that for each matrix polynomial P pzq with
degree less or equal to `, the following equation holds and defines the kernel K%N

` .

ż 2π

0

K%N
` pz, eıθqd%N pθqP pe

ıθq “ P pzq.

The CD kernel K%N
` peıθ, eıθq is invertible, and it satisfies the following variational formula: for

each θ P r0, 2πq and for each N ˆN matrix polynomial P pzq of degree at most `, with

P peıθq “ IN ,

it holds that
xxP, P yy%N ě K%N

` peıθ, eıθq´1, (15)

with equality if and only if P pzq “ P %N ,θ` pzq, with

P %N ,θ` pzq “ K%N
` pz, eıθqK%N

` peıθ, eıθq´1. (16)

Getting back to our problem, it turns out that our covariance matrix Erỹkỹ˚k s can be very simply
expressed in terms of a CD kernel:

Lemma 13. Erỹkỹ˚k s “ K%N
n´1pe

2ıπk{n, e2ıπk{nq´1.
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Proof. With Lemma 12 at hand, this result is an instance of a well-known result, see, e.g., [21]

for the scalar measure case. We reproduce its proof for completeness. Let P pzq “
řn´1
k“0 z

kPk be
an arbitrary N ˆN matrix polynomial of degree at most n´ 1. Stack the coefficients of P in the

matrix P “
“

PT
0 ¨ ¨ ¨ PTn´1

‰T
, so that P peıθq “ papeıθq˚ b IN qP. We have

1

2πn

ż 2π

0

papeıθq˚ b IN qR´1papeıψq b IN qSpe
ıψqP peıψq dψ

“ papeıθq˚ b IN qR´1

ˆ

1

2πn

ż 2π

0

papeıψq b IN qSpe
ıψqpapeıψq˚ b IN q dψ

˙

P

“ papeıθq˚ b IN qR´1RP

“ P peıθq.

From the uniqueness of the CD kernel as a reproducing kernel, we thus obtain that

n´1papeıθq˚ b IN qR´1papeıψq b IN q “ K%N
n´1pe

ıθ, eıψq.

The result follows upon observing that fk “ n´1{2ape2πık{nq˚.

Now Proposition 11 will be obtained by studying the asymptotics of the CD kernel, a subject
with a rich history in the literature of orthogonal polynomials. These asymptotics are well under-
stood in the case where the underlying measure has a so-called regularity property à la Stahl and
Totik [36] (see [35] for an extensive treatment of these ideas). We adapt the approach detailed in
[35, §2.15 and §2.16], to the matrix measure case. This will consist of two main steps:

� We show that the polynomial P %N ,θn´1 , for which the variational inequality (15) for ` “ n´ 1
is an equality, satisfies

max
θ,ψPr0,2πq

}P %N ,θn´1 pe
ıψq} ď enεN with 0 ď εN Ñ 0. (17)

This is where Assumption 3 comes into play.

� With the help of the variational characterization of the CD kernel, and by making use of
the previous result coupled with a matrix version of the so-called Nevai’s trial polynomial
technique [24, 35], we show that

@ε, δ ą 0, DN0 P N,@N ą N0,@θ0 P r0, 2πq, S
pNqpeıθ0q ě δIN

ñ nK%N
n´1pe

ıθ0 , eıθ0q´1 ě p1´ εqSpNqpeıθ0q. (18)

In the following derivations, the sequence εN Ñ 0 can change from one display to another.
For a given N P Nzt0u, consider the scalar measure ζN on T defined as

dζN pθq “
1

2π
sN´1pS

pNqpeıθqq dθ.

Consider the sesquilinear form on the scalar polynomials

xf, gyζN “

ż 2π

0

fpeıθq˚gpeıθq dζN pe
ıθq,

and denote as pbζN` q`PN the sequence of monic orthogonal polynomials with respect to x¨, ¨yζN ,

which are the analogues of the Φ%N` above. Let τ ζN` “ xbζN` , bζN` yζN , and consider the orthonormal

polynomials pβζN` q`PN defined as βζN` pzq “ bζN` pzq{
b

τ ζN` (these are the analogues of the ϕ%N` ). To

establish (17), we first show that

max
`Prns

max
θPr0,2πq

|βζN` peıθq| ď enεN with εN ě 0, εN Ñ 0. (19)
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Write

σ2
N “ τ ζN0 “

ż 2π

0

dζN pe
ıθq “

1

2π

ż 2π

0

sN´1pS
pNqpeıθqq dθ.

The sequence pτ ζN` q` satisfies the recursion τ ζN``1 “ p1´|α`|
2qτ ζN` , thus, τ ζN``1 “ σ2

N

ś`
k“0p1´|αk|

2q,
where pα`q

8
`“0 is the sequence of the so-called Verblunsky’s coefficients associated to the measure

ζN [35, §1.7 and §1.8]. Moreover, by the celebrated Szegö’s theorem [35, Th. 1.8.6], the non-

increasing sequence pτ ζN` q` converges as `Ñ8 towards exppp2πq´1
ş2π

0
log sN´1pS

pNqpeıθqq dθq.
From this, we first deduce with the help of Assumption 1–(ii) that there is a constant C ą 0

such that

C ě σ2
N ě τ ζNn´1 ě exp

ˆ

1

2π

ż 2π

0

log sN´1pS
pNqpeıθqq dθ

˙

.

Furthermore, by inspecting the proof of [35, Th. 2.15.3], in particular, Inequality (2.15.21) of that
proof, and by using in addition Inequalities (2.15.13) then (2.15.15) of [35], we get that for |z| ą 1,

max
`Prns

|bζN` pzq|

|z|`
ď exp

´

n´1
ÿ

k“0

|αk|
¯

ď exp
´ 1

n

g

f

f

e

1

n

n´1
ÿ

k“0

|αk|2
¯

ď exp
´ 1

n

g

f

f

e´
1

n
log

n´1
ź

k“0

p1´ |αk|2q
¯

“ exp

˜

n

c

1

n

´

´ log τ ζNn ` log σ2
N

¯

¸

Thus, since

1

n
logC ě

1

n
log σ2

N ě
1

n
log τ ζNn ě

1

2πn

ż 2π

0

log sN´1pS
pNqpeıθqq dθ,

we obtain from Assumption 3 that there exists a non-negative sequence εN ÑN 0 such that

max
`Prns

|bζN` pzq|

|z|`
ď exp pnεN q .

By the maximum principle, for any θ P r0, 2πq, any ` P rns and any r ą 1,

|βζN` peıθq| “ pτ ζN` q´1{2|bζN` pe
ıθq| ď pτ ζNn q´1{2 sup

ψPr0,2πq

|bζN` pre
ıψq|

ď r`pτ ζNn q´1{2 exp pnεN q ,

and by Szegö’s theorem and Assumption 3 again, we obtain (19) by choosing r as close to one as
desired.

Proceeding, we now consider the matrix measure dζN pe
ıθqbIN “ p2πq

´1sN´1pS
pNqpeıθqqINdθ,

equipped with the sesquilinear function

xxF,GyyζNbIN “
1

2π

ż 2π

0

sN´1pS
pNqpeıθqqF˚peıθqGpeıθq dθ.

It is clear that the `th normalized orthogonal polynomial for xx¨, ¨yyζNbIN is βζN` pzqIN , and the
associated `th CD kernel is

KζNbIN
` pz, uq “

ÿ̀

k“0

βζNk pzqpβζNk puqq˚IN .

17



Obviously, for each Borel set A Ă r0, 2πq, ζN pAqIN ď %N pAq in the semi-definite ordering. There-
fore, by the variational characterization of the CD kernels, we have

KζNbIN
n´1 peıθ, eıθq ě xxP %N ,θn´1 , P

%N ,θ
n´1 yy

´1
ζNbIN

ě xxP %N ,θn´1 , P
%N ,θ
n´1 yy

´1
%N “ K%N

n´1pe
ıθ, eıθq

for all θ P r0, 2πq. Recalling the definition (14) of the kernel K%N
` pz, uq, we obtain from Inequal-

ity (19) that
max
`Prns

max
θPr0,2πq

}ϕ%N` peıθq} ď enεN with 0 ď εN Ñ 0.

Also notice that

K%N
n´1pe

ıθ, eıθq ě ϕ%N0 peıθqϕ%N0 peıθq˚ “
´

ż 2π

0

d%N pθq
¯´1

“ pR
pNq
0 q´1.

Thus, using Assumption 1–(ii) and recalling Definition (16) of the polynomials P %N ,θ` , we obtain
the bound (17).

We now prove (18). Let δ ą 0 and θ0 P p0, 2πq be such that SpNqpeıθ0q ě δIN . Consider the
matrix measure

dςN pθq “
1

2π
SpNqpeıθ0q dθ.

The CD kernels for this measure are constant and satisfy the identity `KςN
`´1pe

ıθ, eıθq´1 “ SpNqpeıθ0q
for each integer ` ą 0, as can be checked by the direct calculation of the orthogonal polynomials
for dςN pθq, or by the application of Lemmas 12 and 13, with the blocks of the matrix R being
replaced with Rk “ 1k“0S

pNqpeıθ0q.
Let η ą 0 be an arbitrarily small number. By Assumption 1–(i), we can choose h ą 0 small

enough so that for each N ą 0, wpSpNq, hq ă ηδ. Let θ P rθ0 ´ h, θ0 ` hs. Then, for each vector
u P CN with }u} “ 1, we have

u˚SpNqpeıθqu “ u˚SpNqpeıθ0qu

ˆ

1`
u˚pSpNqpeıθq ´ SpNqpeıθ0qqu

u˚SpNqpeıθ0qu

˙

,

and hence,
@θ P rθ0 ´ h, θ0 ` hs, S

pNqpeıθ0q ď p1` 2ηqSpNqpeıθq.

The degree one polynomial qpzq “ 0.5pze´ıθ0 ` 1q can be easily shown to satisfy qpeıθ0q “
supθ |qpe

ıθq| “ 1, and supθ´θ0Pr´π,πq,|θ´θ0|ěh |qpe
ıθq| “ cosph{2q ă 1. Let η̃ ą 0 be arbitrarily

small, and let m “ n´ 1` tnη̃u. Consider the “trial polynomial” Qmpe
ıθq “ P %N ,θ0n´1 peıθqqpeıθqtnη̃u

with degree m. This polynomial has the following features:

� Qmpe
ıθ0q “ IN .

� By Assertion (17) that we just proved, for θ ´ θ0 P r´π, πq, |θ ´ θ0| ě h, for all large N ,

}Qnpe
ıθ} ď | cosph{2q|nη̃}P %N ,θ0n´1 peıθq} ď | cosph{2q|nη̃{2.

By the variational characterization of the CD kernels, we have

1

m` 1
SpNqpeıθ0q “ pKςN

m pe
ıθ0 , eıθ0qq´1

“ xxP ςN ,θ0m , P ςN ,θ0m yyςN

ď xxQm, QmyyςN

ď p1` 2ηq

ż

θ : |θ´θ0|ďh

Qmpe
ıθqd%N pθqQmpe

ıθq˚

`

ż

θ : |θ´θ0|ąh

Qmpe
ıθqdςN pθqQmpe

ıθq˚

ď p1` 2ηqxxP %N ,θ0n´1 , P %N ,θ0n´1 yy%N ` | cosph{2q|nη̃M

“ p1` 2ηqK%N
n´1pe

ıθ0 , eıθ0q´1 ` | cosph{2q|nη̃M .
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Since η and η̃ are arbitrary, Assertion 18 holds true.
We now have all the elements to complete the proof of Proposition 13. Let k P rns be such

that SpNqpe2ıπk{nq ě δIN . Thanks to Lemma 13, we can replace K%N
n´1pe

ıθ0 , eıθ0q´1 for θ0 “ 2πk{n
with Eỹkỹ˚k in Assertion 18. This provides a lower bound on Eỹkỹ˚k . To obtain an upper bound
on this matrix, we recall that ỹk and y̌k are independent, resulting in Eỹkỹ˚k ď Eyky˚k , and use
Lemma 10.

This completes the proof of Proposition 11. We note for completeness that we could have
established the upper bound by using a Nevai’s polynomial trial technique as well.

3.3 Technical results needed in the proofs of Theorems 1 and 2

The following lemma can be proved similarly to, e.g., [41, Corollary 4.2.13].

Lemma 14 (covering number). Let U Ă Cm be a k–dimensional subspace. Given ρ ą 0, there
exists a ρ–net of the Euclidean unit-ball of U with a cardinality bounded above by p3{ρq2k.

Lemma 15. Let a0, . . . , am´1 be non-negative real numbers such that there exist 0 ă c ď C for
which c ď m´1

ř

ak, and max ak ď C. Given x P p0, cs, the set Ipxq Ă rms defined as

Ipxq “ tk P rms : ak ą xu

satisfies

|I| ě c´ x

C ´ x
m.

Proof. We have C|I| ě
ÿ

kPI
ak ě mc´

ÿ

kPIc

ak ě mc´ pm´ |I|qx, hence the result.

For any random vector ξ “ rξ0, . . . , ξm´1s
T P Cm, Lévy’s anti-concentration function is defined

for t ą 0 as
Lpξ, tq “ sup

dPCm
P r}ξ ´ d} ď ts

(when the probability P above is taken with respect to some random vector x, we denote the
associated Lévy’s anti-concentration function as Lxpξ, tq). Assuming that the elements ξ` of ξ are
independent, letting k P rms, and defining ξpkq “ rξ0, . . . , ξks

T, the following restriction result is
well-known [31, Lemma 2.1].

Lpξ, tq ď Lpξpkq, tq.

We shall need the following rather standard results on Gaussian vectors.

Lemma 16 (norm and anti-concentration results for Gaussian vectors). Let ξ “ rξ0, . . . , ξN´1s
T „

NCp0, IN q, and let Σ be an N ˆN covariance matrix. Then:

1. For t ą 0, it holds that P
”

}Σ1{2ξ} ě
?

2Nt
ı

ď expp´pt{}Σ} ´ 1qNq.

Assume that sm´1pΣq ě α for some m P rN s and some α ą 0. Then:

2. There exists a constant c16,2 ą 0 such that P
”

}Σ1{2ξ} ď
a

αm{2
ı

ď expp´c16,2mq.

3. There exists a constant C16,3 ą 0 such that for each deterministic non-zero matrix M P

CNˆN and each deterministic vector a P CN ,

Lppξ ` aq˚Mpξ ` aq{}M}HS, tq ď C16,3t

4. There exists a constant C16,4 “ C16,4pαq ą 0 such that LpΣ1{2ξ,
?
mtq ď pC16,4tq

m.

5. For each non-zero deterministic matrix M P CNˆN ,

P
“

}Mξ}2 ě t}M}2HS

‰

ď expp1´ t{2q.
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This lemma is proved in the appendix.
The following results specifically concern our matrix model. The first one will be needed to

bound the spectral norm of our matrix Y .

Lemma 17 (spectral norm of Y ). Let Assumption 1–(ii) hold true. Then, there are two constants
c17, c

1
17 ą 0 such that for each t ě c117,

P r}Y } ě ts ď expp´c17Nt
2q.

Proof. Since Y “ XF, it is enough to prove the lemma for X. By a standard ε-net argument (see
[37, Lm. 2.3.2]), we know that

P r}X} ě ts ď
ÿ

uPN

P r}Xu} ě t{2s ,

where N is a 1{2–net of Sn´1. Let u PN . Observing that Xu „ NCp0, pu
Tb IN qRpūb IN qq, and

recalling that n}R} ďM , Lemma 16–1 shows that

P r}Xu} ě t{2s ď expp´p
t2n

8MN
q ´ 1qNq.

By Lemma 14 and the union bound, we thus have that

P r}X} ě ts ď expp´p
t2n

8MN
´ 1qN ` p2 log 6qnq.

Choosing t large enough and using (1), we get the result.

We shall need to use a discrete frequency counterpart of Assumption 2:

Lemma 18. Let Assumptions 1–(i) and 2 hold true. Given N P Nzt0u and α ą 0, let Cgoodpαq
be the subset of rns defined as

Cgoodpαq “ tk P rns : Spe2ıπk{nq ě αINu.

Then,
@κ P p0, 1q, Dα ą 0, |Cgoodpαq| ě p1´ κqn for all large N.

Proof. Let us identify a set I Ă rns with the discretization of the unit-circle T given as texpp2ıπk{nq :
k P Iu, and let us also denote any of these two sets as I. Given a small real number h ą 0, let
VT
h pIq be the closed h-neighborhood of I on T equipped with the curvilinear distance. We shall

show that
|I| ď n

2π
LebpVT

h pIqq `
π

h
. (20)

We first observe that VT
h pIq consists of a finite number of disjoint closed arcs, the length of each

arc being greater or equal to 2h. Given ϕ0 P r0, 2πq and ϕ1 P rϕ0 ` 2h, ϕ0 ` 2h ` 2πq, let
teıϕ : ϕ0 ď ϕ ď ϕ1u be one such arc. Then, there are two integers kmin ď kmax in I such that
2kminπ{n “ ϕ0 ` h and 2kmaxπ{n “ ϕ1 ´ h, and all the elements of I in this arc belong to the
set tkmin, . . . , kmaxu. Since there are at most kmax ´ kmin ` 1 “ npϕ1 ´ ϕ0q{p2πq ´ nh{π ` 1
of these elements, and furthermore, since VT

h pIq consists of at most tπ{hu arcs, we obtain the
inequality (20).

Fix an arbitrary κ P p0, 1q. By Assumption 2, there exists δ ą 0 such that the set B “

tz P T : sN´1pSpzqq ď δu satisfies LebpBq ď κπ. Let α “ δ{2, and assume that the set
Cbadpαq “ rnszCgoodpαq is non-empty (otherwise the result of the lemma is true). Relying on
Assumption 1–(i), let h ą 0 be such that wpS, hq ď α for all N . Let k P Cbadpαq. By the
Wielandt-Hoffmann theorem and the triangle inequality, sN´1pSpe

ıθqq ď δ for each θ such that
|θ ´ 2πk{n| ď h. In other words, VT

h pCbadpαqq Ă B. By inequality (20), we thus obtain that

|Cbadpαq| ď
n

2
κ`

π

h
,

which implies that |Cbadpαq| ď κn for all large n.
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We now enter the proofs of Theorems 1 and 2. Given C ą 0, we denote as EoppCq the event

EoppCq “ r}Y } ď Cs .

In the remainder of this section, the constants will be referred to by the letters c, a, or C, possibly
with primes or numerical indices that refer generally to the statements (lemmas, propositions, ...)
where these constants appear for the first time. These constants do not depend on N . The typical
statements where they appear are of the type

P rr¨ ¨ ¨ ď as X EoppCqs ď C 1a` expp´cNq,

or others in the same vein. Often, such inequalities hold true for all N large enough. This detail
will not always be mentioned.

3.4 Proof of Theorem 1

As mentioned in Section 3.1, our starting point for proving Theorem 1 is the variational charac-
terization (9).

3.4.1 Compressible vectors

In the following statement and in the proof, the vectors u P SN`n´1 will always take the form
u “ rvT wTsT with v P Cn.

Proposition 19 (compressible vectors). There exist constants θ19, ρ19, C19 P p0, 1q, and a19, c19 ą

0 such that, for the set

S :“
 

u P SN`n´1 : }v} ď C19 or v{}v} P comppθ19, ρ19q
(

(here v{}v} “ 0 if v “ 0), we have

P
„

r inf
uPS

}Hu} ď a19s X EoppCq



ď expp´c19nq.

Proof. For each u P SN`n´1 the inequality }Hu} ď a for a ą 0 implies

}Y v ` zw} ď a, (21a)

}Ω´Lv ` Y ˚w} ď a. (21b)

Take a “ |z|{2. On the event EoppCq, we obtain from (21a) that

|z|{2 ě |z|}w} ´ }Y }}v} ě |z|p1´ }v}q ´ C}v},

since
?

1´ x2 ě 1´ x on r0, 1s. Hence

}v} ě C19 fi
|z|{2

|z| ` C
,

which trivially implies that

P
„

”

inf
uPSN`n´1 : }v}ăC19

}Hu} ď |z|{2
ı

X EoppCq



“ 0.

Let I Ă rns be such that |I| “ tθ19nu, where θ19 will be chosen later. Let VI Ă Cn be the set of
vectors v such that }v} P rC19, 1s and v{}v} P Sn´1

I . Let v be a deterministic vector in VI , and
define the random vector w “ ´z´1Y v. Writing u “ rvT wTsT, we shall show that there exists a
constant c ą 0 such that for all t ą 0 small enough,

P rr}Hu} ď ts X EoppCqs ď pctq
n. (22)
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On the event EoppCq, we have

C

|z|
ě }w} ě

}Y ˚w}

}Y }
“

}Y ˚w ` Ω´Lv ´ Ω´Lv}

}Y }

ě
}v} ´ }Y ˚w ` Ω´Lv}

}Y }

ě
C19 ´ }Y

˚w ` Ω´Lv}

C
.

By the choice of w, we have r}Hu} ď ts “ r}Ω´Lv ` Y ˚w} ď ts. Assume that t ď C19{2, and
define the interval J “ rC19{p2Cq, C{|z|ss. Then,

r}Hu} ď ts X EoppCqs Ă r}w} P rpC19 ´ tq{C,C{|z|ss Ă r}w} P Js.

If J “ H, then the inequality (22) holds trivially. Otherwise, we write

P rr}Hu} ď ts X EoppCqs ď P rr}pY¨,Icq˚w} ď ts X r}w} P Jss ,

and for each ` P Ic, we write

y` “ ỹ` ` y̌` where y̌` “ Ery` |Y¨,Is.

Similarly, we write
Y¨,Ic “ rY¨,Ic ` qY¨,Ic where qY¨,Ic “ ErY¨,Ic |Y¨,Is.

Since w is σpY¨,Iq measurable, the variables rY¨,Ic and w are independent, and we get from the
last inequality that

P rr}Hu} ď ts X EoppCqs ď sup
w : }w}PJ

L
rY¨,Ic

pprY¨,Icq˚w, tq.

For each deterministic vector w such that }w} P J , we thus need to consider the probability law

of the Gaussian vector prY¨,Icq˚w by studying its covariance matrix Σ “ nEprY¨,Icq˚ww˚ rY¨,Ic . We

first bound the spectral norm of Σ. Writing pY¨,Icq˚w “ pI|Ic| b w
TqvecprY¨,Icq, we have

Σ “ npI|Ic| b w
TqEvecprY¨,Icq vecprY¨,IcqTpI|Ic| b w̄q,

thus,

ΣT “ npI|Ic| b w
˚qE vecprY¨,Icq vecprY¨,Icq˚pI|Ic| b wq

ď npI|Ic| b w
˚qE vecpY¨,Icq vecpY¨,Icq˚pI|Ic| b wq

in the semidefinite ordering. Using that Y “ XF, we have vecpY¨,Icq “ ppF¨,IcqT b IN q vecpXq,
thus,

ΣT ď nppF¨,IcqT b w˚qRpF¨,Ic b wq,

which shows that
}Σ} ďM}w}2 ď Cmax “MC2{|z|2.

Recall that y` “ ỹ` ` y̌`, and observe that σpY¨,Iq Ă σpY`q for each ` P Ic. Therefore, for an
arbitrary deterministic vector u P CN , we have by Jensen’s inequality

Er|u˚y̌`|2s “ E
”

|Eru˚y` |Y¨,Is|
2
ı

“ E
”

|E rEru˚y` |Y`s |Y¨,Is|
2
ı

ď E
”

|E ru˚y` |Y`s|
2
ı

“ Er|u˚y̌`|2s
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for such `. Since
Ey`y˚` “ Eỹ`ỹ˚` ` Ey̌`y̌˚` “ Eỹ`ỹ

˚
` ` Ey̌`y̌˚` ,

we get from the previous inequality that

Eỹ`ỹ˚` ď Eỹ`ỹ
˚
` .

Choosing θ19 ď 1{4, we have that |Ic| ě 3n{4. By Lemma 18, there exists α ą 0 such that
|Ic X Cgoodpαq| ě n{2. With this, we have

tr Σ “ nw˚ErY¨,IcprY¨,Icq˚w “ n
ÿ

kPIc

w˚Eỹkỹ
˚
kw ě n

ÿ

kPIcXCgood

w˚Eỹkỹ˚kw.

By Proposition 11, we thus obtain that for all large N ,

tr Σ ě
α

2
|Ic X Cgood|}w}

2 ě n
α

4

C2
19

4C2
.

Write Cmin “ αC2
19n{p16C2|Ic|q, and let k be the largest integer in r|Ic|s such that sk´1pΣq ě

Cmin{2. Then, we obtain from Lemma 15 that

k ě
Cmin

2Cmax ´ Cmin
|Ic| ě

Cmin

2Cmax ´ Cmin

3n

4
.

With this at hand, we can deduce Inequality (22) from Lemma 16–4.
Now, still fixing I and t as above, set ρ19 as

ρ19 “
t

3` C|z|´1p2C ` 1q
.

Set a19 “ p|z|{2q ^ ρ19, and let u “ rvT wTsT P SN`n´1 be such that v P VCn
ρ19
pVIq and }Hu} ď

a19. Let Kρ19
be a ρ19–net of VI . By Lemma 14, we can choose Kρ19

in such a way that
|Kρ19 | ď p3{ρ19q

2θ19n. By the triangle inequality, there is v P Kρ19 such that }v ´ v} ď 2ρ19. Let
w “ ´z´1Y v, and write u “ rvT wTsT. Since }Y v ` zw} ď ρ19 by (21a), we have

}Y pv ´ vq ` zpw ´wq} ď ρ19.

Thus, on the event EoppCq,

}w ´w} ď |z|´1pρ19 ` 2ρ19}Y }q ď |z|
´1pρ19 ` 2ρ19Cq.

From the inequality }Ω´Lv ` Y ˚w} ď ρ19 (see (21b)), we get

}Ω´Lv ` Y ˚w ` Ω´Lpv ´ vq ` Y ˚pw ´wq} ď ρ19.

Thus,
}Ω´Lv ` Y ˚w} ď p3` C|z|´1p1` 2Cqqρ19 “ t.

This implies that }Hu} ď t. As a consequence,
“

Du P SN`n´1 : v P Vρ19
pVIq, }Hu} ď a19

‰

Ă
“

Dv P Kρ19
: }HrvT, ´z´1pY vqTsT} ď t

‰

.

Applying the union bound and using Inequality (22), we therefore get that

P
„

”

inf
uPSN`n´1 : }v}ěC19,vPVρ19

pVIq
}Hu} ď a19

ı

X EoppCq



ď p3{ρ19q
2θ19npctqn.

Now, considering all the sets I Ă rns such that |I| “ tθ19nu, and using the bound
`

n
m

˘

ď pen{mqm

along with the union bound again, we get that

P
„

”

inf
uPSN`n´1 : }v}ěC19,vPcomppθ19,ρ19q

}Hu} ď a19

ı

X EoppCq



ď pe{θ19q
θ19np3{ρ19q

2θ19npctqn.

The proof is completed by choosing θ19 small enough.
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3.4.2 Incompressible vectors

We now consider the action of H on the vectors u P SN`n´1 that belong to the complement of
the set S of Proposition 19 in the unit-sphere.

Proposition 20 (incompressible vectors for the smallest singular value). There exists a constant
c20 ą 0 such that for ε ą 0 arbitrarily small,

P
„„

inf
uPSN`n´1zS

}Hu} ď n´3{2t



X EoppCq



ď εt` expp´c20ε
2Nq.

The remainder of this subsection is devoted to the proof of this proposition. As in the proof of
Proposition 19, a vector u P SN`n´1 will be written u “ rvT wTsT with v “ rv0, . . . , vn´1s

T P Cn.
When u P SN`n´1zS, the vector ṽ “ v{}v} “ rṽ0, . . . , ṽn´1s

T belongs now to incomppθ19, ρ19q.
Associate with any such vector u, the set

Ju “ tk P rns : |vk| ě ρ19C19{
?

2nu.

Then, |Ju| ą θ19n. Indeed, the set rJv “ tk P rns : |ṽk| ě ρ19{
?

2nu satisfies | rJv| ą θ19n.

To see this, denote as Π
rJv the orthogonal projector on the vectors supported by rJv, and check

that
›

›

›
ṽ ´Π

rJv pṽq{}Π rJv pṽq}
›

›

›
ď ρ19. If | rJv| ď θ19n, we get a contradiction to the fact that ṽ P

incomppθ19, ρ19q. It remains to check that if u P SN`n´1zS, then rJv Ă Ju.
Now, choose α20 ą 0 small enough so that the set Cgoodpαq from Lemma 18 satisfies |Cgoodpα20q| ě

p1´ θ19{2qn. Observe that with this choice, |Ju X Cgoodpα20q| ě θ19n{2.
We now use the canvas of the proof of [31, Lem. 3.5] to relate the infimum over the incompress-

ible vectors with the distance between column subspaces of H. Specifically, for each u P SN`n´1zS,
we have

}Hu} ě max
kPJuXCgoodpα20q

|vk|distphk, Hkq ě
ρ19C19
?

2n
max

kPJuXCgoodpα20q
distphk, Hkq.

Thus,
„

inf
uPSN`n´1zS

}Hu} ď
ρ19C19t
?

2n3{2



Ă

„

inf
uPSN`n´1zS

max
kPJuXCgoodpα20q

distphk, Hkq ď
t

n



.

Denoting as E the event at the right hand side of this inclusion, we have from what precedes that

1E ď
2

θ19n

ÿ

kPCgoodpα20q

1rdistphk,Hkqďt{ns,

which implies that

P
„„

inf
uPSN`n´1zS

}Hu} ď
ρ19C19t
?

2n3{2



X EoppCq



ď
2

θ19n

ÿ

kPCgoodpα20q

P rrdistphk, Hkq ď t{ns X EoppCqs . (23)

A workable formula for distphk, Hkq is provided by the following lemma.

Lemma 21. Let M P Cmˆm, and partition this matrix as

M “
“

m0 M´0

‰

“

„

m00 m01

m10 M11



,

where m0 is the first column of M , M´0 is the submatrix that remains after extracting m0, and
m00 is the first element of the vector m0. Assume that M11 is invertible. Then,

distpm0,M´0q “
|m00 ´m01M

´1
11 m10|

b

1` }m01M
´1
11 }

2
.
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Proof. Write distpm0,M´0q
2 “ m˚0 pI ´M´0pM

˚
´0M´0q

´1M˚
´0qm0, and observe that M˚

´0M´0 “

M˚
11M11`m

˚
01m01. Letting v “M´˚

11 m
˚
01, we obtain by the Sherman-Morrison-Woodbury identity

that

pM˚
´0M´0q

´1 “M´1
11

´

I ´
vv˚

1` }v}2

¯

M´˚
11 ,

thus,

I ´M´0pM
˚
´0M´0q

´1M˚
´0 “ I ´

„

m01

M11



M´1
11

´

I ´
vv˚

1` }v}2

¯

M´˚
11

“

m˚01 M˚
11

‰

“
1

1` }v}2

„

1 ´v˚

´v vv˚



“
1

1` }v}2

„

1
´v



“

1 ´v˚
‰

.

This leads to

distpm0,M´0q
2 “

1

1` }v}2

ˇ

ˇ

ˇ

“

1 ´v˚
‰

„

m00

m10



ˇ

ˇ

ˇ

2

,

which is the required result.

For convenience, let is recall the matrices Gk and G´1
k from Section 3.1:

Gk “

„

Ω´Lk Y ˚k
Yk z



, G´1
k “

„

Ek Fk
Pk Dk



.

Applying the above lemma on the matrix H with the column k being used instead of Column
zero, we get that

distphk, Hkq “

ˇ

ˇω´kL ´ y˚kDkyk
ˇ

ˇ

b

1`
›

›

“

0 y˚k
‰

G´1
k

›

›

2
“

ˇ

ˇω´kL ´ y˚kDkyk
ˇ

ˇ

a

1` }y˚kPk}
2 ` }y˚kDk}

2
. (24)

We shall use the notation

Numk “
ˇ

ˇω´kL ´ y˚kDkyk
ˇ

ˇ , and Denk “
b

1` }y˚kPk}
2 ` }y˚kDk}

2.

Lemma 22. The following facts hold true.

1. Assume that k P Cgoodpα20q. Then, there exist c22, C22 ą 0 such that

P
““
›

›

“

0 y˚k
‰

G´1
k

›

› ď C22

‰

X EoppCq
‰

ď expp´c22Nq.

2. On EoppCq, for each k P rns, we have }Pk}HS ď C}Dk}HS.

Proof. 1. Consider
}yk} “

›

›

“

0 y˚k
‰

G´1
k Gk

›

› ď
›

›

“

0 y˚k
‰

G´1
k

›

› }Gk}.

On EoppCq, we have }Gk} ď C`|z|`1. Moreover, since k P Cgoodpα20q, and since }nEyky˚k ´
Spe2ıπk{nq} is small by Lemma 10, there exist two constants c1, C 1 ą 0 such that

P
“

}yk} ď C 1
‰

ď expp´c1Nq

by Lemma 16–2. The proof of Item 1 is complete.

2. We show that for each constant non-zero vector u P CN ,

}u˚Pk} ď C}u˚Dk}.

The result follows then from the identity }M}2HS “
ř

k }e
˚
kM}

2, valid for each matrix M .
The vectors v˚ “ u˚Pk and w˚ “ u˚Dk satisfy

“

v˚ w˚
‰

“
“

0 u˚
‰

G´1
k ,
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and hence,
“

0 u˚
‰

“
“

v˚ w˚
‰

„

Ω´Lk Y ˚k
Yk z



.

In particular, v˚Ω´Lk ` w˚Yk “ 0, and this shows that }v} ď C}w} on EoppCq.

Lemma 22 will be used to control the value of Denk. Fix an arbitrary small real number ε ą 0,
and define the event

EDenpεq “
“

Den2
k ě ε}Dk}

2
HS

‰

.

Lemma 23 (denominator not too large). Assume that k P Cgoodpα20q. Then, there exists c23 ą 0
such that for all large n, PrEDenpεq X EoppCqs ď expp´c23εnq.

Proof. Defining the event E “
”

Den2
k ě pC

´2
22 ` 1q

›

›

“

0 y˚k
‰

G´1
k

›

›

2
ı

, we have

P rE X EoppCqs “ P
””

C2
22 ě

›

›

“

0 y˚k
‰

G´1
k

›

›

2
ı

X EoppCq
ı

ď expp´c22nq

by Lemma 22–1. Writing E 1pεq “
”

›

›

“

0 y˚k
‰

G´1
k

›

›

2
ě ε}Dk}

2
HS

ı

, we have

P
“

E 1pεq X EoppCq
‰

“ P
““

}y˚kPk}
2 ` }y˚kDk}

2 ě ε}Dk}
2
HS

‰

X EoppCq
‰

ď P
“

}y˚kPk}
2 ě ε}Pk}

2
HS{p2C

2q
‰

` P
“

}y˚kDk}
2 ě ε}Dk}

2
HS{2

‰

,

where we used Lemma 22–2. in the first inequality.
Note that

}y˚kDk}
2 ď 2}ỹ˚kDk}

2 ` 2}y̌˚kDk}
2 and }y̌˚kDk} ď }y̌k}

2}Dk}HS.

Hence there exists cN Ñ8 such that

P
“

}y˚kDk}
2 ě ε}Dk}

2
HS{2

‰

ď P
“

}ỹ˚kDk}
2 ě ε}Dk}

2
HS{8

‰

` P
“

}y̌˚k }
2 ě ε{8

‰

ď P
”

}ỹ˚kDk}
2 ě ε}S

1{2
k Dk}

2
HS{p8Mq

ı

` e´cNn

ď e1´εn{p16Mq ` e´cNn,

where we used Lemma 16–1 along with Proposition 11 in the second inequality, and Lemma 16–5
in the third one. We have a similar bound for P

“

}y˚kPk}
2 ě ε}Pk}

2
HS{p2C

2q
‰

. Consequently, there
exists c ą 0 such that P rE 1pεq X EoppCqs ď e´cεn for all large N .

Observing that EDenpεqXEc Ă E 1pε{pC´2
22 `1qq, we obtain as a consequence of these inequalities

that there exists c23 ą 0 such that for all large N ,

P rEDenpεq X EoppCqs ď P rEDenpεq X Ec X EoppCqs ` P rE X EoppCqs

ď P
“

E 1pε{pC´2
22 ` 1qq X EoppCq

‰

` P rE X EoppCqs

ď expp´c23εnq.

The proof of the lemma is now complete.

Now we get back to the expression in (23). As in Subsection 3.1, we use the shorthand notation
Sk “ Spe2ıπk{nq. Given k P Cgoodpα20q, we have

P rrdistphk, Hkq ď t{ns X EoppCqs “ P rrNumk{Denk ď t{ns X EoppCqs

ď P
„„

Numk

Denk
ď t{n



X EDenpεq
c X EoppCq



` P rEDenpεq X EoppCqs

ď P
„

nNumk

}Dk}HS
ď t
?
ε



` expp´c23εnq

ď P

«

nNumk

}S
1{2
k DkS

1{2
k }HS

ď t
?
ε{α20

ff

` expp´c23εnq.
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Writing Numk “
ˇ

ˇω´kL ` pỹk ` y̌kq
˚Dkpỹk ` y̌kq

ˇ

ˇ, we obtain from Lemma 16–3 and Proposition 11
that for some constant c ą 0,

P rrdistphk, Hkq ď t{ns X EoppCqs ď EYkLỹk
´

pỹk ` y̌kq
˚Dkpỹk ` y̌kq

}S
1{2
k DkS

1{2
k }HS

,
t
?
ε

α20

¯

` expp´c23εnq

ď ct
?
ε` expp´c23εnq.

Proposition 20 is obtained by combining the last inequality with Inequality (23).

Theorem 1: End of proof.

The proof is now completed by combining Proposition 19, Proposition 20, and Lemma 17.

3.5 Proof of Theorem 2

Throughout the proof, we fix k P rtNβu, tN{2us. None of the constants that will appear in the
course of the proof will depend on k.

The following lemma refines Inequality (8).

Lemma 24. For any k P rN s, we have

sN`n´k´1pH¨,rN`n´ksq ď sN´k´1pY ΩLY ˚ ´ zq.

Proof. Write any vector u P CN`n´k as u “ rvT wTsT with w P CN´k. Writing

H¨,rN`n´ksu “

»

–

Ω´L pYrN´ks,¨q
˚

Y zpIN q¨,rN´ks

fi

fl

„

v
w



“

»

–

Ω´Lv ` pYrN´ks,¨q
˚w

Y v ` zpIN q¨,rN´ksw

fi

fl ,

we have

sN`n´k´1pH¨,rN`n´ksq “ min
uPSN`n´k´1

}H¨,rN`n´ksu}

ď min
uPSN`n´k´1 : v“´ΩLpYrN´ks,¨q˚w

}H¨,rN`n´ksu}

ď min
wPSN´k´1

›

›

›

`

zIN ´ Y ΩLY ˚
˘

¨,rN´ks
w
›

›

›
.

On the other hand, using the variational characterization of the singular values of a matrix, see
[20, Th. 4.3.15], we can write

min
wPSN´k´1

›

›

›

`

Y ΩLY ˚ ´ zIN
˘

¨,rN´ks
w
›

›

›
ď sN´k´1pY ΩLY ˚ ´ zIN q,

and hence the result follows.

Similar to what we did for controlling the smallest singular value of H, we use the characteriza-
tion sN`n´k´1pH¨,rN`n´ksq “ minuPSN`n´k´1 }H¨,rN`n´ksu}, and we partition the set SN`n´k´1

into sets of compressible and incompressible vectors. So, write any vector u P SN`n´k´1 as
u “ rvT wTsT with w P CN´k. Let the set S Ă SN`n´k´1 be as in the statement of Proposition 19
above. We of course have

sN`n´k´1pH¨,rN`n´ksq “ inf
uPS

}H¨,rN`n´ksu} ^ inf
uPSN`n´k´1zS

}H¨,rN`n´ksu}. (25)

It can be readily checked that Proposition 19 remains true, once we change the values of the
constants that appear in its statement as needed. So, finally, the contribution of the term
infuPS }H¨,rN`n´ksu} has been estimated, and we are left with the incompressible vectors. Re-
garding these, we have the following proposition.
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Proposition 25 (incompressible vectors for the small singular values). There exist constants
a25 ą 0 and c25 ą 0 such that for all N larger than an integer that is independent of k P
rtNβu, tN{2us,

P
„„

inf
uPSN`n´k´1zS

}H¨,rN`n´ksu} ď a25

?
k{N



X EoppCq



ď expp´c25kq.

Remember the definition of the set Cgoodpαq Ă rns in Lemma 18 above. To prove this proposi-
tion, we begin by mimicking the argument that lead to Inequality (23) above. Specifically, there
exist positive constants c, c1 and α such that

P
„„

inf
uPSN`n´k´1zS

}H¨,rN`n´ksu} ď
ct

n1{2



X EoppCq



ď
c1

n

ÿ

`PCgoodpαq

P
““

distph`, H¨,rN`n´kszt`uq ď t
‰

X EoppCq
‰

, (26)

and |Cgoodpαq| is of order N .
This inequality calls for the following remark.

Remark 1. By checking the structure of the vector h` and the matrix H¨,rN`n´kszt`u (see be-
low), one can intuitively infer that with high probability, distph`, H¨,rN`n´kszt`uq

2 is of order

codimpH¨,rN`n´kszt`uq{N “ pk´ 1q{N . Taking t “
a

k{N and recalling the characterization (25),

we get that sN`n´k´1 Á
?
k{N , which is what is predicted by Theorem 2. However, one naturally

expects that these singular values grow linearly in k (as k{N) which would make the result of this
theorem sub-optimal. Actually, this sub-optimality is due in the first place to Inequality (26),
which is too conservative for obtaining optimal bounds on the small singular values that we are
dealing with here.

In [32], a tighter inequality is used to control the smallest singular value of a rectangular matrix.
Obtaining a corresponding inequality appears to be a quite involved task in the present context.

Proof of Proposition 25. We need to bound the summands at the right hand side of Inequality (26).
To this end, assume for notational simplicity that ` “ 0 (assuming without loss of generality that
0 P Cgoodpαq). In this case,

h0 “

»

–

1
0n´1

y0

fi

fl ,

and

H¨,rN`n´kszt0u “

»

—

—

—

—

—

—

–

0Tn´1 py0q
˚
rN´ks

pΩ´Lqr1:ns,r1:ns pYrN´ks,r1:nsq
˚

Y¨,r1:ns

„

zIN´k
0kˆpN´kq



fi

ffi

ffi

ffi

ffi

ffi

ffi

fl

P CpN`nqˆpN`n´k´1q.

Write

h0 “

„

0n´1

y0



P CN`n´1,

and let H0 be the matrix obtained by taking out the row 0 from H¨,rN`n´kszt0u, i.e.,

H0 “

»

—

—

—

—

–

pΩ´Lqr1:ns,r1:ns pYrN´ks,r1:nsq
˚

Y¨,r1:ns

»

–

zIN´k

0kˆpN´kq

fi

fl

fi

ffi

ffi

ffi

ffi

fl

P CpN`n´1qˆpN`n´k´1q.
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Note that h0 and H0 are “almost” independent. However, this is not so for h0 and H¨,rN`n´kszt0u.

Let a P CN`n´k´1 be the vector such that H¨,rN`n´kszt0ua “ ΠH¨,rN`n´kszt0uh0. Then,

distph0, H¨,rN`n´kszt0uq
2 “ }h0 ´H¨,rN`n´kszt0ua}

2 ě }h0 ´H0a}
2 ě distph0, H0q

2.

Consider again the decomposition y0 “ ỹ0 ` y̌0 with y̌0 “ Ery0 |Y¨,r1:nss, and write

h̃0 “

„

0n´1

ỹ0



, and ȟ0 “

„

0n´1

y̌0



P CN`n´1.

Then, writing G0 “
“

ȟ0 H0

‰

, we have

distph0, H0q “ distph̃0 ` ȟ0, H0q ě distph̃0 ` ȟ0, G0q “ distph̃0, G0q.

Observe that h̃0 and Gk are independent, and that N ` n´ k ´ 1 ď rankpG0q ď N ` n´ k with
probability one. Let r “ N ` n ´ 1 ´ rankpG0q, and let A “ rV T WTsT P CpN`n´1qˆr be an
isometry matrix such that AA˚ “ ΠKG0

. Here the partitioning of A is such that V P Cpn´1qˆr, and

W P CNˆr. Note that r P tk ´ 1, ku w.p. 1. Since AA˚ “ ΠKG0
, it holds that H˚0A “ 0, which can

be elaborated as

0 “ pΩLqr1:ns,r1:nsV ` pY¨,r1:nsq
˚W (27)

0 “ YrN´ks,r1:nsU `
“

z̄IN´k 0pN´kqˆk
‰

W.

Assume that }W }2HS ă ar with a “ {p1 ` C2q. By Equation (27), on the event EoppCq, we have
}V }2HS ď C2ar, which contradicts the identity }V }2HS ` }W }

2
HS “ r. Thus,

P
““

}W }2HS ă ar
‰

X EoppCq
‰

“ 0.

Using this result, we now provide a control over distph̃0, G0q “ }W
˚ỹ0}. It is clear that ỹ0 and W

are independent. On the event r}W }2HS ě ars, we know by Lemma 15 that

st a
2´a ru´1pW q

2 ě a{2.

Moreover, since 0 P Cgoodpαq, Proposition 11, with the help of Assumptions 1 and 3, shows that
nEỹ0ỹ

˚
0 ě pα{2qIN for all N large. Consequently, on the event r}W }2HS ě ars, the conditional

distribution of W˚ỹk with respect to the sigma-field σpW q is Gaussian with a covariance matrix
Σ P Hr

` such that st a
2´a ru´1pΣq ě aα{p4nq for all large N . Put t2 “ aαt a

2´aru{p8nq „ r{n. By

what precedes and by Lemma 16–2, we have

P
““

distph0, H¨,rN`n´kszt0uq
2 ď t2

‰

X EoppCq
‰

ď P
””

distph̃0, G0q
2 ď t2

ı

X EoppCq
ı

ď P
””

distph̃0, G0q
2 ď t2

ı

X
“

}W }2HS ě ar
‰

ı

` P
““

}W }2HS ă ar
‰

X EoppCq
‰

ď expp´c16,2t
a

2´ a
ruq.

The proof of Proposition 25 is completed by using Inequality (26).

Proof of Theorem 2

To complete the proof, we need to just combine Lemma 24 with the characterization (25), apply
Propositions 19 and 25 respectively to the two terms in this characterization, and use Lemma 17
to bound PrEoppCqs.
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4 Proofs regarding the singular value distribution of pR
pNq
L ´z

4.1 Proof of Theorem 5

We recall that Mm
` “ tM P Cmˆm, =M ą 0u.

Lemma 26. Given an integer m ą 0, let M P Mm
` . Then M is invertible, and }M´1} ď

}p=Mq´1}. Moreover, ´M´1 PMm
` .

Proof. For each non-zero vector u, we have

}u} }Mu} ě |u˚Mu| “ |u˚<Mu` ıu˚=Mu| ě u˚=Mu ą 0,

and hence M is invertible. For an arbitrary non-zero vector v, there is u ‰ 0 such that v “ Mu,
and we have from the former display that

}M´1v} }v} ě pM´1vq˚p=MqM´1v ě }p=Mq´1}´1}M´1v}2,

and hence the second result follows. We finally have

=pM´1q “M´1M
˚ ´M

2ı
M´˚ “ ´M´1p=MqM´˚ ă 0.

The following result is well-known. We provide its proof for completeness.

Lemma 27. A probability measure ν̌ is symmetric if and only if its Stieltjes transform gν̌ , seen
as an analytic function on CzR, satisfies gν̌p´ηq “ ´gν̌pηq.

Proof. The necessity is obvious from the definition of the Stieltjes transform and from the fact
that ν̌pdλq “ ν̌p´dλq. To prove the sufficiency, we use the Perron inversion formula, which says
that for any function ϕ P CcpRq,

ż

R
ϕpxq ν̌pdxq “ lim

εÓ0

1

π

ż

R
ϕpxq=gν̌px` ıεq dx.

By a simple variable change at the right hand side, and by using the equalities gν̌p´ηq “ ´gν̌pηq
and gν̌pη̄q “ ḡν̌pηq, we obtain that

ş

ϕpxq ν̌pdxq “
ş

ϕp´xq ν̌pdxq, and hence the result follows.

The operator T introduced before Theorem 5 has the following properties.

Lemma 28. Suppose M P C2Nˆ2N and S P HN
` . Then,

}T ppI2 b SqMq} ď }M} trS{n ď pN{nq}S}}M}.

If =M ě ρI2N for some ρ ą 0, then

=T ppI2 b SqMq ě ρn´1ptrSqI2.

Proof. To obtain the first result, we write

T ppI2 b SqMq “ T ppI2 b S
1{2qMpI2 b S

1{2qq

“
1

n

ÿ

`PrNs

„

e˚` S
1{2

e˚` S
1{2



M

„

S1{2e`
S1{2e`



.

Hence,
}T ppI2 b SqMq} ď n´1}M}

ÿ

`PrNs

}S1{2e`}
2 “ }M} trS{n.

To obtain the second inequality, just observe that =T ppI2 b SqMq “ T ppI2 b Sq=Mq and follow
the same derivation as above.
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Proof of Theorem 5

Given a function Mpηq P S2N , let

ApMpηq, eıθq “ T ppI2 b ΣpeıθqqMpηqq ` ULpe
ıθq.

We shall show that ApMpηq, eıθq´1 exists, is holomorphic as a function of η, is continuous as a
function of θ, and satisfies =ApMpηq, eıθq´1 ď 0.

First let ρ ą 0 be such that =Mpηq ě ρI. By Lemma 28, =ApMpηq, eıθq ě ρn´1 tr ΣpeıθqI2.
Thus, if Σpeıθq ‰ 0, then ApMpηq, eıθq´1 exists, is holomorphic in η, and =ApMpηq, eıθq´1 ă 0 by
Lemma 26.

Otherwise, ApMpηq, eıθq “ ULpe
ıθq, which is trivially invertible, and =ApMpηq, eıθq´1 “ 0.

In summary, ApMpηq, eıθq´1 is holomorphic in η and satisfies =ApMpηq, eıθq´1 ď 0, for each
θ P r0, 2πq. Moreover, the continuity of ApMpηq, eı¨q´1 follows from the continuity of ApMpηq, eı¨q.

From these properties of A, it follows that

BpMpηqq “ p2πq´1

ż 2π

0

ApMpηq, eıθq´1 b Σpeıθqdθ

exists, is holomorphic as a function of η, and satisfies =BpMpηqq ď 0. Since =
„

η z
z̄ η



“ =ηI2,

we get by Lemma 26 that the function FΣ,zpMpηq, ηq is holomorphic in η P C`, and takes values
in M2N

` . Furthermore, since M P S2N , it holds that }Mpηq} ď 1{p=ηq, and it is easy to show
that limtÑ8 ıtFΣ,zpM, ıtq “ ´I2N . In summary, FΣ,zpMpηq, ηq P S2N as a function of η when
M P S2N .

Let us now establish the uniqueness of the solution of Equation (3) in the class S2N . Assume
that P pz, ¨q and P 1pz, ¨q are two such solutions. Then,

FΣ,zpP, ηq ´ FΣ,zpP
1, ηq

“ FΣ,zpP, ηqpBpP
1q ´BpP qqFΣ,zpP

1, ηq

“ FΣ,zpP, ηqˆ
"

1

2π

ż 2π

0

`

ApP 1, eıθq´1T ppI2 b ΣpeıθqqpP ´ P 1qqApP, eıθq´1
˘

b Σpeıθqdθ

*

ˆ

FΣ,zpP
1, ηq.

Define the domain

D “
!

η P C` : =η ą 4}Σ}8

´N

n
_

c

N

n

¯)

.

Let η P D. Using the Inequality }P }, }P 1} ď 1{=η, along with Lemma 28, it can be checked that
}ApP, eıθq´1}, }ApP 1, eıθq´1} ď 2 when η P D. Using Lemma 28 again, we have

}P ´ P 1} “ }FΣ,zpP, ηq ´ FΣ,zpP
1, ηq} ď

4

p=ηq2
N

n
}Σ}28}P ´ P

1} ď
1

2
}P ´ P 1} (28)

which shows that P pz, ηq “ P 1pz, ηq for η P D, and hence, for η P C`.
To show the existence of the solution, set P0pz, ηq “ ´η´1I2N P S2N , and consider the

iterations
Pk`1pz, ηq “ FΣ,zpPkpz, ηq, ηq.

Then, Pkpz, ¨q P S
2N for each k, and furthermore, the sequence Pkpz, ηq converges on D to a func-

tion P8pz, ηq which satisfies P8pz, ηq “ FΣ,zpP8pz, ηq, ηq by Banach’s fixed point theorem. Fur-
thermore, given arbitrary vectors a, b P C2N , the sequence of holomorphic functions pa˚Pkpz, ¨qbqk
on D is a normal family, thus, their limit a˚P8pz, ¨qb is holomorphic on D by the normal family
theorem. Since a and b are arbitrary, P8pz, ¨q is a holomorphic matrix function on D that satisfies
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the properties of a matrix Stieltjes transform stated in Proposition 4. This shows that P8pz, ¨q is
the unique solution of Equation (3) in S2N .

It remains to establish the last result of Theorem 5. Extending the domain of FΣ,zpP pz, ηq, ηq
in the parameter η to CzR, we show that P is the solution of the equation P “ FΣ,zpP, ηq if and

only if the matrix function P 1 “

„

´P00 P01

P10 ´P11



is the solution of the equation P 1 “ FΣpP
1,´ηq.

This can be demonstrated by a direct calculation: writing

T peıθ, z, ηq “ T
`

pI2 b ΣpeıθqqP pz, ηq
˘

“

„

t00 t01

t10 t11



,

we have
`

T peıθ, z, ηq ` ULpe
ıθq

˘´1
“

1

∆

„

t11 ´pt01 ` e
´ıLθq

´pt10 ` e
ıLθq t00



,

with ∆ “ t00t11 ´ pt01 ` e
´ıLθqpt10 ` e

ıLθq. Thus,

P “

„

P00 P01

P10 P11



“

«

1
2π

ş

t11

∆ Σ´ η ´ 1
2π

ş

pt01`e
´ıLθ

q

∆ Σ´ z

´ 1
2π

ş

pt10`e
ıLθ
q

∆ Σ´ z̄ 1
2π

ş

t00

∆ Σ´ η

ff´1

.

Recalling the formula for the inverse of a partitioned matrix (see [20, §0.7.3])

„

M00 M01

M10 M11

´1

“

„

pM00 ´M01M
´1
11 M10q

´1 ´M´1
00 M01pM11 ´M10M

´1
00 M01q

´1

´pM11 ´M10M
´1
00 M01q

´1M10M
´1
00 pM11 ´M10M

´1
00 M01q

´1



we get the required result by a direct checking.
Using this result in conjunction with Lemma 27, we obtain that for each deterministic vector

u P CN , the scalar measures pu˚Λiiuqpdtq are symmetric for i “ 0, 1. This shows at once that the
measures Λii are symmetric. The proof of Theorem 5 is now complete.

4.2 Proof of Theorem 6

Recall that M is the bound provided by Assumption 1–(ii). From now on we shall write γsup “

supN N{n.
We first establish the tightness of the sequence pν̌z,N qN . As is well-known [14], this is equivalent

to showing that ´ıtgν̌z,N pıtq Ñ 1 as tÑ8 uniformly in N .
Given M PM2N

` , let

ApM, eıθq fi T ppI2 b Spe
ıθqqMq ` ULpe

ıθq.

By Lemma 28,
}T ppI2 b Spe

ıθqqGpz, ıtqq} ď γsupM{t.

Thus, for t ě 2γsupM , }ApGpz, ıtq, eıθq´1} ď 2. Since

Gpz, ıtq “ FS,zpGpz, ıtq, ıtq “
ˆ

1

2π

ż

ApGpz, ıtq, eıθq´1 b Speıθqdθ ´

„

ıt z
z̄ ıt



b IN

˙´1

,

it is clear that
´ıt

2N
trGpz, ıtq ÝÝÝÑ

tÑ8
1

uniformly in N , thus, the sequence pν̌z,N qN is tight.
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The remainder of the proof is devoted towards establishing the convergence (4). Recalling the

expression pRL “ XJLX˚ provided at the beginning of Section 3.1, we have

Qpz, ηq “
´

Hp pRL ´ zq ´ η
¯´1

“

„

´η XJLX˚ ´ z
XJ´LX˚ ´ z̄ ´η

´1

“

„

Q00 Q01

Q10 Q11



.

We begin by bounding the variance of p2Nq´1 trDQ at the left hand side of (4).

Proposition 29. Under Assumption 1–(ii)), for each deterministic matrix B P CNˆN and each
u, v P t0, 1u,

VarptrBQuvpz, ηqq ď 8γsupM
2
}B}2{p=ηq4.

The proof of this proposition will be based on the well-known Poincaré-Nash (PN) inequality
[10], [26], which is also a particular case of the Brascamp-Lieb inequality. Let v “ rv0, . . . , vm´1s

T

be a complex Gaussian random vector with Ev “ 0, EvvT “ 0, and Ervv˚s “ Σ. Let ϕ “

ϕpv0, . . . , vm´1, v̄0, . . . , v̄m´1q be a C1 complex function which is polynomially bounded together
with its derivatives. Then, writing

∇vϕ “ rBϕ{Bv0, . . . , Bϕ{Bvm´1s
T and ∇v̄ϕ “ rBϕ{Bv̄0, . . . , Bϕ{Bv̄m´1s

T,

the PN inequality is

Var pϕpvqq ď E
”

∇vϕpvqT Σ ∇vϕpvq
ı

` E
“

p∇v̄ϕpvqq˚ Σ ∇v̄ϕpvq
‰

. (29)

If we rewrite Qpz, ηq as Qpz, ηq “ QX to emphasize the dependence of the resolvent on the matrix
X, then, given a matrix ∆ P CNˆn, the resolvent identity implies that

QX`∆ ´QX

“ ´QX`∆
`

pQX`∆q´1 ´ pQXq´1
˘

QX

“ ´QX`∆

„

pX `∆qJLpX `∆q˚ ´XJLX˚

pX `∆qJ´LpX `∆q˚ ´XJ´LX˚



QX .

Using this equation, we can obtain the expression of Ba˚Quvb{Bx̄ij , where a, b P CN , u, v P t0, 1u,
i P rN s, and j P rns. Indeed, taking ∆ “ eN,ie

˚
n,j in the former expression, we get after a simple

derivation that

Ba˚Quvb

Bx̄ij
“ ´

“

a˚Qu1XJ
´L

‰

j

“

Q0vb
‰

i
´
“

a˚Qu0XJ
L
‰

j

“

Q1vb
‰

i
. (30)

Proof of Proposition 29. We apply Inequality (29) by respectively replacing v and ϕ with vecX
and trBQuv (seen as a function of X).

Given k, i P rN s, and j P rns, we have

Bre˚kBQuveks

Bx̄ij
“ ´

“

BQu1XJ
´L

‰

kj

“

Q0v

‰

ik
´
“

BQu0XJ
L
‰

kj

“

Q1v

‰

ik
,

and thus,
B trBQuv
Bx̄ij

“ ´
“

Q0vBQu1XJ
´L

‰

ij
´
“

Q1vBQu0XJ
L
‰

ij
.

Let us focus on the second term at the right hand side of Inequality (29). Observing that
Erxi1j1 x̄i2j2s “ n´1rRj1´j2si1,i2 , and recalling the expression of the block-Toeplitz matrix R given
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by Equation (11), we have

ÿ

i1,i2PrNs

ÿ

j1,j2Prns

E
”

BtrBQuv
Bx̄i1j1

Erxi1j1 x̄i2j2s
B trBQuv
Bx̄i2j2

ı

ď 2E vecpQ0vBQu1XJ
´Lq˚R vecpQ0vBQu1XJ

´Lq ` 2E vecpQ1vBQu0XJ
Lq˚R vecpQ1vBQu0XJ

Lq

ď
2M

n

`

E}Q0vBQu1XJ
´L}2HS ` E}Q1vBQu0XJ

L}2HS

˘

ď
4M}B}2

p=ηq4n
E}X}2HS

ď
4γsupM

2
}B}2

p=ηq4
.

The first term at the right hand side of Inequality (29) is treated similarly, leading to the bound
given in the statement, and the proof is complete.

In order to establish the convergence (4), using Proposition 29 and the Borel-Cantelli lemma,
it will be enough to show that

@η P C`,
1

2N
trDpNq

´

EQpNqpz, ηq ´GpNqpz, ηq
¯

ÝÝÝÝÑ
NÑ8

0. (31)

Following the general canvas of [28], we approximate our process xpNq by a Moving Average process
with a finite memory. We shall construct from this MA process a resolvent that will be more easily
manageable than QpNq.

With reference to Theorem 5, first consider a discrete analogue of the integral within the
expression of FΣ,z. A straightforward adaptation of its proof yields the following proposition and
we omit the details.

Proposition 30. Let Σ : TÑ HN
` be a continuous function, and let z P C. Then, the conclusions

of Theorem 5 remain true if the function FΣ,z there is replaced with

qFΣ,zpMpηq, ηq “

´ 1

n

ÿ

`Prns

ˆ

T ppI2 b Σpe2ıπ`{nqqMpηqq `

„

e´2ıπ`L{n

e´2ıπ`L{n

˙´1

bΣpe2ıπ`{nq´

„

η z
z̄ η



bIN

¯´1

.

Now, given an integer constant K ą 0, let us define the function pSpN,Kq on T as

pSpN,Kqpeıθq “
1

2π

ż 2π

0

FKpe
ıpθ´ψqqSpNqpeıψq dψ,

where FK is the Fejér kernel (see Equation (13)). This function has the following properties:

1. By the non-negativity of the Fejér kernel, pSpN,Kq is a spectral density.

2. By replacing FKpe
ıpθ´ψqq with the first expression of this kernel provided by (13), and by

developing the integrand above, we obtain that pSpN,Kq is a Laurent trigonometric polynomial

of the form pSpN,Kqpeıθq “
řK
`“´K e

ı`θ
rR
pN,Kq
` .

3. With Assumptions 1–(i) and 1–(ii), we have

sup
N

›

›

›

pSpN,Kq ´ SpNq
›

›

›

T

8
ÝÝÝÝÑ
KÑ8

0. (32)

Relation (32) can be established by splitting the integral that defines pSpN,Kqpeıθq into two

pieces as
ş2π

0
“
ş

ψ:|θ´ψ|ďδ
`
ş

ψ:|θ´ψ|ąδ
for a properly chosen δ ą 0, and by using the proper-

ties of the Fejér kernel provided after Equation (13).
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Consider the implicit equation

pGpN,Kqpz, ηq “ qF
pSpN,Kq,zp

pGpN,Kqpz, ηq, ηq (in S2N q.

From Proposition 30, the solution pGpN,Kqpz, ¨q exists and is unique. The following three proposi-
tions will be proved in Section 4.3.

Proposition 31. For each η such that =η ě C31 with C31 “ C31pγsup,Mq ą 0,

lim sup
N

} pGpN,Kqpz, ηq ´GpNqpz, ηq} ÝÝÝÝÑ
KÑ8

0.

Let px̂
pN,Kq
k qkPZ be a CN–valued stationary centered Gaussian process with the spectral density

n´1
pSpN,Kq. Define

pXpN,Kq “
”

x̂
pN,Kq
0 ¨ ¨ ¨ x̂

pN,Kq
n´1

ı

and pQpN,Kqpz, ηq “ pHp pXpN,KqJLp pXpN,Kqq˚ ´ zq ´ ηIq´1.

We then have the following proposition.

Proposition 32. Fix K ą 0. Then, for an arbitrary deterministic matrix DpNq P C2Nˆ2N with
}DpNq} “ 1, we have

1

N

ˇ

ˇ

ˇ
trDpNq

´

E pQpN,Kqpz, ηq ´ pGpN,Kqpz, ηq
¯
ˇ

ˇ

ˇ
ď
CK
?
N
,

where C ą 0 depends only on η,M , and γsup.

We note here that the bound provided in the statement of this proposition is not optimal but
is good enough for our purpose.

Proposition 33. With DpNq as in the previous proposition,

lim sup
N

1

N

ˇ

ˇ

ˇ
trDpNq

´

EQpNqpz, ηq ´ E pQpN,Kqpz, ηq
¯
ˇ

ˇ

ˇ
ÝÝÝÝÑ
KÑ8

0.

Theorem 6: end of the proof.

We write

1

N
trDpNqpEQpNq ´GpNqq

“
1

N
trDpNqpEQpNq ´ E pQN,Kq `

1

N
trDpNqpE pQN,K ´ pGpN,Kqq

`
1

N
trDpNqp pGpN,Kq ´GpNqq

fi χ1pN,Kq ` χ2pN,Kq ` χ3pN,Kq.

Fix an arbitrarily small ε ą 0. Let K0, N0 ą 0 be such that, by Propositions 33 and 31,

|χ1pN,K0q|, |χ3pN,K0q| ď ε for all N ě N0 and =η ą C31.

By Proposition 32, χ2pN,K0q ÑNÑ8 0. Thus, p2Nq´1 trDpNqpEQpNq ´ GpNqq ÑN 0 first for
=η ą C31, and hence for each η P C` by analyticity. Thus (31) is established. This completes the
proof of Theorem 6.
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4.3 Remaining proofs for Section 4.2

Proof of Proposition 31

Let S̄pN,Kqpeıθq “ pSpN,Kqpe2ıπk{nq and ŪLpe
ıθq “ ULpe

2ıπk{nq for θ P r2πk{n, 2πpk ` 1q{nq be the

respective stepwise continuous versions of the functions pSpN,Kq and UL with step size 2π{n. Within
this proof, we re-denote the function FΣ,z defined in the statement of Theorem 5 as FΣ,z,UL to

stress the dependence on UL. With this notation, it is obvious that qF
pSpN,Kq,z “ FS̄pN,Kq,z,ŪL .

In the rest of the proof, we often drop the superscripts pNq and pN,Kq and the subscript L for
brevity. Given M P S2N , put AS,U pM, eıθq fi T ppI2bSpeıθqqMq`Upeıθq, where pS,Uq “ pS,Uq

or pS̄, Ūq. Write BS,U pMq “ p2πq
´1

ş2π

0
AS,U pM, eıθq´1 b Speıθqdθ.

We also assume that K is large enough so that

sup
N
}S̄}T8 ď 2M .

By dropping the unnecessary parameters from the notations, we write

G´ pG

“ FS,U pGq ´ FS̄,Ū p pGq “ FS,U pGq
´

BS̄,Ū p pGq ´BS,U pGq
¯

FS̄,Ū p pGq

“ FS,U pGq
ˆ

1

2π

ż 2π

0

´

AS̄,Ū p pG, e
ıθq´1 b S̄peıθq ´AS,U pG, e

ıθq´1 b Speıθq
¯

dθ

˙

FS̄,Ū p pGq

“ FS,U pGq
ˆ

1

2π

ż

´

AS̄,Ū p pGq
´1 b S̄ ´AS,U p pGq

´1 b S

`pAS,U p pGq
´1 ´AS,U pGq

´1q b S
¯

dθ
¯

FS̄,Ū p pGq

“ FS,U pGq
ˆ

1

2π

ż

´

AS̄,Ū p pGq
´1 b pS̄ ´ Sq ` pAS̄,Ū p pGq

´1 ´AS,U p pGq
´1q b S

`pAS,U p pGq
´1 ´AS,U pGq

´1q b S
¯

dθ
¯

FS̄,Ū p pGq

fi FS,U pGq
ˆ

1

2π

ż

pχ1 ` χ2 ` χ3qdθ

˙

FS̄,Ū p pGq.

By Lemma 28, we have that }T ppI2 bSpeıθqqGq} ď 2γsupM{=η for any of the possibilities for S

and for G “ G, pG. Thus, for
2γsupM{=η ď 1{2,

we have }ASpG, e
ıθq´1} ď 2. Therefore,

}χ1} ď 2}S̄ ´ S}T8.

Moreover,

χ2 “ pAS̄,Ū p pGq
´1 ´AS,U p pGq

´1q b S

“

´

AS̄,Ū p pGq
´1

´

T ppI2 b pS̄ ´ Sqq pGq ` U ´ Ū
¯

AS,U p pGq
´1

¯

b S

satisfies
}χ2} ď 4Mγsupp=ηq´1}S̄ ´ S}T8 ` 4M}U ´ Ū}

for the same values of η. By mimicking the calculation that lead to Inequality (28), we obtain

}χ3} ď
4

p=ηq2
γsupM

2
}G´ pG}.
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Using the inequality }FSpGq} ď 1{p=ηq, we thus arrive at

˜

1´
4γsupM

2

p=ηq4

¸

}GpNq ´ pGpN,Kq}

ď
2

p=ηq2

ˆ

1`
4γsupM

=η

˙

}S̄pN,Kq ´ SpNq}T8 `
4M

p=ηq2
}ŪL ´ UL}

T
8.

Thus, if =η ą p8γsupM
2
q1{4 _ p4γsupMq, then

}GpNq ´ pGpN,Kq} ď C}S̄pN,Kq ´ SpNq}T8 ` C
1}ŪL ´ UL}

T
8

for some constants C,C 1 ą 0. Now the proof can be completed by using the convergence (32).

Proof of Proposition 32

From now on, C is a positive constant that depends on η, M , and γsup at most, and can change

from line to line. Recalling Properties 1 and 2 of the density pSpN,Kq that were stated in Section 4.2
above, our first step is to apply the well-known operator version of the Fejér-Riesz theorem (see [29,

Sec. 6.6]) to pSpN,Kq. This implies that for each pN,Kq, there exists an NˆN matrix trigonometric
polynomial

P pN,Kqpeıθq “
K
ÿ

`“0

eı`θB
pN,Kq
`

such that pSpN,Kqpeıθq “ P pN,KqpeıθqP pN,Kqpeıθq˚.

Letting ξpNq “ pξ
pNq
k qkPZ be an i.i.d. process with ξ

pNq
k „ NCp0, IN q, the process px̂

pN,Kq
k qkPZ

that we used to construct the resolvent pQpN,Kq can be defined as

x̂
pN,Kq
k “

1
?
n

K
ÿ

`“0

B
pN,Kq
` ξ

pNq
k´`.

Define the finite sequence of random vectors px̃
pN,Kq
k qkPrns as

x̃
pN,Kq
k “

1
?
n

K
ÿ

`“0

B
pN,Kq
` ξ

pNq
pk´`q mod n

(thus, x̃
pN,Kq
k is the analogue of x̂

pN,Kq
k obtained through a circular convolution). Define

rXpN,Kq “
”

x̃
pN,Kq
0 ¨ ¨ ¨ x̃

pN,Kq
n´1

ı

P CNˆn,

and
rQpN,Kqpz, ηq “ pHp rXpN,KqJLp rXpN,Kqq˚ ´ zq ´ ηIq´1.

Observing that rankp pX ´ rXq ď K, we get

rankpHp pXJL pX˚ ´ zq ´Hp rXJL rX˚ ´ zqq ď 4K.

Thus, for each matrix D P C2Nˆ2N , the inequality

ˇ

ˇ

ˇ
trDp pQpz, ηq ´ rQpz, ηqq

ˇ

ˇ

ˇ
ď

4K}D}

=η
(33)

holds (see [34, Lemma 2.6]). We can thus work with rQ in place of pQ for establishing Proposition 32.

37



For k P rns, let

w
pN,Kq
k “

1
?
n

n´1
ÿ

`“0

e2ıπk`{nx̃
pN,Kq
`

be the discrete Fourier transform of the finite sequence px̃0, . . . , x̃n´1q, and define the matrix

W pN,Kq “

”

w
pN,Kq
0 ¨ ¨ ¨ w

pN,Kq
n´1

ı

“ rXpN,KqF P CNˆn

where F is the Fourier matrix defined in (7). Since the x̃` are built through a circular convolution,

the vectors wk are independent, and wk „ NCp0, n
´1

pSpe2ıπk{nqq. Recalling that J “ FΩF˚ with
Ω “ diagpω`qn´1

`“0 and ω “ expp´2ıπ{nq, we can write

rQpz, ηq “ pHp rXJL rX˚ ´ zq ´ ηIq´1 “ pHpWΩLW˚ ´ zq ´ ηIq´1.

The remainder of the proof will be devoted towards showing that

›

›

›
E rQpN,Kqpz, ηq ´ pGpN,Kqpz, ηq

›

›

›
ď CN´1{2, (34)

taking advantage of the independence of the columns of W . This bound, used in conjunction with
the bound (33), immediately leads to the result of Proposition 32.

The proof of Inequality (34) relies on the NP inequality that we used above, as well as on
the well-known Integration by Parts (IP) formula for Gaussian functionals [17, 22]. Recalling the
definition of the vector v and the functional ϕ after Proposition 29 above, the IP formula reads as

Evkϕpvq “
n´1
ÿ

`“0

rΣsk` E
„

Bϕpvq

Bv̄`



.

Write rQpz, ηq “

«

rQ00
rQ01

rQ10
rQ11

ff

, and W “
“

wij
‰

iPrNs,jPrns
. By reproducing verbatim the derivation

that we made to obtain the Identity (30), we have

Ba˚ rQuvb

Bw̄ij
“ ´

”

a˚ rQu1WΩ´L
ı

j

”

rQ0vb
ı

i
´

”

a˚ rQu0WΩL
ı

j

”

rQ1vb
ı

i
.

In the subsequent derivations, we write pSk “ pSpe2ıπk{nq. Let a, b be two constant vectors in CN .

Write b “ rb0, . . . , bN´1s
T, and let αuvp`q “ E

”

ra˚ rQuvW s`rW
˚bs`

ı

. By the IP formula, we have

αuvp`q

“
ÿ

iPrNs

E
”

ra˚ rQuvsiwi`rW
˚bs`

ı

“
1

n

ÿ

i,mPrNs

rpS`simE
Bpra˚ rQuvsirW

˚bs`q

Bw̄m`

“
1

n

ÿ

i,m

rpS`simE
”

´ra˚ rQu1WΩ´Ls`r rQ0vsmirW
˚bs` ´ ra

˚
rQu0WΩLs`r rQ1vsmirW

˚bs`

` ra˚ rQuvsibm

ı

“ ´E
”

ra˚ rQu1W s`rW
˚bs`ω

´`L tr rQ0v
pS`

n

ı

´ E
”

ra˚ rQu0W s`rW
˚bs`ω

`L tr rQ1v
pS`

n

ı

`
Era˚ rQuv pS`bs

n
.

Write rqsuvp`q “ E tr rQuv pS`{n. We shall isolate the terms rqs0vp`q and rqs1vp`q in the last display
by resorting to the following lemma.
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Lemma 34. The two inequalities, Var rqsuvp`q ď C{n2, and Varra˚ rQuvW s`rW
˚bs` ď C}a}2}b}2{n

hold.

Proof. The first bound is obtained by repeating almost word for word the proof of Proposition 29.
To obtain the second bound, we also use the NP inequality again. We start by writing

Bra˚ rQuvW s`rW
˚bs`

Bw̄ij
“
ÿ

k

Bra˚ rQuvskwk`rW
˚bs`

Bw̄ij

“ ra˚ rQuvW s`bi1j“` ´ ra
˚
rQu1WΩ´LsjrQ0vW si`rW

˚bs`

´ ra˚ rQu0WΩLsjrQ1vW si`rW
˚bs`.

We focus on the second term at the right hand side of Inequality (29), treating separately the
three terms at the right hand side of the last display. Starting with the first term, we get

1

n

ÿ

i1,i2PrNs

Era˚ rQuvW s`bi1rpS`si1,i2ra˚ rQuvW s`bi2

“
1

n
b˚ pS`bE|ra˚ rQuvW s`|2 ď }a}2}b}2C{n.

Turning to the second of these terms, we have

1

n

ÿ

i1,i2PrNs

ÿ

jPrns

E|rW˚bs`|
2 |ra˚ rQu1WΩ´Lsj |

2rQ0vW si1`r
pSjsi1,i2rQ0vW si2`

ď
M

n
E|rW˚bs`|

2 }a˚ rQu1W }
2}rQ0vW s¨,`}

2

ď }a}2}b}2C{n2,

where the last inequality can be obtained by applying, e.g., Lemma 17 along with standard
inequalities. The third term can be handled similarly.

Thanks to these bounds and to Cauchy-Schwarz inequality, we obtain the identity

αuvp`q “ ´αu0p`qω
`L

rqs1vp`q ´ αu1p`qω
´`L

rqs0vp`q ` n
´1Era˚ rQuv pS`bs ` ε,

with }ε} ď C}a}}b}n´3{2. This leads to the system of equations

„

1` ω`L rqs10p`q ω´`L rqs00p`q
ω`L rqs11p`q 1` ω´`L rqs01p`q

 „

αu0p`q
αu1p`q



“
1

n

«

Era˚ rQu0
pS`bs

Era˚ rQu1
pS`bs

ff

` ε,

with }ε} ď C}a}}b}n´3{2. The matrix at the left hand side of this expression, that we denote as
T`, is written as

T` “ I2 `T

ˆ

pI2 b pS`q

ˆ

rQT

„

ω´`L

ω`L

˙˙

.

Assume that K is large enough so that }pS`} ď 2M for all ` P rns, and take =η ě 4γsupM . Then
by Lemma 28 we get that }T` ´ I2} ď 1{2. Thus, the determinant

dp`q “ p1` ω`L rqs10p`qqp1` ω
´`L

rqs01p`qq ´ rqs00p`q rqs11p`q

of T` is such that |dp`q| is bounded away from zero uniformly in N and `. Solving our system, and
reusing henceforth the notations ε and ε at will, we get that

„

αu0p`q
αu1p`q



“
1

n

1

dp`q

„

p1` ω´`L rqs01p`qq ´ω´`L rqs00p`q
´ω`L rqs11p`q p1` ω`L rqs10p`qq



«

Era˚ rQu0
pS`bs

Era˚ rQu1
pS`bs

ff

` ε, (35)
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with }ε} ď C}a}}b}n´3{2.

Now, keeping in mind the identity rQ
´

HpWΩLW˚q ´

„

η z
z̄ η



b IN

¯

“ I, our purpose is to

find an approximant of the matrix

rQHpWΩLW˚q “

«

rQ01WΩ´LW˚
rQ00WΩLW˚

rQ11WΩ´LW˚
rQ10WΩLW˚

ff

.

To that end, we write

Era˚ rQu0WΩLW˚bs “
ÿ

`Prns

ω`Lαu0p`q, and Era˚ rQu1WΩ´LW˚bs “
ÿ

`Prns

ω´`Lαu1p`q,

and we use Equation (35) to obtain

”

Ea˚ rQu1WΩ´LW˚b Ea˚ rQu0WΩLW˚b
ı

“ a˚E
”

rQu0
rQu1

ı

ˆ
1

n

ÿ

`Prns

1

dp`q

„

´ rqs11p`q ω`L ` rqs01p`q
ω´`L ` rqs10p`q ´ rqs00p`q



b ppS`bq ` ε (36)

with }ε} ď C}a}}b}n´1{2 (note that we lost a factor of n´1 because of the summation
ř

`Prns). Let

UL,` fi ULpe
2ıπ`{nq “

„

ω`L

ω´`L



, and define the matrix

Cpz, ηq fi
1

n

ÿ

`Prns

1

dp`q

„

´ rqs11p`q ω`L ` rqs01p`q
ω´`L ` rqs10p`q ´ rqs00p`q



b pS`

“
1

n

ÿ

`Prns

ˆ„

rqs00p`q rqs01p`q
rqs10p`q rqs11p`q



` UL,`

˙´1

b pS`

“
1

n

ÿ

`Prns

´

T ppI2 b pS`qE rQq ` UL,`

¯´1

b pS`.

Then, Equation (36) can be rewritten as

Ea˚ rQu1WΩ´LW˚b “ a˚E
”

rQu0
rQu1

ı

C

„

b
0



` ε,

Ea˚ rQu0WΩLW˚b “ a˚E
”

rQu0
rQu1

ı

C

„

0
b



` ε1,

with |ε|, |ε1| ď C}a}}b}n´1{2. Let a and b be two constant vectors in C2N . Recalling the expression

of rQHpWΩLW˚q above, the last display can be written compactly as

ˇ

ˇ

ˇ
a
´

E rQHpWΩLW˚q ´ E rQC
¯

b
ˇ

ˇ

ˇ
ď C}a}}b}n´1{2,

equivalently,
›

›

›
E rQHpWΩLW˚q ´ E rQC

›

›

›
ď Cn´1{2.

Since E rQ P S2N , it is easy to prove, mostly by mimicking the first part of the proof of Theorem 5,
that the matrix function

Rpz, ηq “
´

Cpz, ηq ´

„

η z
z̄ η



b IN

¯´1

40



is well defined for η P CzR, and Rpz, ¨q P S2N . In particular, }Rpz, ηq} ď 1{=η for η P C`. We
therefore have

}E rQ´R} “ }E rQpR´1 ´ rQ´1qR} “ }pE rQC ´ E rQHpWΩLW˚qqR}

ď }pE rQC ´ E rQHpWΩLW˚q} }R}

ď Cn´1{2.

To complete the proof of Proposition 32, it remains to control the norm }R´ pG}. Remembering

that pG is defined through the implicit equation in Proposition 31, we use the contraction property
of qF

pS,zp¨, ηq to gain this control. By mimicking the derivation that led to Inequality (28), we

obtain that if K is large enough so that }pS}T8 ď 2M , and if =η is large enough, then

} qF
pS,zpM,ηq ´ qF

pS,zpM
1, ηq} ď

1

2
}M ´M 1}.

Notice that R “ qF
pS,zpE rQ, ηq. Therefore, if =η is large enough, we have

}R´ pG} “ } qF
pS,zpE rQ, ηq ´ qF

pS,zpR, ηq `
qF
pS,zpR, ηq ´

qF
pS,zp

pG, ηq} ď
1

2
}E rQ´R} `

1

2
}R´ pG},

leading to
}R´ pG} ď }E rQ´R} ď Cn´1{2.

Finally }E rQ ´ pG} ď }E rQ ´ R} ` }R ´ pG} ď Cn´1{2. The proof of Proposition 32 can now be
completed by combining this bound with the inequality (33).

Proof of Proposition 33

We can assume that the processes px
pNq
k qk and px̂

pN,Kq
k qk that constitute the columns of the ma-

trices XpNq and pXpN,Kq respectively, are generated by applying the filters with Fourier transforms

n´1{2SpNqpeıθq1{2 and n´1{2
pSpN,Kqpeıθq1{2 respectively to the same i.i.d. process ξpNq “ pξ

pNq
k qkPZ

with ξ
pNq
k „ NCp0, IN q. This being the case, we have

E}xpNqk ´ x̂
pN,Kq
k }2 “

1

n

1

2π

ż 2π

0

}SpNqpeıθq1{2 ´ pSpN,Kqpeıθq1{2}2HSdθ.

Hence, by (32), we get that

sup
N

E}xpNqk ´ x̂
pN,Kq
k }2 ÝÝÝÝÑ

KÑ8
0.

For any two square matricesM1 andM2 of same order, by Cauchy-Schwarz inequality, | trM1M2| ď

}M1}HS}M2}HS. Thus, by the resolvent identity,

1

N2

ˇ

ˇ

ˇ
trDpEQpz, ηq ´ E pQpz, ηqq

ˇ

ˇ

ˇ

2

ď
1

N2
E
ˇ

ˇ

ˇ
trDQpz, ηqpHp pXJL pX˚q ´HpXJLX˚qq pQpz, ηq

ˇ

ˇ

ˇ

2

ď
1

p=ηq4
1

N
E}Hp pXJL pX˚q ´HpXJLX˚q}2HS.

Writing E}XJLX˚ ´ pXJL pX˚}2HS “ E}pX ´ pXqJLX˚ ` pXJLpX ´ pXq˚}2HS, it is enough to bound

E}pX ´ pXqJLX˚}2HS. Given a constant κ ą 0, we have

1

n
E}pX ´ pXqJLX˚}2HS ď

1

n
E}pX ´ pXq}2HS}X}

2

ď
κ2

n
E}pX ´ pXq}2HS `

1

n
E}pX ´ pXq}2HS}X}

2
1}X}ąκ

ď κ2E}xk ´ x̂k}2 `
1

n
pEp}X ´ pX}4HSq

1{2pE}X}41}X}ąκq1{2.
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With the help of Lemma 17, the second term in the last expression can be made as small as
desired, independently of N , when N is large enough, by choosing κ large enough. The first term
converges to zero as K Ñ8 as shown above.

4.4 Corollary 9: sketch of the proof

We have here Gpz, ηq “ FIN ,zpGpz, ηq, ηq for η P C`. We also know from the proof of Theorem 5
that if we start with P0pz, ηq “ ´η

´1I2N , then the iterates Pk`1pz, ηq “ FI,zpPkpz, ηq, ηq converge

to Gpz, ηq uniformly on the compacts of C` in the parameter η. Writing T pPkq “

„

p00,k p01,k

p10,k p11,k



where the argument pz, ηq is omitted, by developing the expression of FIN ,zpPk, ηq, we get that

Pk`1 “

»

–

1
2π

ş p11,k

∆kpeıθq
dθ ´ η ´ 1

2π

ş pp01,k`e
´ıθ
q

∆kpeıθq
dθ ´ z

´ 1
2π

ş pp10,k`e
ıθ
q

∆kpeıθq
dθ ´ z̄ 1

2π

ş p00,k

∆kpeıθq
dθ ´ η

fi

fl

´1

b IN ,

where ∆kpe
ıθq “ p00,kp11,k ´ pp01,k ` e´ıθqpp10,k ` eıθq. Setting from now on η “ ıt with t ą 0,

it is obvious that p00,0 “ p11,0 “ ıh0 for h0 “ 1{t ą 0, and p01,0 “ p̄10,0 (“ 0 here). Assuming
that p00,k “ p11,k “ ıhk for some hk ą 0 and p01,k “ p̄10,k, it is not difficult to show by
developing the last display that the same properties hold for Pk`1. Passing to the limit, we
obtain that g00pz, ıtq “ g11pz, ıtq “ ıh for some h ą 0, and g01pz, ıtq “ ḡ10pz, ıtq, where we wrote

T pGq “

„

g00 g01

g10 g11



. With this at hand, the equation Gpz, ıtq “ FI,zpGpz, ıtq, ıtq becomes

G “
´ 1

2π

ż 2π

0

1

r∆peıθq

„

´ıh g01 ` e
´ıθ

ḡ01 ` e
ıθ ´ıh



dθ ´

„

ıt z
z̄ ıt



¯´1

b IN

“
n

N

„

ıh g01

ḡ01 ıh



b IN

where r∆peıθq “ h2 ` |g01 ` e´ıθ|2. After some calculation, this equation can be equivalently
restated in the form of the following system of two equations:

N

n
“

1

2π

ż 2π

0

h2 ` |g01|
2 ` g01e

ıθ

r∆peıθq
dθ ` th´ z̄g01,

0 “
1

2π

ż 2π

0

he´ıθ

r∆peıθq
dθ ´ zh´ tg01.

This coincides with the system of equations (33a) and (33b) of [7].

A Proof of Lemma 16

1. Using Markov’s inequality, an obvious integration with respect to the exponential distribu-
tion, and using the inequality ´ logp1´ xq ď 2x for x P r0, 1{2s, we have

P
”

}Σ1{2ξ} ě
?

2Nt
ı

“ P

«

N´1
ÿ

`“0

s`pΣq|ξ`|
2 ě 2Nt

ff

“ P

«

exp

řN´1
`“0 s`pΣq|ξ`|

2

2}Σ}
ě exp

Nt

}Σ}

ff

ď e´Nt{}Σ}E

«

exp

řN´1
`“0 s`pΣq|ξ`|

2

2}Σ}

ff

“ e´
Nt
}Σ}

N´1
ź

`“0

p1´ s`pΣq{p2}Σ}qq
´1

ď exp
´

´
Nt

}Σ}
`

N´1
ÿ

`“0

s`pΣq

}Σ}

¯

ď e´pt{}Σ}´1qN .
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2. We have }Σ1{2ξ}2
L
“

řN´1
`“0 s`pΣq|ξ`|

2 ě α
řm´1
`“0 |ξ`|

2. Thus, by a calculation similar to
above,

Pr}Σ1{2ξ} ď
a

αm{2s ď Pr
m´1
ÿ

`“0

|ξ`|
2 ď m{2s ď expp´c16,2mq.

3. We obviously have that

pξ ` aq˚Mpξ ` aq “ pξ ` aq˚<Mpξ ` aq ` ı pξ ` aq˚=Mpξ ` aq,

and both pξ ` aq˚<Mpξ ` aq and pξ ` aq˚=Mpξ ` aq are real. Furthermore,

}M}2HS “ }<M}2HS ` }=M}2HS.

Let us assume that }<M}HS ě }M}HS{
?

2, otherwise, we replace <M with =M . From these
facts, we deduce that

Lppξ ` aq˚Mpξ ` aq{}M}HS, tq ď Lppξ ` aq˚<Mpξ ` aq{}<M}HS,
?

2tq.

By a spectral factorization of the Hermitian matrix <M ,

pξ ` aq˚<Mpξ ` aq{}<M}HS
L
“

ÿ

`PrNs

β`|ξ` ` u`|
2,

where the u` are deterministic complex numbers, and the β` are deterministic reals that
satisfy

ř

β2
` “ 1, since they are the eigenvalues of }<M}´1

HS<M . The random variable
|ξ` ` u`|

2 is non-central chi-squared with two degrees of freedom and has the density

f`pxq “ expp´px` |u`|
2qqI0p2|u`|

?
xq

on R`, where I0 is the modified Bessel function. Since these densities are bounded by one
[1], we can get the result from [33, Th. 1.2].

4. By the restriction property of Lévy’s anti-concentration function,

LpΣ1{2ξ,
?
mtq ď sup

pd0,...,dm´1qPCm
P

«

m´1
ÿ

`“0

ˇ

ˇ

ˇ
s`pΣq

1{2ξ` ´ d`

ˇ

ˇ

ˇ

2

ď mt2

ff

.

We furthermore use the following well-known tensorization result (see [31, Lemma 2.2]):
Suppose tw0, . . . , wm´1u is a collection of independent non-negative random variables such
that there is a constant c ą 0 such that for each t ě 0,

Prw` ď ts ď ct.

Then there exists a constant c1 ą 0 so that

Pr
m´1
ÿ

`“0

w2
` ď mt2s ď pc1tqm.

In the present case, for each ` P rms and each d` P C, w2
` “ r|s`pΣq

1{2ξ` ´ d`|s
2 is a non-

central chi-squared random variable with two degrees of freedom and has a density bounded
by a constant that depends only on α, as can be checked from the previous item. Thus, the
tensorization argument applies and the result follows.

5. By a singular value decomposition of M , we obtain that

Pr}Mξ}2 ě t}M}2HSs “ Pr
N´1
ÿ

`“0

σ2
` |ξ`|

2 ě ts

43



where
ř

σ2
` “ 1. Writing

Pr
ÿ

`

σ2
` |ξ`|

2 ě ts “ Prexpp
ÿ

`

σ2
` |ξ`|

2{2q ě exppt{2qs

and following the arguments given for Item 1, we easily get the result.

Proof of Lemma 16 is now complete.
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[5] Ch. Bordenave and D. Chafäı. Around the circular law. Probab. Surv., 9:1–89, 2012.

[6] A. Bose and M. Bhattacharjee. Large Covariance and Autocovariance Matrices. Chapman &
Hall/CRC, Boca Raton, London, New York, 2018.

[7] A. Bose and W. Hachem. Smallest singular value and limit eigenvalue distribution of a class
of non-hermitian random matrices with statistical application. J. Multi. Anal., 178:Paper
number 104623. To appear, 2020.
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