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Résumé

Les groupes et les monoides de tresses forment une extension naturelle des groupes sy-
métriques. Ils apparaissent dans des contextes variés, qui vont de la la topologie a la
théorie des structures automatiques. Dans cette thése, nous nous intéressons aux pro-
priétés combinatoires des tresses, ainsi que de certaines structures algébriques qui leur
sont apparentées, et nous nous penchons plus spécifiquement sur la notion de complexité
d’une tresse et sur I’étude des tresses de complexité élevée.

Nous commencons par un rappel de nombreux résultats concernant aussi bien les
points de vue algébrique que géométrique que l'on peut avoir sur les tresses, et faisant
partie de I'état de I'art. Cela nous laisse ensuite le loisir de nous intéresser de plus prés a
des problémes spécifiques concernant les tresses.

Dans la premiére moitié de cette thése, nous optons pour un point de vue géométrique
sur les tresses, et définissons des notions de complexité géométrique adaptées a ce point de
vue. La complexité géométrique des tresses est a l'origine de la construction d’une forme
normale de relaxation pour les groupes de tresses. Nous étudions les propriétés algébriques
de cette forme normale, et montrons que, malgré son origine purement géométrique, la
forme normale de relaxation est rationnelle.

Nous étudions ensuite la croissance des groupes de tresses vis-a-vis de leur complexité
géométrique, et concevons des algorithmes permettant de compter les tresses ayant une
complexité donnée. Nous calculons également de maniére exacte la fonction génératrice
associée a la complexité géométrique, dans le cas des groupes de tresses a deux et a trois
brins. Enfin, de maniére plus générale, nous procédons a une étude asymptotique du
nombre de tresses ayant une complexité géométrique donnée.

Dans la seconde moitié de cette thése, nous changeons d’approche et étudions les
tresses du point de vue algébrique, c’est-a-dire en tant que sous-groupe quotient d’un
groupe libre. Nous étudions la croissance des marches aléatoires dans les groupes et les
monoides de tresses, et montrons que les formes normales de Garside a gauche et a droite
sont stables. Ce faisant, nous démontrons l’existence d’une limite non triviale pour la
forme normale de Garside & gauche lors des marches aléatoires.

Enfin, nous étudions le probléme de la génération uniforme dans les monoides d’Artin—
Tits de type FC, une classe qui généralise a la fois les monoides de tresses et de traces.
Nous définissons et caractérisons la notion de mesure de Bernoulli uniforme sur des li-
mites projectives de monoides d’Artin—Tits de type FC, et démontrons des résultats de
convergence des mesures uniformes usuelles sur les tresses et les traces d’une taille donnée.






Abstract

Braid groups and monoids form a natural extension of symmetric groups. They arise in
various contexts, that range from the theory of automatic structures to topology. In this
thesis we focus on studying combinatorial properties of braids, as well as of some related
algebraic structures, with an emphasis of the notion of complexity of a braid and on the
study of braids of large complexity.

After recalling state-of-the-art results about braids in both algebraic and geometric
contexts, we focus on specific problems about braids.

In the first half of this thesis, we consider braids from a geometric point of view, and
define adequate notions of geometric complexity of braids. The geometric complexity of
braids leads to the construction of a relazation normal form on braid groups. We study
the algebraic properties of this normal form and show that, despite its purely geometric
nature, the relaxation normal form is regular.

Then, we study the growth of braid groups with respect to their geometric complexity,
and provide algorithms for counting braids of a given complexity. In addition, we provide
an exact formula for the generating function associated with the geometric complexity,
in the case of the groups of braids with two or three strands, and more generally we focus
on asymptotic studies of the number of braids with a given geometric complexity.

In the second half of this thesis, we change our approach and we adopt the algebraic
point of view on braids, which we view as quotient subgroups of free groups. We study
the growth of random walks in braid groups and monoids, and prove that the left and
right Garside normal forms are stable, thereby constructing a non-trivial limit for the left
Garside normal form of a random walk.

Finally, we study the problem of uniform generation in Artin—Tits monoids of FC
type, a class that encompasses braid and heap monoids. We define and characterise the
notion of uniform Bernoulli measure on a projective limit of Artin—Tits monoids of FC
type, and we prove convergence results for standard uniform measures on braids and
heaps of a given size.
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Chapitre 1

Introduction (Frangais)

Cette thése a pour sujet ’étude des propriétés combinatoires des tresses. Bien que les
tresses aient été des objets bien connus depuis des milliers d’années, comme en témoigne
la Figure 1.1, leur étude en tant qu’objets mathématiques ne date que du début du
vingtiéme siécle, avec les travaux d’Artin [8, 9]. Une définition intuitive des tresses est la
suivante.

FIGURE 1.1 — Les tresses dans 'antiquité gauloise

Soit un ensemble de n brins, oil n est un entier naturel non nul, tel que chaque brin
ait une extrémité supérieure et une extrémité inférieure. Supposons que les extrémités
supérieures de nos n brins soient collées & un axe horizontal, donc contraintes a rester
immobiles, et que les extrémités inférieures puissent étre accrochées a un autre axe hori-
zontal : on peut les décrocher de maniére temporaire, de maniére a les mouvoir, avant de
les raccrocher a I’axe horizontal.

Tresser ces n brins revient a répéter un nombre fini de fois le mouvement de tressage
élémentaire décrit comme suit, et qu’illustre la Figure 1.2. Choisissons deux extrémités
inférieures situées I'une a coté de 'autre, décrochons-les, échangeons leurs positions, et
raccrochons-les a ’axe horizontal. Ce faisant, nous devrons faire passer une des extrémités
au premier plan, tandis que l'autre passera a l'arriére-plan. Par la suite, les brins sont
libres de bouger individuellement, si tant est que leurs extrémités supérieures et inférieures
restent immobiles, et que les brins ne se touchent pas mutuellement : nous considérons
donc les brins a isotopie prés.
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FIGURE 1.2 — Mouvement de tressage élémentaire

Pour tirer de cette description une définition précise, Artin introduit la classe des
diagrammes de tresses (que nous reprendrons en Définition 2.4), puis identifie chaque
tresse a une classe d’isotopie de diagrammes de tresses. La multiplication des tresses se
définit alors de maniére naturelle a partir de la concaténation des diagrammes de tresses.
Cette description formelle fut & 'origine de deux points de vue sur les tresses.

Le premier point de vue, de nature algébrique, consiste a voir les tresses comme un
groupe finiment présenté. S’il est aisé de montrer que les tresses forment un groupe fi-
niment engendré, dont les générateurs sont les mouvements de tressage élémentaires,
montrer que les tresses admettent une présentation finie n’est pas évident. Selon le se-
cond point de vue, plus géométrique, les tresses forment le mapping class group d’un
disque épointé, c’est-a-dire le quotient d’un certain groupe d’homéomorphismes du disque
épointé par la relation d’isotopie.

Dés lors que I'on considére au moins deux brins, le groupe de tresses associé est infini,
ce qui est a l'origine de plusieurs questions importantes d’ordre algorithmique. Est-il
algorithmiquement faisable, et & quel cott, de tester si elles sont égales? De définir des
représentants canoniques des tresses et de les manipuler ? Ces questions sont au cceur de
cette these.

Y répondre requiert de procéder en plusieurs étapes. Une premiére étape est de for-
muler ces questions de maniére rigoureuse, et de définir les outils adéquats pour trouver
une telle formulation. De tels outils incluent diverses notions de complexité, qui peuvent
étre liées a différents aspects des tresses et donc étre adéquates dans des contextes va-
riés. En effet, et bien que la notion de complexité d’une tresse puisse étre intuitivement
liée a l'idée qu’'une tresse est complexe si ses descriptions sont complexes, les points de
vue algébrique et géométrique sur les tresses nous conduisent a des types de descriptions
divers, donc & des notions de complexité diverses également.

Une seconde étape consiste a concevoir des formes normales, c’est-a-dire des représen-
tations canoniques des tresses. Selon le point de vue algébrique, les tresses sont des
classes d’équivalence de mots, et choisir une forme normale consiste donc a choisir, pour
chaque tresse, un mot qui la représente. Idéalement, ces formes normales devraient elles
devraient étre facile a calculer, c’est-a-dire que, étant données les formes normales respec-
tives NF(a) et NF () de deux tresses a et 3, le calcul de la forme normale du produit
af devrait étre algorithmiquement peu cotiteux. Il est donc raisonnable de rechercher
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des formes normales ayant des propriétés variées telles que la géodicité (les mots choisis
devraient étre aussi courts que possible), la rationalité (I’ensemble des mots de la forme
NF(«) devrait étre rationnel, c’est-a-dire accepté par un automate fini) ou I'automati-
cité (pour chaque générateur o du groupe de tresses, I'ensemble des couples de la forme
(NF(a), NF (o)) devrait étre rationnel, de méme que 'ensemble des couples de la forme
(NF(a),NF(ca))). De méme, on peut souhaiter que la longueur du mot NF(«) et le
cotit du calcul de NF(«/3) soient corrélés avec les complexités des tresses « et (.

Une troisiéme étape consiste en I'étude des tresses de grande complexité. Cette analyse
inclut des sujets tels que le dénombrement des tresses d’'une complexité donnée et la
génération uniforme des tresses d’une complexité donnée. Un outil clé dans I’étude de ces
deux sujets est la notion de fonction génératrice. Les fonctions génératrices permettent
I'utilisation de ’analyse réelle ou complexe pour en déduire des estimations, plus ou moins
précises, exactes ou bien asymptotiques, du nombre de tresses d’une complexité donnée.

Parallélement, une question naturelle est la suivante : dans quelle mesure peut-on
réduire le probléme de la génération aléatoire uniforme de tresses de complexité k£ au
probléme de la génération aléatoire uniforme de tresses de complexité k + 1 (et vice-
versa) 7 Cela nous méne a prendre en compte d’autres maniéres de tirer des tresses au
hasard, comme les marches aléatoires, et dans lesquelles une tresse de complexité k + 1
est simplement vue comme le produit d'un générateur élémentaire par une tresse de
complexité k.

Contributions principales de cette thése

Nous présentons ci-dessous une description détaillée de chaque chapitre ainsi que des
contributions principales qu’il contient.

Le chapitre 2 est pour une large part bibliographique, et consiste en la revue de
plusieurs notions faisant partie de I’état de I'art et qui seront utilisées par la suite. Ce
chapitre se compose de deux parties. La premiére partie est centrée sur le point de vue
algébrique sur les tresses, ainsi que sur d’autres structures algébriques, dont les relations
sont esquissées par la Figure 1.3.

Afin d’identifier des cadres dans lesquels nous pourrons étudier les propriétés des mo-
noides de tresses (donc des groupes de tresses), nous étudions d’abord deux généralisa-
tions des monoides de tresses que sont les monoides d’Artin—Tits et les monoides de
Garside. Ces classes ne se généralisent pas 'une 'autre, ce qui nous pousse a intro-
duire la classe des monoides d’Artin—Tits de type sphérique, qui sont & l'intersection
des monoides d’Artin—Tits et des monoides de Garside. Diverses propriétés algébriques,
centrées notam-ment sur les formes normales de Garside, sont prouvées dans le cadre des
monoides de Garside. Puis, dans le contexte plus restreint des monoides d’Artin—Tits de
type sphérique, certaines de ces propriétés sont précisées, ce qui nous meéne a la notion de
forme normale de Garside symétrique. Nous étudions ensuite les monoides de traces, qui
forment une structure algébrique analogue aux monoides de tresses. De surcroit, outre
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ces structures algébriques déja largement étudiées |9, 20, 37, 42, 43, 44, 53|, nous étudions
les monoides d’Artin—Tits de type FC, qui regroupent & la fois les monoides de traces et
les monoides d’Artin—Tits de type sphérique.

jdes de Ga, A

RO~

o Monoides d’Artin—Tits
de type FC

Monoides d’Artin—Tits
de type sphérique

FIGURE 1.3 — Structures algébriques étudiées dans le chapitre 2

La seconde partie du chapitre 2 est centrée sur I’étude des aspects géométriques des
groupes de tresses, notamment la représentation des tresses par des laminations du disque
épointé et des diagrammes de courbes, qui sont des représentations géométriques clas-
siques des tresses [13, 39, 48]. Nous déduisons de ces représentations deux notions de com-
plexité géométrique, dont nous montrons qu’elles sont intimement liées I'une a 'autre, et
qui seront au centre de I'attention des chapitres 3 et 4.

Le chapitre 3 est dédié a I’étude de la forme normale de relaxation, qui provient du
point de vue géométrique sur les tresses. Cette forme normale a été introduite et étudiée
dans [25], et est un cas particulier d’une famille de formes normales introduites dans [46].

Nous définissons d’abord de nouvelles structures discrétes, de nature combinatoire,
que nous appelons arbres de laminations, arbres d’arcs et cartes cellulaires, liées aux
représentations géométriques des tresses. Nous prouvons plusieurs propriétés topologiques
et combinatoires simples de ces objets, et montrons en particulier que les arbres d’arcs
associés a une tresse sont des arbres enracinés unaires-binaires. Cette étude est a ’origine
de la contribution principale du chapitre 3, qui consiste & montrer que, malgré sa nature
géométrique,

La forme normale de relaxation est rationnelle.

Nous procédons en calculant explicitement un automate déterministe qui reconnait
la forme normale de relaxation. Il s’agit donc d’une nouvelle forme normale rationnelle,
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qui vient s’ajouter aux formes normales de Garside [37, 53|, de Birman-Ko-Lee [15] et de
Bressaud [19]. Notons en revanche que les autres formes normales étudiées dans [46] ne
sont pas rationnelles a priori.

Nous prouvons ensuite d’autres résultats sur la forme normale de relaxation et sur
I’automate susmentionné. Nous démontrons d’abord que notre automate et I'automate
déterministe minimal de la forme normale de relaxation ont des tailles comparables. Plus
précisément, si on note C' et C;, leurs nombres d’états respectifs, alors Chi, < C <
260040 les constantes 250 et 40 n’étant pas optimales. Nous mettons ensuite en évidence
une connexion entre la forme normale de relaxation et ’ordre de Dehornoy sur les tresses,
et prouvons que la forme normale de relaxation associe ’ensemble des tresses positives
pour l'ordre de Dehornoy a un ensemble de mots rationnel. Nous concluons enfin ce
chapitre en conjecturant 'automaticité de la forme normale de relaxation, conjecture que
nous démontrons dans le cas des groupes de tresses a trois brins.

Le contenu de ce chapitre provient en grande partie de [63], et est soumis pour publi-
cation.

Le chapitre 4 est consacré au probléme du dénombrement des tresses ayant une
complexité géométrique donnée. Si la question du dénombrement a été abondamment
étudiéé dans le cadre de la complexité algébrique, issue de la représentation des tresses
sous la forme de factorisations en un nombre minimal de générateurs d’Artin, elle ne
semble pas avoir été considérée précédemment pour la complexité géométrique.

Nous commengons par généraliser la notion de diagrammes de courbes, puis nous
introduisons une bijection entre les diagrammes de courbes généralisés et un systéeme
de coordonnées a valeurs entiéres. Nous mettons alors en évidence des critéres simples
caractérisant les collections d’entiers qui sont les coordonnées d’un diagramme de courbes
(au sens usuel). Nous définissons ensuite la fonction génératrices associée a la complexité
géométrique du groupe a n brins, c’est-a-dire la fonction B, (2) := >, bni2" telle que
b, est le nombre de tresses a m brins et de complexité géométrique k. Les criteéres
susmentionnés nous permettent alors de calculer les fonctions By(z) et Bs(z) et, plus
précisément, de montrer que

La fonction Bs(z), qui n’est ni rationnelle ni méme holonome, et les entiers
bs 1, sont donnés par :

1+22—24 22(1 — 324
Bs(z) = Qﬁ (Z 80(")2”> + %;

n=3

[k/2]
bS,k = ]-k:O + 2 (go(k’ + 2) — ]-keQZ + 2 Z gO(k +3 - 22)) 1k>1>

i=1

ou ¢ est l'indicatrice d’Euler.
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Il est intéressant de constater que, alors que la complexité algébrique est a priori
beaucoup plus difficile a calculer que la complexité géométrique, la série associée a la
complexité algébrique pour le groupe de tresses a trois brins est rationnelle, c¢’est-a-dire
beaucoup plus simple que la série associée a la complexité géométrique pour le groupe de
tresses a trois brins.

Nous calculons également des équivalents simples des entiers b3, quand k — +00, et
identifions des bornes supérieures et inférieures non triviales pour les entiers b, , quand
n = 4.

Ce chapitre est majoritairement issu de [64] et a été publié dans Journal of Knot
Theory and Its Ramifications.

Le chapitre 5 est centré sur I’étude et la convergence des marches aléatoires dans les
monoides et groupes d’Artin—Tits de type sphérique irréductibles. Nous commencgons par
étudier le cadre plus simple des marches aléatoires dans les monoides et les groupes de
traces irréductibles. Les résultats mentionnés existent déja sous diverses formes [54, 77],
et nous en donnons ici une démonstration unifiée. En nous appuyant sur la notion de trace
bloquante, nous montrons que les préfixes des formes normales de Garside des éléments
obtenus lors d’une marche aléatoire & droite sur un monoide ou un groupe de traces
irréductible convergent presque stirement, c¢’est-a-dire que les formes normales de Garside
de deux traces successives obtenues lors de la marche aléatoire ont des suffixes communs
arbitrairement longs.

Nous quittons ce cadre déja bien connu et étudions les marches aléatoires dans des
monoides et groupes d’Artin-Tits de type sphérique irréductibles. La situation générale
est analogue mais les monoides et les groupes de tresses ont un centre non trivial, ce
qui complique considérablement les choses : si la question de la stabilisation de la forme
normale de Garside a été posée par Vershik dés le début des années 2000 [89, 90|, elle
n’avait pas de réponse jusqu’a aujourd’hui. Nous proposons une telle réponse dans le
contexte des groupes d’Artin—Tits de type sphérique irréductibles.

Nous introduisons tout d’abord la notion de graphe de Garside bilatére, graphe qui
accepte I'ensemble des mots qui sont & la fois des formes normales de Garside & gauche
et a droite. Nous prouvons que le graphe de Garside bilatére est fortement connexe et
nous en déduisons une notion de mot de tresses bloquant analogue aux traces bloquantes,
emprunté a [26]. Puis, en usant d’arguments de sous-additivité tels que le lemme ergodique
de Kingman, nous démontrons que

Les préfixes des formes normales de Garside & droite des éléments obtenus
lors d’une marche aléatoire & droite sur un monoide d’Artin—Tits de type
sphérique irréductible convergent presque stirement.
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Nous montrons aussi dans quelles conditions ce résultat peut étre appliqué au cadre
des groupes d’Artin—Tits de type sphérique.

Nous étudions ensuite la limite des formes normales de Garside & gauche associée
a la notion de convergence présentée ci-dessus et démontrons que, sous des hypothéses
assez larges, cette limite est ergodique. Nous en déduisons d’autres résultats concernant
la densité de sous-mots dans la limite et sur la distance de pénétration dans la limite
et dans des mots obtenus aprés avoir effectué un grand nombre de pas, ainsi que sur la
vitesse de convergence des formes normales vers cette limite.

Le contenu de ce chapitre est majoritairement issu d’un article en cours de rédaction,
écrit en collaboration avec Jean Mairesse.

Le chapitre 6 est centré sur I’étude et le calcul systématique du diamétre du graphe
de Garside bilatére des groupes d’Artin—Tits de type sphérique irréductibles. Sous des
hypothéses plus relachées que celles considérées a la fin du chapitre 5, la vitesse de conver-
gence des formes normales de Garside vers leur limite est minorée en fonction, entre autres,
du diametre du graphe de Garside bilatére du groupe considéré. Le calcul du diamétre
de ce graphe est donc une question naturelle qui permet d’obtenir de meilleures garanties
sur la vitesse de convergence des formes normales de Garside.

En considérant séparément les différents types de groupes de Coxeter associés aux
groupes d’Artin—Tits de type sphérique irréductibles, nous démontrons que

Le diamétre du graphe de Garside bilatére d'un groupe d’Artin—Tits de type
sphérique irréductible de groupe de Coxeter W vaut

o 1siW=1Ia);
oniW:F4,H30uH4;
e 3s8i W= A3 B;, By, Dyou E, (avec 6 <n < 8);

e 481 W= A, (avec n = 4), B, (avec n = 5) ou D,, (avec n = 6).

Cette étude est effectuée directement dans le cas des familles infinies de groupes de
Coxeter de type A,, B,, D,, et a l'aide de 'ordinateur dans le cas des familles finies de
groupes de Coxeter exceptionnels.

Le chapitre 7 est dédié a la construction de mesures uniformes sur les monoides
d’Artin—Tits de type FC. De telles mesures uniformes ont déja été étudiées dans le cadre
des monoides de traces [2], et nous suivons ici un programme paralléle dans le contexte
des monoides d’Artin—Tits de type FC, et en particulier des tresses.

Ces mesures uniformes sont apparentées a la mesure de Parry |72, 79] et a la mesure
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de Patterson-Sullivan [65, 81, 87]. La mesure de Parry est la mesure d’entropie maximale
d’un systéme dynamique symbolique sofique, c¢’est-a-dire, de maniére informelle, la me-
sure uniforme sur les chemins infinis dans un automate fini. Les éléments d’un monoide
d’Artin—Tits de type FC sont représentés par leur forme normale de Garside a gauche, qui
est donc reconnue par un automate fini associé & une mesure de Parry, et nous mettons ici
en lumiére la structure combinatoire de cette mesure de Parry. La mesure de Patterson-
Sullivan est également une mesure uniforme sur le bord a linfini de certains groupes
géométriques. Alors que la preuve de 'existence de cette mesure n’est pas constructive en
général, nous proposons ici une construction explicite de la mesure de Patterson-Sullivan.

Nous commengons par définir une notion de monoides d’Artin—Tits de type FC éten-
dus, qui sont des limites projectives de monoides d’Artin—Tits de type FC contenant &
la fois des éléments finis et infinis. Nous étudions alors la notion de mesure uniforme
paramétrée par une valuation et sur le cas particulier des mesures de Bernoulli, et nous
identifions plusieurs caractérisations et paramétrages équivalents des mesures uniformes
ainsi que des mesures de Bernoulli. Nous prouvons entre autres que l’ensemble des me-
sures de Bernoulli d’'un monoide d’Artin—Tits de type FC étendu est homéomorphe & un
simplexe ouvert. Nous relions ensuite les mesures de Bernoulli aux mesures uniformes sur
les sphéres (la sphére de rayon k étant définie comme I’ensemble des éléments de longueur
k) et démontrons que, pour tout monoide d’Artin—Tits de type FC,

La famille des mesures uniformes sur les sphéres converge au sens faible vers
une mesure de Bernoulli.

Ce résultat nous permet de démontrer la convergence en loi de nombreuses variables
aléatoires, par exemple les préfixes de la forme normale de Garside a gauche d’une tresse
choisie uniformément au hasard parmi les tresses positives de longueur k. Il nous permet
en particulier de réfuter une conjecture de Gebhardt [55] et de démontrer une variante
de cette conjecture.

A T’aide de la notion de graphe pondéré conditionné, nous établissons ensuite d’autres
résultats de convergence plus fins, qui concernent les fonctions Garside-additives et les
fonctions additives, dans le cadre des monoides d’Artin—Tits de type FC. Ces résultats
incluent des variantes du théoréme central limite, qui nous donnent des informations
précises sur le comportement asymptotique de quantités telles que 'accélération moyenne
due a la parallélisation d’une suite de calcul partiellement parallélisable. Il s’agit 1a d’une
extension des résultats généraux de Hennion et Hervé [61] au cadre des monoides de
tresses. Enfin, nous détaillons explicitement certains des calculs susmentionnés dans les
cas spécifiques des monoides de tresses usuels et de modéles de diméres.
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Chapter 1

Introduction (English)

This thesis is devoted to the study of combinatorial properties of braids. Although braids
have been well-known objects for thousands of years, as illustrated by Figure 1.1, their
study as mathematical objects dates only from the early twentieth century, with the
seminal work of Artin [8, 9]. An intuitive definition of braids is as follows.

Figure 1.1 — Braids in the ancient Gaulish society

Consider a set of n strands, where n is a positive integer, such that each strand has
one upper and one lower end. We assume that the upper ends of our n strands are glued
to some horizontal axis, hence cannot move, while the lower ends are clipped to some
horizontal axis: we may temporarily release some of the clips, in order to move the lower
ends, before reattaching the clips to the horizontal axis.

Braiding these n strands consists in repeating a finite number of times the following
elementary braiding mowve, illustrated in Figure 1.2. Choose two consecutive lower ends,
unclip them, then exchange their positions, and reclip them to the lower horizontal axis.
While doing so, we will have to make one of the lower ends go to the foreground, while the
other one must go to the background. Afterwards, the strands may still move individually,
provided that their upper and lower ends remain motionless, and that the strands do not
touch each other: the strands are considered up to isotopy.

Making the above description precise, Artin introduces the class of braid diagrams
(see Definition 2.4), then identifies braids with an isotopy set of braid diagrams. The
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concatenation of braid diagrams leads then to a notion of multiplication of braids. This

formal mathematical description of braids subsequently led to two points of view on
braids.

—r_)'—o— ———————
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Figure 1.2 — Elementary braiding move

In the first one, which is of algebraic nature, braids form a finitely presented group;
showing that braids form a finitely generated group, whose generators are the elementary
braiding moves, is straightforward, but showing that the group of braids may admits
a finite presentation is not so obvious. In the second point of view, which has a more
geometric flavour, braids form a mapping class group of a punctured open disk, i.e. are
the quotient of some group of homeomorphisms of the punctured open disk by the isotopy
relation.

As soon as the number of strands considered is greater than one, braid groups are
infinite, and as such raise important questions of algorithmic nature. Is it computationally
possible, and at which cost, to test braid equality? To define canonical representatives of
braids and to handle them? These questions lie at the core of this thesis.

Answering these questions requires several steps. A first step consists in making the
question statement precise, and defining adequate tools for tackling it. Such tools include
defining several notions of complexity, which may enlighten different aspects of braids and
be meaningful in various contexts. Indeed, and although the notion of complexity of a
braid may be intuitively bound to the idea that “a braid is complex if it has only complex
descriptions”, the algebraic and geometric points of view on braids lead to descriptions
of different kinds, and thus to different notions of complexities.

A second step resides in designing normal forms, i.e. canonical representations of
braids. In the algebraic viewpoint, braids are equivalence classes of words, and therefore
choosing a normal form consists in choosing, for each braid, a word that represents this
braid. A crucial point of normal forms is that they should be easy to compute, i.e. that,
given the respective normal forms NF(«) and NF(5) of two braids « and f, computing
the normal form of the braid af should be algorithmically inexpensive. Consequently,
it makes sense to look for various properties of normal forms, such as geodicity (the
chosen words should be as short as possible), regularity (the set of words of the form
NF(«a) should be regular, i.e. recognised by a finite-state automaton) or automaticity
(for each generator o of the braid group, the sets of pairs of the form (NF(«), NF(o«)),



Chapter 1. Introduction (English) 27

respectively of the form (NF(«),NF(ca)), should be regular sets). Alternatively, we
might wish that the length of the word NF(a) and the cost of computing NF(af3) be
correlated with the complexities of the braids o and S.

A third step consists in a study of braids of large complexity. This analysis includes
topics such as counting braids of a given complexity or generating uniformly braids of
a given complexity. A key ingredient in the study of both these topics is the use of
generating functions. Indeed, generating functions allow using real and complex analysis
for deriving more or less precise, exact or asymptotic, estimations of the number of braids
of a given complexity.

In parallel, we might wish to design an algorithm in which, provided that we be able
to draw braids of complexity k uniformly at random, would allow us to draw braids of
complexity k + 1 uniformly at random. This leads us to consider alternative manners of
drawing braids such as random walks, in which a braid of complexity k + 1 is just seen
as the product of an elementary generator by a braid of complexity k.

Main Contributions of this Thesis

We present below a detailed description of each chapter and of the main contributions
contained in each of them.

Chapter 2 is mostly bibliographical, and consists in an overview of several state-
of-the-art notions that will be used subsequently. This chapter is divided in two parts.
The first part is focused on the algebraic point of view on braids, as well as on related
algebraic structures, whose relations are depicted in Figure 1.3.
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Figure 1.3 — Algebraic structures studied in Chapter 2

Aiming first to identify general frameworks in which we will be able to study the
properties of braid monoids, and therefore of braid groups, we first focus on two general-
isations of braids monoids, which are Artin—Tits monoids and Garside monoids. Neither
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class generalises the other class, and therefore we also identify the class of Artin—Tits
monoids of spherical type, which lies at the intersection between Artin—Tits monoids and
Garside monoids. Various algebraic properties, with a remarkable emphasis on Garside
normal forms, hold in the context of Garside monoids. Later, when considering the re-
stricted framework of Artin—Tits monoids of spherical type, some of these properties are
refined, which leads to the notion of symmetric Garside normal form. We focus then
on heap monoids, which are an algebraic structure analogous to braid monoids. Further-
more, in addition to these well-known structures [9, 20, 37, 42, 43, 44, 53|, we also focus
on the notion of Artin—Tits monoid of FC type, which encompasses both heap monoids
and Artin—Tits monoids of spherical type.

The second part of Chapter 2 is focused on geometric aspects of braid groups, and in
particular on the representation of braids in terms of laminations of the punctured disk
and of curve diagrams, which are standard geometric representations of braids [13, 39, 48|.
We derive from these representations two notions of geometric complexities, which we
show to be deeply connected to each other, and which will be the focal points of Chapters 3
and 4.

Chapter 3 is focused on the study of the relaxation normal form, -which is a nor-
mal form stemming from the geometric point of view of braids. This normal form was
introduced and studied in [25] and belongs to a larger class of normal forms introduced
in [46].

We begin by defining new discrete, combinatorial structures, which we call lamination
trees, arc trees and cell maps, in connection with geometric representations of braids. We
show that these structures enjoy simple combinatorial and topological properties, and
prove in particular that the arc trees associated with a braid are unary-binary rooted
trees. This study leads to the main contribution of Chapter 3, which consists in proving
that, in spite of its geometric nature,

The relaxation normal form is regular.

We do so by computing explicitly a deterministic automaton that recognises the re-
laxation normal form. Hence, we extend the class of known regular normal forms, which
already contains the normal forms of Garside [37, 53], of Birman-Ko-Lee [15] and of
Bressaud [19]. However, the other normal forms studied in [46] do not seem to be regular.

Later on, we prove additional results on the relaxation normal form and on the au-
tomaton computed above. We first prove that our automaton and the minimal deter-
ministic automaton of the relaxation normal form have state spaces of comparable sizes.
More precisely, if their state spaces are of respective cardinalities C' and Cl,;,, we prove
that Cpin < C < 299C%0  where the constants 2%° and 40 are not meant to be opti-

min’

mal. Second, we draw strong connections between the relaxation normal form and the
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order of Dehornoy on braids, and prove that the relaxation normal form maps the set
of Dehornoy-positive braids to a regular set of words. Finally, we conjecture that the
relaxation normal form is synchronously automatic, and prove that our conjecture holds
in the case of the three-strand braid group.

Most of the content of this chapter appeared in [63], and was submitted for publication.

Chapter 4 is devoted to the problem of counting braids with a given geometric com-
plexity. Whereas the problem of counting braids with a given algebraic complexity (i.e.
braids that are a product of a given number of Artin generators) was abundantly studied,
the problem of counting braids with a given geometric complexity does not seem to have
been considered yet. We begin with defining a generalisation of curve diagrams, then de-
sign a bijection between generalised curve diagrams and a system of integer coordinates,
and we identify simple criteria that characterise which collections of integers are the co-
ordinates of a (standard) curve diagram. Then, we introduce the generating functions
associated with the geometric complexity in the n-strand braid group, i.e. the functions
B.(2) == 2 is0 b, 12" such that b, is the number of n-strand braids and geometric com-
plexity k. The above-mentioned criteria allow us to compute closed expressions of the
functions By(z) and Bs(z) and, more precisely, to show that

The function Bsz(z), which is not rational, nor even holonomic, and the
integers b3, are given by:

1+ 22— 24 22(1 — 324
Bs(z) = 2ﬁ (Z @(”)2n> + %;

n=3

i=1

[k/2]
b37k = ]—k::O + 2 (gp(k + 2) — 1kEQZ + 2 Z gO(k’ + 3 — 22)) 1k21>

where ¢ denotes the Euler totient.

Whereas the algebraic complexity of braids is much harder to compute than the
geometric complexity, the generating function associated with the algebraic complexity
for the group of braids with three strands is rational, i.e. much more simple than the
generating function associated with the algebraic complexity for the group of braids with
three strands.

In addition, we compute simple equivalents of the integers bs; when k — +00, and
find non-trivial lower and upper bounds on the integers b, , when n > 4.

Most of the content of this chapter appeared in [64] and was published in the Journal
of Knot Theory and Its Ramifications.
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Chapter 5 is focused on the study and the convergence of random walks in irreducible
braid groups and monoids. We first recall some results for random walks in irreducible
heap monoids and irreducible heap groups, which are scattered in several papers [54,
77|, and for which we provide here unified proofs. Using the notion of blocking heap,
we show that the Garside normal forms of the elements obtained during random walks
on irreducible heap monoids and on irreducible heap groups are almost surely prefix-
convergent, i.e. that the Garside normal forms of two successive heaps obtained during
the random walk have common prefixes of arbitrarily large sizes.

Then, we change our framework and study random walks in irreducible Artin—Tits
monoids of spherical type and groups. The overall situation is analogous but, due to
the fact that braid monoids and groups have a non-trivial centre, the problem is much
harder: although Vershik had asked in the 2000s the question of the stabilisation of
Garside normal forms in braid groups [89, 90|, no answer had yet been provided. We
provide such an answer in the context of irreducible Artin—Tits groups of spherical type.

We first introduce a notion of bilateral Garside automaton, which accepts the words
that are both left and right Garside normal words. We prove that the bilateral Garside
automaton is strongly connected and we derive a notion of blocking braid word analogous
to blocking heaps, which we borrow from [26]. Then, using sub-additivity arguments such
as Kingman’s ergodic lemma, we prove that

The right Garside normal forms of the elements obtained during right ran-
dom walks on irreducible Artin—Tits monoids of spherical type are almost
surely prefix-convergent.

We also show in which conditions this result can be lifted to the framework of Artin—
Tits groups of spherical type.

Subsequently, we study the limit of the left Garside normal forms associated with the
above notion of suffix-convergence and prove that, under mild assumptions on the random
walk, this limit is ergodic. From this result, we derive additional results concerning the
density of subwords of the limit and on the penetration distance into the limit and into
words attained after having performed a large number of steps, as well as the speed of
convergence of normal forms towards their limit.

The content of this chapter is aimed to be published in an article written in collabo-
ration with Jean Mairesse.

Chapter 6 consists in the study and the systematic computation of the diameter of
the bilateral Garside automaton of irreducible Artin—Tits groups of spherical type. Under
more relaxed hypotheses than those considered at the end of Chapter 5, the speed of
convergence of Garside normal forms towards their limit is bounded below by parameters
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that depend, among others, of the diameter of the bilateral Garside automaton. Therefore,
computing this diameter is a natural question in order to derive better guarantees on the
speed of convergence of the Garside normal forms.

By treating separately the different types of Coxeter groups associated with irreducible
Artin—Tits groups of spherical type, we show that

The diameter of the bilateral Garside automaton of an irreducible Artin—
Tits group of spherical type with Coxeter group W is

1if W = I(a);

2if W = F,, Hy or Hy;

3if W = A3, Bs, By, Dy or E,, (with 6 <n < 8);

4if W = A, (with n > 4), B, (with n > 5) or D,, (with n > 6).

This study was performed directly for infinite families of Coxeter groups of type A,
B,,, D, and with the help of computers for finite families of exceptional Coxeter groups.

Chapter 7 is devoted to the construction of uniform measures on Artin—Tits monoids
of FC type. Such uniform measures have already been studied for heap monoids [2], and
we develop here analogous arguments in the context of Artin—Tits monoids of FC type,
and in particular in the context of braid monoids.

These uniform measures are similar to the Parry measure [72, 79| and to the Patterson-
Sullivan measure |65, 81, 87]. The Parry measure is the measure of maximal entropy of
a sofic subshift, i.e., informally, the “uniform” measure on infinite paths in a finite-state
automaton. The elements of an Artin—Tits monoid of FC type are represented by their
Garside normal form, which is recognised by a finite-state automaton associated with a
Parry measure. The Patterson-Sullivan measure is also a uniform measure on the border
at infinity of some geometric groups. Although the proof of the existence of this measure
is not constructive in general, we propose here an explicit construction of the Patterson-
Sullivan measure.

We first define the class of extended Artin—Tits monoids of FC type, which are projec-
tive limits of Artin—Tits monoids of FC type containing both finite elements and infinite
elements. We first explore the notion of uniform measure parametrised by a valuation, with
a special emphasis on the concept of Bernoulli measure, and find equivalent characterisa-
tions and parametrisations of uniform measures and of Bernoulli measures. In particular,
we prove that the set of Bernoulli measures on an extended Artin—Tits monoid of FC type
is homeomorphic to an open simplex. Then, we relate Bernoulli measures with uniform
measures on spheres (the “sphere of radius k” is defined as the set of elements of length
k) and prove that, for all Artin—Tits monoids of FC type,
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The family of uniform measures on spheres converges weakly towards a
Bernoulli measure.

This statement allows us to prove a wide range of convergence results, for instance
on the leftmost letter of left Garside normal words of braids chosen uniformly at ran-
dom among the set of braids of length k. In particular, we disprove a conjecture of
Gebhardt [55] and prove a variant of this conjecture.

Later, using the notion of conditioned weighted graphs, we derive finer convergence
results about Garside-additive functions and additive functions in Artin—Tits monoids
of FC type. Such results include central limit theorems, which provide us with detailed
informations about the asymptotic behaviour of quantities such as the mean speed-up of
the parallelisation of partially commutative computations. This is an extension of general
result of Hennion and Hervé [61] to the framework of braid monoids. Finally, we detail
explicitly some of the above-mentioned computations in the specific cases of the standard
braid monoids and of the dimer models.



Chapter 2. Preliminaries 33

Chapter 2

Preliminaries

Résumé

Nous énoncons ici des définitions et des résultats préliminaires concernant les groupes
de tresses et faisant partie de I'état de l'art. Ces définitions et résultats suivent deux
approches. La premiére approche est algébrique. Elle concerne aussi bien les groupes de
tresses que les groupes d’Artin—Tits de type sphérique. Elle consiste & voir les groupes de
tresses comme des groupes finiment présentés, donc a identifier chaque tresse a une classe
d’équivalence de mots pour une certaine relation de congruence. Nous étudions égalemnt
la notion de monoide d’Artin—Tits de type FC, qui inclut a la fois les tresses et les traces
et permet d’unifier les formes normales de Garside et de Cartier-Foata.

La deuxiéme approche est géométrique, et ne concerne que les groupes de tresses,
excluant donc les groupes d’Artin—Tits de type sphérique. Elle consiste & voir les groupes
de tresses comme des groupes d’isotopie sur diverses structures topologiques, notamment
le disque épointé avec bord immobile, donc & identifier chaque tresse & une classe d’équiva-
lence d’homéomorphismes du disque unité complexe.

Abstract

We state here the preliminary definitions and state-of-the-art results related to braid
groups. These definitions and results follow two approaches on braids. The first approach
is algebraic. It concerns braid groups, but also Artin—Tits groups of spherical type. It is
based on viewing braid groups as finitely presented groups, hence identifying each braid
with an equivalence class of words under some congruence relation. We also study the
notion of Artin—Tits monoid of FC type, which includes both braids and traces and allows
unifying the Garside normal form and the Cartier-Foata normal form.

The second approach is geometric, and concerns only braid groups, not all Artin—Tits
groups of spherical type. It is based on viewing braid groups as isotopy groups of some
topological structures, namely the punctured disks with fixed border, hence identifying
each braid with an equivalence class of homeomorphisms of the unit complex disk.
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2.1 Some Notations About Words

Throughout the entire document, we will frequently deal with words, whose letters will be
chosen from various (finite or infinite) alphabets. Consequently, we begin with introducing
some of the notations that we will frequently use in the following pages.

Let A be such an alphabet. We denote by A* the set of finite words with letters in
A, whose elements will be denoted by finite sequences of the form w; - wsy - ... - wy or
W_g ... w_g-w_1. In particular, we have w; = w;_1_y for all i € {1,... k}.

We will have to manipulate several kinds of products. Hence, from this point on, we
reserve the use of the - product for concatenating letters into a word, or for concatenating
words. In particular, in case A is a monoid or a group, then the notation w,w, will denote
the product of the elements w; and ws in A, whereas the notation w; - wo will denote the
2-letter-word whose letters are w; and ws.

In order to emphasise the difference between elements of A* and elements of A,
we also choose to denote each (finite or infinite) word with an underlined letter, whereas
underlined letters will never be used for denoting objects that are not words. For example,
ifa=a;-ay-... ayis an element of A*, we will denote the product element aias . .. ay
by (a), or simply a if the context is clear.

Let w := wy-ws-...-wg and X := x1 -5 -... 2, be two elements of A*. We denote by
|w| the length of the word w, i.e. the integer k. We also denote by w -x the concatenation
of the word w with the word x, i.e. the word wy - wy - ... - wg 21 29 ...  Typ.

If w is a finite sub-word of x, i.e. there exists integers i and 7, with the same sign,
such that ¢ < j +1 and that w = ;- 211 - ... - x;, then we denote the word w by x; . If
i > j+1, we also denote by x; ; the empty word. In addition, if w is a prefix of x;, i.e. if
1=1 and 0 < j, we also denote w by pre;(x). Likewise, if w is a suffix of x, i.e. if i <0
and j = —1, we also denote w by suf; ‘(_)

Moreover, we will write w < x when w is a prefix of x, and w > x when x is a suffix
of w. If w <o x, we also denote by w™! - x the suffix of x such that w - (w™!-x) = x. If
x =>w, we denote by x - w~! the prefix of x such that (x-w™!) - w = x.

Finally, if ¢ : A — A is an endomorphism of monoids, we denote by ¢(w) the
word p(wy) - (ws) - ... @(wy); hence, {p(w)) = p((w)). If ¥ : A — A is an anti-
endomorphism of monoids, i.e if ¥(bc) = ¥(c)y(b) for all b, c € A, we denote by ¥ (w)

the word 1(wy) - (wi_1) - ... - (wy): hence, (b(w)) = ¥((w)).

2.2 Braids, Configuration Spaces and Braid Diagrams

The following seminal definition of braid groups and monoids is due to Artin [9].
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Definition 2.1 (Braid monoid and braid group).
Let n be some positive integer. The braid monoid on n strands is the monoid B presented
as follows:

B, :={01,...,0n_1 | 00410; = 0,410:0:41,0,0; = 00, if |i — j| = 2)"

The braid group on n strands is the group B,, presented as follows:

B, = <01, <oy 0n—1 | 0i0i+10; = 0i4100441,0;05 = 0;0; if |Z - j| = 2>-

Such groups and monoids are the central object on which we will focus. In his seminal
work [9], Artin showed that braid groups are isomorphic to the fundamental groups of
configuration spaces, as follows.

Definition 2.2 (Configuration space).
Let n be some positive integer. Consider the set F,,(C) = {(z1,...,2,) € C" : Vi # j, z; #
z;} of n-tuples of pairwise distinct complex numbers.

Observe that the symmetric group &, acts freely on F,(C). We call configuration space
with n complex points, and denote by C,(C), the orbit space of the action of &, over
Fu(C).

Alternatively, one may define C,,(C) as the set of subsets of C with cardinality n, i.e.
Co(C) :={S < C: |5 =n}.

Theorem 2.3.
Let n be some positive integer. The braid group B, is isomorphic to the fundamental
group of the set C,(C), i.e. B,, ~ m(C,(C)).

Each path in the configuration space C,(C) is commonly represented graphically by
using braid diagrams, as illustrated in Fig. 2.5.

Definition 2.4 (Semi-group of braid diagrams).

A braid diagram on n strands consists in n strands with fixed upper endpoints and mobile
lower endpoints. The upper endpoints are aligned from left to right on some (upper) hori-
zontal line, and the lower endpoints are aligned from left to right on some (lower) horizon-
tal line. Then, the strands may be intertwined. Each intertwining consists in exchanging
two successive lower endpoints, by applying a half-twist that may be either clockwise or
anti-clockwise when seen from above.

Like paths in C,,(C), braid diagrams can be concatenated as follows: the concatenation
of two braid diagrams D; and D5 is the braid diagram D; - Dy obtained by merging the
k-th lower endpoint of D; with the k-th upper endpoint of Dy, for each k € {1,...,n}.
Similarly, the “reversal” of a braid diagram is its vertical symmetric diagram. Hence, the
semi-group of braid diagrams is isomorphic to a semi-group of paths in C,(C), and the
isotopy group of braid diagrams is isomorphic to m;(C,(C)).

In particular, Theorem 2.3 is then equivalent to the following result.



36 2.2. Braids, Configuration Spaces and Braid Diagrams

1 2 7 i+1 i+2 n—1 n
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Figure 2.5 — Braid diagram with three half-turns
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Theorem 2.6.
Let n be some positive integer. The braid group B, is isomorphic to the isotopy group of
the set D,, of n-strand braid diagrams.

The isomorphism I between B,, and isotopy classes of D,, is illustrated in Fig. 2.7.
The generator o; is mapped to the anti-clockwise half-turn that exchanges the ¢-th and
(i + 1)-st lower endpoints of the diagram, and o; ' is mapped to the clockwise half-turn
that exchanges the i-th and the (i + 1)-st lower endpoints. In particular, when a braid
o' acts onto a braid diagram, what was the i-th lower endpoint moved in position i + 1,
thereby becoming the (i + 1)-st lower endpoint, and vice-versa.

This induces a mapping ¢ from braid words to braid diagrams. Then, since each braid
b is a set of braid words, the isomorphism I maps b to a set {¢(w) : w € b} of braid
diagrams. According to Theorem 2.6, this set is in fact an isotopy class of braid diagrams,
i.e. an element of the isotopy group of D,,.

The connections between braid groups, braid diagrams and configuration spaces will
lead to the geometric approach we are to explore later, but also have deep implications
in the algebraic approach we are to follow now.

1 2 7 i+1 1+2 n—1 n

%

/

N\

Figure 2.7 — Braid diagram associated with the braid aiaijrll
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2.3 An Algebraic Approach to Braids

Let us focus now on the definition of braid groups through finite presentations. We present
below standard results about braids and about some algebraic structures that either
generalise braids or are related to braids. These structures are Artin—Tits monoids and
groups, Garside monoids and groups, Artin—Tits monoids of spherical type and trace
monoids. They have been studied for a long time, hence they are the subject of an
abundant literature [14, 20, 24, 27, 36, 37, 43, 44, 47, 70, 78, 91].

In that context, we focus on several results that will be useful in the subsequent chap-
ters of this thesis, which mainly concern the properties of the above-mentioned structures
as quotients of free monoids or groups. Doing so, we rewrite some of the proofs that can
be found in the literature, and that will give us a foretaste of the original proofs that
we will write later on. In addition, in Section 2.3.4, we also propose an original notion
of Artin—Tits monoid of FC type. This class is a subclass of Artin—Tits monoids, and en-
compasses both Artin—Tits monoid of spherical type and trace monoids, thereby unifying
the associated notions of Garside normal form and Cartier-Foata normal form.

2.3.1 From Braid Monoids to Garside Monoids

Within this approach, there are various fruitful ways to generalise braid groups. One such
generalisation is due to Brieskorn and Saito [20].

Let u and v be two letters, chosen from some alphabet, and let £ be some non-negative
integer. Hereafter, we denote by [uv]e the word w-v-w-v-... with £ letters, i.e.

042

[uv]” = ¢, [uv]' = wand [w]™? =u-v- [uw].

We also denote by [uv] " the mirror of the word [vu]’, i.e.
[uv]” = ¢, [uv] ™" = wand [uv] % = [w] ™" v-u
For instance, we have

[uw]* =u-v-u-v, [w] =u-v-u-v-u [w]™ =v-u-v-uwand [uww] ™ =u-v-u-v-u

Definition 2.8 (Artin—Tits monoid and Artin—Tits group).
An Artin—Tits monoid is a monoid A™ with a presentation of the form

At = loy,. 00 | [0:0;]™ = [o;00]™ if i £ 5T,

where the m; ; are elements of the set {2,3,4, ..., 0} such that m;; = m;,; for all i # j,
and where the equality [0;0;]” = [0j0;]” denotes the absence of relation.

The associated Artin—Tits group is the group A presented as follows:

A={oy,...,00 | [0:0;]" = [0;05]™ ifi # 7).
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Note that Artin—Tits groups and monoids indeed generalise braid groups and monoids,
as it suffices to choose m;; =3 if [i — j| = 1 and m; ; = 2 if [i — j| = 2.

The relations used to define Artin—Tits groups and monoids have two important fea-
tures:

1. they are invariant under word reversal, i.e. under the mapping that sends the word
b := 0;,04,...0;, to the reversed word b* := oy, ...0;;

2. they are length-preserving (we also say that they are homogeneous).

Invariance under word reversal proves that the left and right-divisibility orderings, i.e.
the orderings <, and >, such that a <, ab and ab >, b for all elements a and b, play
dual roles in the monoid A*, and will enjoy similar properties.! Homogeneity is at the
origin of the notion of Artin length of a braid.

Definition 2.9 (Artin length).

Let A be an Artin—Tits group, with generators o4, ...,0,. The mapping A : A — Z such
that X\(o;) = 1 for all i € {1,...,n} extends to a group homomorphism, which we call
Artin length.

Additional properties of Artin—Tits groups and monoids come from studying their
associated Coxeter groups, which we define now.

Definition 2.10 (Coxeter group).
Let A and A" be an Artin-Tits group and the associated Artin—Tits monoid, such as
introduced in Definition 2.8. The Coxeter group associated with A and A™ is defined as
the group W presented as follows:

W .= <Ul7 ..., 0n | 0-1'2 = 17 [O-io-j]mi’j = [O-jo-i]mi’j ZfZ # j>7

where 1 denotes the neutral element of the group W.

In particular, we denote hereafter the Coxeter group associated with the braid group
B, by W,,. The group W, is obtained from B,, by identifying the generators o; and o;*
for all : € {1,...,n—1}. Hence, W,, is isomorphic to the isotopy set of braid diagrams in
which clockwise half-turns have been identified with anti-clockwise half-turns: let us call
such diagrams orientation-free diagrams, and let D,, denote the set of these diagrams.

In an orientation-free diagram, the only important feature of a half-turn is which end-
points ¢ and ¢ + 1 it exchanges: the orientation of the half-turn has become irrelevant.
Hence, each isotopy class of D,, is characterised by which pairs of upper and lower end-
points are linked to each other by some strand, i.e. can be identified with a permutation
of the set {1,...,n}. In addition, the isomorphism from B,, to the isotopy group of D,
induces an isomorphism from W,, to the isotopy group of D,,.

Theorem 2.11.
Let n be a positive integer. The Coxeter group W, of the braid group B, is isomorphic
to the symmetric group &,, on n elements.

'For the sake of readability, we avoid using symbols such as >; or <.
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Several results follow from the study of Coxeter groups associated with Artin—Tits
groups and monoids [42, 78|.

Definition 2.12 (Simple elements).
Let At be an Artin—Tits monoid, let W be the associated Cozeter group, and let 7 :
AT — W be the canonical projection.

We denote by S the set {b € AT :Vae AT w(a) = m(b) = A(b) < A(a)}, and call its
elements simple elements of A™.

Definition 2.13 (Lower semilattice and conditional upper semilattice).
Let (S, <) be an ordered set. We say that S is a lower semilattice if every pair of elements
of S has a greatest lower bound. We also say that S is a conditional upper semilattice if
every pair of elements of S with an upper bound has a least upper bound.

Theorem 2.14.
Each Artin—-Tits monoid A™ is left and right-cancellative. Moreover, the canonical pro-
jection w: At — W induces a bijection from the set S of simple elements to W, and the

orderings <y, and =, induce lower semilattice and conditional upper lattice structures on
At and on S.

In addition, the following statements are equivalent:

the ordering <, induces a lattice structure on A™;
the ordering =, induces a lattice structure on A™;
the set {o1,...,0,} admits some common <g-multiple;

the set {o1,...,0,} admits some right <,-multiple;

SIERSEESEE

the Cozeter group W is finite.

If they are satisfied, let A be the <,-LCM of the set {oq,...,0,}. We have {b € A* :
b <, A} =S8.

Some lower and upper bounds in A*1 are easy to characterise. Hence, we denote by
GCDyg, the greatest lower bound for <, in A*, and by LCMc, the lowest upper bound
for <, in A™. Similarly, we use the notations GCDs, and LCM, .

Lemma 2.15.
Let A" be an Artin-Tits monoid, and let o; and o; be two Artin generators of A*. If
mg ; < 400, then [O’iO'j]mi’j = LCMSZ(CH,O’]') = LCM;T(Ui,Oj).

For all elements x, y and z of A", we have GCD¢,(xy,xz) = xGCDy,(y,z) and
GCD., (yx,zx) = GCD- (y,z)x. Furthermore, y and z have a common <,-multiple
in AT if and only if Xy = xz have a common <;-multiple in A, and in this case we
have LCMc,(xy,xz) = xXLCM,(y, z). Similarly, y and z have a common =,-multiple

in AT if and only if yx = zx have a common >=,.-multiple in AT, and in this case we
have LCM, (yx,zx) = LCM: (y,z)x.



40 2.3. An Algebraic Approach to Braids

Proof. First, if m; ; < +o0, then the only factors (both for <, and for >,) of [o;0;]™"
are the elements [0;0,]F and [0j0;]" with 0 < k < m; ;. Among those, only [o;0;]™ is a
multiple of both o; and o, and therefore it is their lower common multiple.

The second part of Lemma 2.15 follows immediately from the fact that A* is both
left-cancellative and right-cancellative. |

From Theorem 2.14 follow many results concerning the set S, which we identify with
the Coxeter group W.

Lemma 2.16.
Let AT be an Artin—Tits monoid, let a be a simple element of A™ and let o be a generator
of AT. Then, ac ¢ S if and only if a >, 0.

Proof. First, if a >, o, let us write a = bo. Since ac = ba?, it follows that 7(b) = 7(ac)
and that A(ac) = A(b) + 2, hence, by definition, we have ac ¢ S.

Conversely, if ac ¢ S, consider the element ¢ of S such that m(c) = 7(ac). Observe
that A(ac) = A(c) (mod 2), whence A(c) < A(a) — 1. Since A(co) < A(a), m(co) = 7(a)
and a € §, it follows that co € §. Theorem 2.14 states that 7 : S — W is bijective, hence
a = co and therefore a >, o. O

Lemma 2.16 suggests that the membership to the set of simple braids is easy to
characterise using the following notions of left and right sets.

Definition 2.17 (Left and right sets).

Let AT be an Artin—Tits monoid, with generators oy, ...,0,, and let a be an element of
A", We call left set of a, and denote by left(a), the set {o; : 0; <, a}. We also call right
set of a, and denote by right(a), the set {o; : a =, 0;}.

Indeed, Lemma 2.16 can then be reformulated as follows: Let a be a simple element
of A" and let o be a generator of A*. Then, ac € § if and only if ¢ ¢ right(a) and
ca e S if and only if o ¢ left(a).

Corollary 2.18.
Let A™ be an Artin—Tits monoid, with generators oy, ...,0,. The simple elements of A™*
are those without factor of the form o? (we say that they are o*-free), i.e.

S={aeA":Vb,ce A" Vie {l,...,n},a+# boic}.

Proof. First, if a = bo?c, then 7(a) = 7(bc) and A(b) > A(ac), hence Theorem 2.14
proves that a ¢ S. Conversely, if a := 0, ...0;, ¢ S, let m be the largest integer such
that 0;, ...0;, € §. Note that 1 < m < k. Lemma 2.16 proves that oy, ...0;,, =, 0.
Therefore, the braids b := (0, ...0;,,) a;ﬂlﬂ and ¢ = 0y,,,...0; both belong to the
monoid A%, and they obviously satisfy the relation a = bo?2,_;c. O
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In particular, it follows from the above characterisation of the set S that the GCD
and (conditional) LCM operations in A*™ and in S coincide.

Lemma 2.19.

Let A™ be an Artin—Tits monoid. The set S of simple elements of AT is closed under
<y-division. Moreover, for all pairs (a,b) of elements of S, their greatest <,-divisors in
A" and in S are equal, and if they have a common <,-multiple in A", then their least
<¢-multiples in AT and in S exist and are equal.

Similar statements hold for the order >=,.

Proof. Consider two elements x and y of the monoid A*, and let us assume that x ¢ S.
There exists some z € A" such that 7(x) = m(z) and A\(x) > A(z). It follows that
7m(xy) = 7(zy) and that A(xy) > A(zy), hence that xy ¢ S. This proves that S is closed
under <,-division.

Now, let a and b be elements of S. Their greatest <,-divisor in A™ must belong to S,
hence is also their greatest <,-divisor in S. Likewise, if they have a common <,-multiple
in S, then they have a least <,~-multiple in both § and A™, and their least <,-multiple in
A" must belong to S, so that these least <,~multiples coincide. It remains to prove that,
if a and b have a common <,-multiple in A", they also have a common <,-multiple in

S.

Let z be a common <,multiple of a and b in A*, and let ¢ := GCDg,(a,b)..
We prove by induction on A(z) — A(c) that LCMg,(a,b) € S. If A(c) = A(z), then
Alc) = max{\(a), A(b)}, hence a = b = ¢ = LCMg,(a,b). Hence, let us assume that
Alc) < A(z).Ifa = ¢, then b = LCM,(a, b). Similarly, if b = ¢, then a = LCM,(a, b).

Hence, we focus on the case where ¢ <, a and ¢ <, b.

Consider two generators o; and o; of A™ such that co; <, a and co; <, b. Since c 'z

is a common <,-multiple of o; and oy, it follows that m, ; < +oo and that [o;0,]™ is
the least common >,-multiple (and <,-multiple) of o; and o; in A*. Hence, following
Lemma 2.16, an immediate induction on k proves that [o;0;]* € S whenever 0 < k < m; ;.
Indeed, if k € {1,...,m;;} is a minimal integer such that [0;0;]" ¢ S, then it follows that
{0i,0;} < right([o;0,]*"!), which is impossible.

Likewise, if £ € {1,...,m;;} is a minimal integer such that c[o;0;]* ¢ S, it follows
that {o;,0;} < right(c[o;0;]%1). This means that c[o;0;]*"! =, [0;0;]™", and therefore
that ¢ >, o;, which contradicts the fact that co; belongs to S. Hence, let d := c[o;0;]™
and e := GCDg, (a,d). Both co; and co; belong to S and <,-divide z, hence so does
d = LCM,(co;,coj). Since co; <, e, it follows that A(c) < A(co;) < A(e), and the
induction hypothesis states that z, := LCM,(a,d) belongs to S.

We show similarly that the element zy, := LCM, (b, d) belongs to S. Finally observe
that d <, GCDg,(2a, 1), and therefore the induction hypothesis states that the element
y := LCMc,(2a,zp) belongs to S. This shows that

LCMg,(a,b) = LCMg,(a,b,co;,co;) = LCMg,(a,b,d) = LCM,(z,,2p) = ¥



42 2.3. An Algebraic Approach to Braids

belongs to S, which completes the induction and the proof of Lemma 2.19. O

The proof of Lemma 2.19 is illustrated in Fig. 2.20.

Co;, ——>e

N N
NN,

Figure 2.20 — Having a common multiple in A" < having a common multiple in S
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Since the Coxeter groups W, of braid groups B,, are finite, the second part of Theo-
rem 2.14 applies to braid groups. This leads to two generalisations of braid monoids, that
are Artin—Tits monoids of spherical type and Garside monoids [14, 27, 36, 37, 70, 78|.

Definition 2.21 (Garside element and Garside monoid).

Let G* be a finitely generated monoid, equipped with the two divisibility orderings <, and
>

=r.

A Garside element of the monoid G* is an element A such that the equality {a € G :
a<,A} ={ae G":A >, a} holds, and such that the set {a € G* : a <y A} generates
the monoid A*. The divisors of A are called simple elements of the monoid GT relatively
to A, or just simple elements of G* is the Garside element A is clear from the context.

If G admits a Garside element and, in addition,

e the monoid G* is left and right-cancellative;

e there exists a super-additive length function, i.e. a function \ : G — Z such that
A1) =0, A(m) > 0 for allm # 1, and X(a) + A(b) < A(ab) for all a,be G™;

o the divisibility orderings <, and =, are lattices;
then we say that G* is a Garside monoid.
Artin—Tits monoids and Garside monoids generalise braid monoids in two different

directions. Indeed, not all Artin—Tits monoids are Garside monoids, and not all Garside
monoids are Artin—Tits monoids, as illustrated below.

Example 2.22.

The monoid M3, := (01,09 | 0} = o3)" is a Garside monoid, with Garside element
A := 0? = 03. However, this monoid is not homogeneous, hence is not an Artin-Tits
monoid.

Conversely, the free monoid N« N := (o1, 09)" is an Artin—Tits monoid, but the elements
o1 and oy have no common multiple, hence N = N is not a Garside monoid.
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Definition 2.23 (Artin—Tits group or monoid of spherical type).

Let A* be an Artin-Tits monoid, and let W be the Cozeter group associated with A*. We
say that the monoid A" is a Artin—Tits monoid of spherical type (or, equivalently, has
finite Coxeter type), and that the associated Artin—Tits group A is a Artin—Tits group
of spherical type, if the group W is finite. Due to the similarity between such groups and
monoids and their braid equivalents, we still call braids the elements of the monoid AT
and of the group A.

It follows immediately from Theorem 2.11 that braid monoids are indeed Artin—Tits
monoids of spherical type. Moreover, Artin—Tits monoids of spherical type are themselves
Garside monoids.

Proposition 2.24.
Let A" be an Artin—Tits monoid of spherical type, with generators oy, . ..,0,. The element
A := LCM,(01,...,04) is a Garside element of the monoid A™, which is a Garside

monoid. In addition, the element A is also equal to LCMsx (01,...,0,).

Proof. Recall the process of word reversal. It shows that A* = LCMs (0y,...,0,).
Hence, Corollary 2.18 shows that

{fac At a<, Al ={ae AT :ais o”-free} = {ac AT : A* >, a}.
It follows that A* <, A and that A* >, A i.e. that A* = A.

This proves that A = LCM., (01,...,0,) is a Garside element of the monoid A*.
Furthermore, Theorem 2.14 already states that A™ is left and right-cancellative, and that
the divisibility orderings <, and >, are lattices. Finally, the Artin length X\ is an additive
length function, which proves that A* is a Garside monoid. |

In addition, not all Artin—Tits monoids of spherical type are braid monoids, and there
even exists finite Coxeter groups that are not permutation sets. In particular, the class
of finite Coxeter groups has been completely classified, as follows.

Definition 2.25 (Finite irreducible Coxeter system).
mig _

Let {o1,...,0, | 0} =1,[0i0;]™" = |o;0:,]™ ifi #j) be a presentation of a Coxeter
group W. We say this presentation is a finite irreducible Coxeter system if one of the
following requirements is satisfied:

® M1 =3, mj =2 otherwise, and n =0 (we say that W is of type A, );

o myo =4, mi1 =3 ifi #1, m; =2 otherwise, and n = 3 (W is of type B,,);

® my3 =3, M1 =3 ifi#1, m; =2 otherwise, and n =4 (W is of type D, );

© myy =3, M1 =3 ifi#1, m;; =2 otherwise, and 6 <n <8 (W is of type E,);

® Mmog =4, mi;1 =3 ifi#2, m;; =2 otherwise, and n =4 (W is of type Fy);

® myo =5, M1 =3ifi #2, m;; =2 otherwise, and 3 <n <4 (W is of type H,);

e my 9 = a for some integer a =3, and n =2 (W is of type I5(a)).
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The above typology and type names follow the Cartan-Killing classification of simple
Lie algebras. Hence, the Coxeter group associated to the braid group B,, is of type A,,_1,
not of type B,,, which might be misleading. However, we will mainly focus on braid groups
B,, in Chapters 3 and 4, while we will focus on arbitrary Artin—Tits groups of spherical
type A, using the typology of finite irreducible Coxeter systems, in Chapters 5, 6 and 7.
This separation of focal points should avoid all possible confusions.

Note that these Coxeter systems are pairwise distinct, with the exception Ay = I5(3).
Moreover, the Coxeter systems Ay and A; are not very interesting in themselves, since
they are respectively associated with the trivial Artin—Tits monoid {0} and the monoid
Z~, of non-negative integers. Furthermore, finite irreducible Coxeter system are proto-
typical Coxeter groups [31, 32].

Theorem 2.26.

Let W = {oy,...,0, | 02 = 1,[0;0;]"" = [oj0:]™" if i # j) be a Coxeter group. The
group W is finite if and only if there a partition of {1,...,n} into sets I ,... I such
that:

o foralli,je{l,...,n}, ifi and j belong to two distinct parts of the partition, then
mi,j = 2,’

o forallle{l,...,k}, and up to renumbering the generators o;, each presentation
<(02-),-€12 | JZZ =1, [0y0;]™ = [ojo:]™ ifi#j and i, j€ Ig>
is a finite (non-trivial) irreducible Cozeter system.
In addition, the group W is finite and irreducible (i.e. is not a direct product of non-

trivial Cozxeter groups) if and only k = 1, i.e. if the presentation of W is itself a finite
wrreducible Cozeter system.

Figure 2.27 presents the complete classification of finite irreducible Coxeter system
in terms of their Coxeter diagrams. Each generator o; is represented by the vertex with
label 4. Vertices ¢ and j are linked by an unlabelled edge if m; ; = 3, or by an edge with
label k if m; ; = k for some integer k > 4

. O—O-0—0 H,: (D2 L(a): O—®)

Figure 2.27 — Finite irreducible Coxeter systems
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The classification of finite irreducible Coxeter systems leads to natural characterisa-
tions of the three infinite families A,, B, and D,, (see [16]). The first result is just a
variant of Theorems 2.11 and 2.14.

Definition 2.28 (Symmetric group and positive descents).
Let n be a positive integer, and let &,, be the symmetric group of the set {1,...,n}. In
addition, let B be an element of &,. We call positive descents of (8 the elements of the

set duo(B) :={ke{l,...,n—1}: B(k) > B(k + 1)}.

Proposition 2.29.

Let A™ be the Artin—Tits monoid of spherical type whose associated Cozeter group is
A, (i.e. AT is the braid monoid B; ;). The group morphism ¢ : A, — S,41 such that
Liop— (ke k+1) foral ke{l,...,n} is a group isomorphism.

In addition, let b be a simple braid of A*, and let 5 = 1o mw(b) be the associated permu-
tation, where ™ : AT — A, is the canonical projection of At on its Coxeter group. We

have left(b) = {0}, : k € d=o(8)} and right(b) = {0}, : k € d=o(571)}.

Definition 2.30 (Signed symmetric group and non-negative descents).

Let n be a positive integer, and let S be the signed symmetric group of order n, i.e. the
set {¢ : p is a permutation of {—n,...,n} and o(—k) = —p(k) for all k € {—n,... ,n}}.
In addition, let 8 be an element of &E. We call non-negative descents of 3 the elements
of the set d>o(f5) := {k€{0,...,n—1}: B(k) > B(k+ 1)}.

Proposition 2.31.

Let A be the Artin—Tits monoid of spherical type whose associated Cozeter group is B,.
The group morphism v : B, — &F such that v : oy — (1 < —1) and 1 : o — (k — 1 <
k)(1 =k o —k) for all ke {2,...,n} is a group isomorphism.

In addition, let b be a simple braid of A*t, and let f = 1o 7w(b) be the associated signed
permutation, where ™ : AT — B, is the canonical projection of A™ on its Cozeter group.

We have left(b) = {0}, : k — 1 € d>¢(83)} and right(b) = {0} : k — 1 e d>o(871)}.

Definition 2.32 (Positive signed symmetric group and twisted descents).

Let n be a positive integer, and let S+ be the positive signed symmetric group of order
n, i.e. the set {p € & : [[_, ¢(k) > 0}. In addition, let B be an element of &}*. We
call twisted descents of 5 the elements of the set dy(8) == {ke€ {1,...,n—1}: (k) >
Bk + 1)} if B(1) + 5(2) > 0, and diw(B) := {0} u {ke {l,...,n—1}: B(k) > B(k+ 1)}
if B(1) + B(2) <.

Proposition 2.33.

Let AT be the Artin—Tits monoid of spherical type whose associated Coxeter group is
D,,. The group morphism ¢ : D, — &% such that v : o1 — (1 < —2)(2 « —1) and
Liop— (k=1 k)(1—ko —k) forall ke {2,...,n} is a group isomorphism.

In addition, let b be a simple braid of A™, and let 5 = vom(b) be the associated (positive)
signed permutation, where ™ : At — D,, is the canonical projection of A* on its Cozeter

group. We have left(b) = {0}, : k — 1 € diw(B)} and right(b) = {0} : k — 1 € d¢, (871)}.
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2.3.2 Garside Monoids, Groups and Normal Forms

Having proved that braid monoids, and even Artin—Tits monoids of spherical type, are
in fact special instances of a larger class of Garside monoids, we now focus on the latter
monoids.

Now, let us mention and prove several standard results about Garside monoids, which
we will use in subsequent parts of this document. These results can be found from nu-
merous sources, such as [14, 27, 36, 37, 47, 70, 78|.

In this section, we will always consider a Garside monoid G* generated by a finite
set {o1,...,0,}. We will also fix some Garside element A of G*, and will denote by S
the set {fae Gt :a<, A} ={ae G": A >, a}.

In addition, we will consider the functions a, : GT — G* and «, : GT — G*
such that ay : a — GCDg,(a,A) and «, : a — GCD:, (a,A), where GCDg, and
GCD., respectively denote the greatest lower bounds for the orderings <, and >,.2
These functions are crucial for defining the notions of Garside normal forms of G*, as
follows, and which were originally introduced by Adian in the context of braids [3].

Definition 2.34 (Garside normal forms in the monoid G™).
Let G* be a Garside monoid. The left Garside normal form of an element a of GT is
defined as the word NF,(a) := aj - ay - ... - ay such that:

® a=ajay...ag,

e a,...,a; are simple elements of G,

o cither k=0 ora, # 1, and

o a;, = ay(aa;,1...a;) forallie{1,... k}.
The right Garside normal form of a is defined as the word NF,(a) := a)-a,-...-aj, such
that:

e a=aja,...ay,

e a|,...,a; are simple elements of G™,
e cither { =0 ora) #1, and
o a, = q,(ajal...a}) forallie{1,..., ¢}

An immediate induction on the length A(a) proves that the words NF,(a) and NF,(a)
are well-defined. Indeed, they are well-defined (and identical) if a € S, and therefore if
Aa) < 1, and if A(a) = 2, we have NFy(a) := ay(a) - NF,(ay(a)"'a) and NF,(a) :=
NF,(aa,(a)™!) - a,(a).

2 We stick to standard notations for handling braids and elements of Garside monoids, which leads
us to identify the orders <, and >, with divisibility relations and to denote greatest lower bounds by
GCD. Such standard notations include the notation inf(x), called infimum of x, which is the largest
integer u such that A" <, x, for all elements x of the monoid G™.



Chapter 2. Preliminaries 47

In addition, when defining the left Garside normal form, requiring that a # 1 is
equivalent to requiring that a; # 1 for all i € {1,... k}. Indeed, if a; = 1 for some i < k,
then the relation a; = ay(a;a;41 . ..a) proves that a;a;;;...a; = 1, and therefore that
a; = 1. Similarly, when defining the right Garside normal form, requiring that aj # 1 is
equivalent to requiring that a} # 1 for all i € {1,...,¢}.

Furthermore, in the sequel of the document, and due to the invariance of G* under
word reversal, we will often refer to the left variant of the Garside normal form. Therefore,
we may also omit the word left, and just refer to the Garside normal form. In addition,
we will say that a word is a Garside normal word if it is the Garside normal form of some
element of G™.

There is a canonical way of choosing a length function for G* and generators of G™.

Definition & Proposition 2.35 (Product length).
Let Mt be a finitely generated monoid equipped with a super-additive length function.

For each element a € M™, we define the product length of a as the largest integer
x(a) = 0 such that a can be written as a product of x(a) non-trivial elements of M*.

The product length is a super-additive length function on M™. Moreover, the set {a €
M* : x(a) = 1} is the smallest generating set of M, and it is a finite set.

Proof. Let X be a super-additive length function on M™. First, whenever a is written as a
product a; ... a, of non-trivial elements of G*, we know that A(a) > A(a;)+...+\(a,) =
u. Hence, the product length x(a) is well-defined, and such that y(a) < A(a).

Second, if two elements a, b € G have respective factorisations a; ...a, and by ... b,
into non-trivial elements of G*, then a; ...a,b; ...b, is a factorisation of ab. This shows
that y(a) + x(b) < x(ab), i.e. that x is super-additive.

In particular, it follows immediately that the set {a € M™ : x(a) = 1} is contained
in all the generating sets of M™, and is itself a generating set of M*. Hence, since M™
admits some finite generating set, the set {a € M™ : x(a) = 1} must be finite too. O

Henceforth, we implicitly assume that A = y, i.e. that X is the product length, and that
the generators o1, ..., 0, of GT that we consider are the elements of {a € G* : y(a) = 1}.
Nevertheless, occasionally, we may still consider different lengths than the product length,
and will make it explicit when such situations occur. This may happen, for instance, when
looking for additive length functions, as in the following example.

Example 2.36.

The monoid M3, := (01,02 | 07 = 035)* is a Garside monoid, with Garside element
A := ¢? = 03. The product length y is not additive, since x(o;) = 1 and x(0?) = 3.
However, there exists an additive length function A : M35 — Z defined by A(o1) = 3 and
)\(0’2) = 2.
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Lemma 2.37.
Let GT be a Garside monoid. For all elements a and b of the monoid G*, we have

ay(ab) = ay(aay(b)) and a,.(ab) = a,.(a,.(a)b).

Proof. First, due to word reversal, we just need to prove that ay(ab) = as(aas(b))
for all a,b € G*. Then, observe that a, is non-decreasing for the ordering <,. Since
aay(b) <, ab, it follows that ay(ac,(b)) <, ay(ab). Conversely, let us prove, by induction
over the length A(a), that ay(ab) <, aa(b).

If AM(a) = 1, then a is simple. Hence, a <, ay(ab), and the braid ¢ := a~'a,(ab)
belongs to GT. Since S is closed under divisibility, we know that ¢ € S. Moreover,
note that ac = ay(ab) <, ab, whence ¢ <, b. It follows that ¢ <, ay(b), whence
ay(ab) <, aay(b). Now, if A(a) > 2, let us factor a as a product a = 0;d, where o; is a
generator of the monoid G* (and therefore A\(0;) = 1. The induction hypothesis shows
successively that ay(o;db) <, 0;a4(db), because A(o;) = 1, and that a,(db) <, day(b),
because \(d) < A(a). It follows that

ag(ab) = ay(o;db) <4 0,04(db) <4 o;day(b) = aay(b),

which concludes the induction and completes the proof. O

Corollary 2.38.

Let Gt be a Garside monoid, let S be the set of simple elements of G*, and b :=
by - by - ... by be a word in S\{1}, i.e. whose letters are non-trivial simple elements of
G™*. The word b is a left Garside word if and only if the words b; - b;1 are left Garside
words for all i € {1,... k — 1}. Analogously, the word b is a right Garside word if and
only if the words b; - b1 are right Garside words for allie {1,... k— 1}.

Proof. Once again, we focus on proving the fact that b is a left Garside word if and only
if the words b; - b;y1 are left Garside words for all 7 € {1,...,k — 1}. First, if either the
word b or all of the words b; - b; 1 are left Garside, then none of the letters b; is equal to
1, forie {1,... k}. Second, if b is left Garside, then we have

Oég(bibzurl) = Oég(biOég(bi+1 Ce bk)) = Oéz(bi e bk) = bz

forallie {1,..., k—1}, which proves that the words b;-b; 1 are all left Garside. Conversely,
if each word b; - b;;1 is left Garside, then an immediate downward induction on 7 €
{1,...,k — 1} proves that

ap(b; ... br) = ap(biap(bisr ... b)) = au(bibis1) = by,

which completes the proof. O

Hence, when a and b are simple elements, we denote by a — b the fact that a-b
is a left Garside word, and by a <— b the fact that a - b is a right Garside word.
Corollary 2.38 amounts to saying that the sets of left Garside words and of right Garside
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words are regular languages. They consist respectively in the words by - ... - b such that
by — ... —> by and such that by «—— ... «— b;.

In addition, following Lemma 2.37, there exists simple characterisations of the rela-
tions a — b and a «<—— b.

Definition 2.39 (Left and right (outgoing) sets).

Let GT be a Garside monoid with generators oy, ...,0,, and let a be an element of G™.
We call left set of a, and denote by left(a), the set {o; : 0; <y a}. We also call right set
of a, and denote by right(a), the set {o; : a =, 0;}.

In addition, if a is a simple element, we call left outgoing set of a, and denote by left(a),
the set {o; : o;a ¢ S}. We also call right outgoing set of a, and denote by right(a), the
set {o; : ao; ¢ S}.

Lemma 2.40.

Let GT be a Garside monoid, and let a and b be two non-trivial, simple elements of
G*. We have a —> b if and only if left(b) < right(a), and a < b if and only if
right(a) < left(b).

Proof. Since both statements of Lemma 2.40 are dual to each other, we focus on proving
that a — b if and only if left(b) < right(a). First, if left(b) & right(a), consider some
generator o; € left(b)\right(a). Since ao; left-divides both A and ab, it follows that
ao; < ay(ab), whence a # ay(ab) and a - b.

Conversely, if a —> b, i.e. a # ay(ab), recall that a <, ay(ab). Therefore, there
exists a generator o; such that ao; <, ay(ab). This means both that ac; <, A and that
ao; <, ab, i.e. that o; € left(b)\right(a). This completes the proof. O

A first consequence of Lemma 2.40 is a condition for concatenating Garside words.

Corollary 2.41.
Let G be a Garside monoid, and let a and b be two non-trivial elements of G*, with
respective left Garside normal forms a’ := af-a-.. .-a’, and b’ := b{-by-. . .-b. The equality

NF,(ab) = a’ - b’ holds if and only if a’, — b or, equivalently, if left(b) < right(a’).

Similarly, let 2" :=af -al-...-a], andb" :=b] - by -...-b) be the right Garside normal
forms of a and b. The equality NF,(ab) = a" - b" holds if and only if a;, — b} or,
equivalently, if left(b]) 2 right(a).

Proof. The only point that does not follow directly from Corollary 2.38 is the fact that
left(b) = left(b{) and that right(a) = right(a’). These equalities are direct conse-
quences from the definitions of b{ = ay(b) and a’ = a,(a), and from the fact that each
generator of the monoid A% is both a left-divisor and a right-divisor of the Garside
element A. |
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In addition, Lemma 2.40 provides us with an automaton that accepts the set of left
Garside words.

Definition & Proposition 2.42 (Left Garside acceptor automaton).
Let GT be a Garside monoid, with generators oy, ...,0,. We call left Garside acceptor
automaton the finite-state automaton A% := (A, V,6,i,, V), with

e alphabet A = S\{1};

e set of states V = {right(a) : a e A};

e transition function § with domain {(P,a) : left(a) = P} and such that 0 : (P, a) —
right(a) if left(a) < P;

e initial state i, = right(A);

e set of accepting states V.

The automaton A% is the minimal deterministic automaton that accepts the set of left
Garside words. In particular, the left Garside normal form is a regular normal form, i.e.
the set of left Garside words is reqular.

Proof. First, since left(a) < {oy,...,0,} = i, for all a € S\{1}, it is clear that A'f
accepts the set of words by - ... - b such that by — ... — b, i.e. the set of left Garside
words. Second, each state of A'®f is accessible (in one step) from the state i, and is itself
an accepting state. Hence, it is enough to prove that the sets {a€ A : §(P,a) is defined}
are pairwise distinct, for all states P. In particular, if P and () are distinct states of
At let us assume, without loss of generality, that some generator o; of the monoid
G belongs to P\Q@. Since left(o;) = {0;}, the pair (P, 0;) belongs to the domain of §,
but the pair (@, 0;) does not belong to the domain of §, which proves that {a € A :

d(P,a) is defined} # {a€ A:6(Q,a) is defined}. This completes the proof. O
01
{0_1} 02, O-% {Z} 01,0201
09,03 |01 ~f{o1, 02} 1A 0201| |0102 {1, o2} A
o o ) —
[
02
Automaton A" of M3, Automaton A of B

Figure 2.43 — Left Garside acceptor automata of the monoids My 3 and B3

Figure 2.43 presents the left Garside acceptor automata associated with the Garside
monoid M3y = (01,0, | 0f = 03)* (introduced in Example 2.36) and the braid monoid
B = (01,09 | 010201 = 090109)™.

We might also have defined similarly a right Garside acceptor automaton that accepts
the set of left Garside words.
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Definition & Proposition 2.44 (Right Garside acceptor automaton).
Let G be a Garside monoid, with generators o1, ...,0,. We call right Garside acceptor
automaton the finite-state automaton A8 = (A, V,d,is, V), with

e alphabet A = S\{1};

e set of states V = {F} U {right(a) : a e A};

e transition function 0 with domain {(P,a): P < left(a)} and such that § : (P,a) —
right(a) if P < left(a);

e initial state iy = ;

o set of accepting states V.

The automaton A8 js the minimal deterministic automaton that accepts the set of right
Garside words. In particular, the right Garside normal form is a regular normal form,
i.e. the set of right Garside words is reqular.

Proof. Since i, = ¢  left(a) for all a € S\{1}, it is clear that A*&" accepts the set of
words by - ... by such that by «—— ... «<— by, i.e. the set of right Garside words.

Moreover, each state of A™8B¢ is accessible (in at most one step) from the state i,
and is itself an accepting state. Hence, it is enough to prove that the sets {a € A :
d(P,a) is defined} are pairwise distinct, for all states P. If P and ) are distinct states of
Al*® et us assume, without loss of generality, that some generator o; of the monoid G
belongs to P\Q. The only elements of the set {x : A >, x >, 0;'A} are 0; 'A and A,
which proves that left(o; 'A) = {o,...,0,}\{0:}. It follows that (Q,o; 'A) belongs to
the domain of §, but that the pair (P, o; 'A) does not belong to the domain of §, which
proves that {ae€ A : (P, a) is defined} # {a€ A: 0(Q,a) is defined}. This completes the
proof. O

An alternative way of constructing the right Garside acceptor automaton would have
been to use the Brzozowski minisation algorithm [22], i.e. to reverse the left Garside
acceptor automaton, then to determinise it (retaining only the accessible and coaccessible
part).

Moreover, the left and right Garside normal forms in Garside groups were seminal
examples of the notion of automatic monoid (23, 45, 47|

Definition 2.45 (Synchronously automatic normal form).

Let (G,-) be a finitely generated monoid, with generating set I' := {g1,...,gn}, and let
NF : G — T'* be a regular normal form, which maps each element of G to a finite word
with letters in I'. In addition, let € be a letter that does not belong to the set I', and let
us consider the extended alphabet I'. :=T" U {e}. We say that a word w € I'* reduces to a
word x € I'*, which we denote by w — X, if w e x- {e}*.

We say that the normal form NF s synchronously left-automatic if, for all generators
g; of G, the set

NF; = {(w,x) e TF x T* : |w| = |x| and 3y € G s.t. w — NF(7) and x - NF(g,7)}
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is reqular. Similarly, we say that NF is synchronously right-automatic if, for all gener-
ators g;, the set

NF8" .= {(w,x) e [* xT* : |w| = |x| and 3y € G s.t. w — NF(v) and x - NF(yg,)}

1s reqular. Finally, we say that NF is synchronously automatic if it is both synchronously
left- and right-automatic.

Synchronous automatic normal forms are crucial for algorithmic purposes. Indeed, if
NF is a synchronously automatic normal form, computing the normal form of a product
gy or vg;, where v is an element of the group G, can be performed in space and time
linear in the length of the word NF (7).

Note that being an automatic monoid does not depend on the generating set that we
consider [45].

Proposition 2.46.
Let GT be a Garside monoid. The left and right Garside normal forms of Gt are syn-
chronously automatic.

Proof. Consider the generating set I' := S\{1} of G*, to which we may add a supple-
mentary letter 1, thereby obtaining the set I'; := S. We first prove that the left Garside
normal form NF, : G — T is synchronously left and right automatic.

For all simple elements 3 € S\{1}, the finite-state automaton A := (A, V. 6,4, F),
with

alphabet A = S x S;
set of states V = S;

transition function ¢ with domain {(v, (a,b)) € V x A: b = «ay(vya)} and such that
0: (7, (a,b)) = ar(va)~lvaif b = ay(va);
initial state i, = (3,

e set of accepting states F' = {1}

recognises a set S such that S n NF,(G™)? is equal to the set
{(w,x) e xT't : |w| = |x| and 3y € GT s.t. w - NFy() and x - NF(57)},
and the finite-state automaton ATb := (A V. 4, F'), with

e alphabet A =S8 x §;
e set of states V = S;

e transition function ¢’ with domain {(v, (a,b)) € V x A :a <, vb and a'4b € S}
and such that &' : (v, (a,b)) — a 'ybif a <, yb and a~lyb e S;

e initial state i, = 1;

e set of accepting states F' = {s}
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recognises a set S’ such that S’ n NF,(G™)? is equal to the set
{(w,x) eT7 xI7:|w| = |x[ and 3y € G s.t. w — NF,(y) and x - NF,(8)}.
This proves that the left Garside normal form is synchronously automatic.

Mirrorring all the relations in the monoid G* (and therefore replacing the Garside
monoid G* by its mirror monoid, which is also a Garside monoid) provides the same
results for the right Garside normal form. |

Garside words have additional connections with the Garside element A, as we show
below.

Definition & Proposition 2.47 (Conjugation by A).
Let GT be a Garside monoid, with Garside element A. There exists a conjugation by
A in the monoid G*, i.e. a function ¢p : GT — G* such that Apa(a) = aA for all

elements ae GT.

The function ¢a is a morphism of monoids, is A-invariant, and induces permutations of
the sets {o1,...,0,}, S and G*.

Proof. First, let a be a simple element of G*. Since a <, A, there exists an element
b € GT such that ab = A. Then, A >, b, and therefore b € S. This proves that
there exists a function da : S — S such that ada(a) = A. It follows immediately that
Ad%(a) = ada(a)di(a) = aA, and therefore that the function ¢ = 0% is well-defined
on S.

Second, let b be some element of G*, and let by...b, be a factorisation of b
into simple elements of G* (e.g., in generators o; of G*). It follows immediately that
Apa(br)pa(bs) ... pa(br) = biApa(bs)...oa(bg) = ... = Ab. Hence, the above con-
struction provides us with an element ¢a(b) = ¢a(b1)da(bs)...da(by) such that
A¢pa(b) = bA. Since G* is cancellative, the element ¢ (b) is unique, and therefore
does not depend on which factorisation of b we considered. In particular, the function
da b= da(br)pa(bs) ... oa(bg) is well-defined on G™.

In addition, if by ...b; and ¢; ...c, are two factorisations of two elements b,c € G+
into simple elements, then ¢a(bc) = da(by)...oa(br)oal(cr) ... dalcy) = da(b)oa(c),
which shows that ¢ is a morphism of monoids. As such, ¢ preserves the divisibility
relations, and therefore is A-invariant. Hence, ¢ maps the sets {oy,...,0,}, S and G*
to themselves.

In addition, using word reversal, there must exist a function qﬁgl such that Aa =
dA'(a)A for all a € G*, and ¢,' maps the sets {o,...,0,}, S and GT to themselves.
Since

$a (da(@))A = Aga(a) = aA and Ada(gx'(a)) = ¢5'(@)A = Aa
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for all a € G*, it follows that ¢' and ¢ are inverse bijections, and Proposition 2.47
follows. O

Lemma 2.48.
Let Gt be a Garside monoid, and let a be an element of the monoid G*. We have

NF,(6(a)) = ¢a(NF,(a)) and NF, (¢5(a)) = ¢(NF, (a)).

Proof. We focus on proving the first equality. The second one is similar. Observe that
Apa(A) = A?) ie. that da(A) = A, and that ¢ is an automorphism of the ordered set
(G, <y). It follows that ay(da(a)) = GCDg,(pa(a),pa(A)) = ¢a(GCDg,(a,A)) =
oda(ag(a)). An immediate induction on the word length |NF,(a)| completes the proof of
the equality NF;(opa(a)) = oa(NF,(a)). O

In addition, divisibility relations involving powers of the Garside element A are tightly
connected with the length of Garside words and occurrences of the letter A within these
words.

Proposition 2.49.

Let GT be a Garside monoid, let A be a Garside element of G, and let NF, and NF,
be the associated Garside normal forms. In addition, let u be a non-negative integer and
let b be an element of the monoid G*. The following statements are equivalent:

1. b is a product of u simple elements; 4. INFy(b)| < u;
2. b <y A% 5. INF,(b)| < u.
3. AU>, b

In particular, A" is a Garside element of GT. The following statements are also equiva-
lent:

6. A" <, b; 8. (A)" < NF,(b);
7. b=, A% 9. NF,.(b) = (A)%,
where (A)* denotes the word A - ... - A with u letters.

Proof. First, the implication 4 = 1 is immediate (recall that, since 1 is a simple elem. In
addition, recall the function da : & — S such that ada(a) = A. If b is a product b :=
S1S9...8, with s; € S for all i € {1,...,u}, let us define the elements s} := ¢% "Ia(s;). It

immediately comes that bs¥s? | -...-s} = A" which proves that 1 = 2.

Second, we show by induction on |[NF,(b)| that |NF,(b)| < |NF,(ab)| for all pairs
(a,b) € S x G*. Indeed, consider the word by - by - ... by := NF(b). Lemma 2.37 proves
that a <, ay(ab) <y aay(b) = ab;: let ¢ and d be elements of G such that a,(ab) = ac
and ab; = ay(ab)d. Since ab; = acd, it follows that d is a right-divisor of b;, hence is
simple. The induction hypothesis indicates then that

|NFg(ab)‘ = ‘Oég(ab) : NFg(debg N bk)| =1+ ‘NFg(deby, ce bk)‘ = ’NFZ(b)’,
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which completes the induction.

It follows that b — |[NF,(b)| is non-decreasing for >,, which proves that 3 = 4. One
shows analogously that 2 =5 = 1= 3.

In addition, the implications 8 = 6 and 9 = 7 are immediate, while the converse
implications 6 = 8 and 7 = 9 follow from a straightforward induction on w. Finally, the
equivalence 6 < 7 is due to the fact that A%c = ¢,“(c)A"* and cA" = A*¢}4(c) for all
elements c € G*. O

Corollary 2.50.
Let GT be a Garside monoid, and let b be an element of the monoid G*. The Garside
words NFy(b) and NF,.(b) have the same length, i.e. [NF,(b)| = |NF,.(b)|.

The equivalence between 2 and 3 in Proposition 2.49 shows that each element A"
is itself a Garside element of the monoid G*. Hence, we will use below the short-cut
notation >, which we define as follows: A* > b if and only if A* >, b or, equivalently,
if and only if b <, A%; and A" < b if and only if A" <, b or, equivalently, if and only
if b >, A% We call infimum of b, and denote by inf(b), the largest integer u such that
A" < b.

In addition, since the lengths [NF,(b)| and [NF,(b)| are equal, we henceforth denote
by |b|| this common length. An additional consequence of Proposition 2.49 is the following
one.

Corollary 2.51.
Let G be a Garside monoid, with Garside element . Let u be a non-negative integer
and let b be an element of the monoid GT. In addition, let by - ... - by be the left Garside

normal form of b, and let c_y,-. . .-¢; be the right Garside normal form of b, with k := |b|.
We have GCDg, (b, A") = biby ... byingruy, and GCDx (b, A") = c_ ningruy - - - C—2C—1.

Proof. If w > k, then b < A", and therefore Corollary 2.51 is immediate. Hence, we
assume that u < k.

First, Proposition 2.49 proves that bybs ...b, <, GCD¢,(b, A*). Now, let m be some
generator of GT. If m <, b,41 ... b, then b, <; ap(bym) <p ay(by ... bx) = by, hence b,-m
is a left Garside word, and Corollary 2.38 proves that by -...- b, -m is also a left Garside
word. Therefore, Proposition 2.49 proves that bibs . ..b,m does not divide A". Likewise,
if m is not a left-divisor of b,,1 ... by, then biby...b,m does not divide b.

Hence, in both cases, we know that b1b,...b,m cannot dividle GCD¢,(b, A*), and
therefore that byby...b, = GCDg,(b,A%). We show similarly that c_,...c_oc_; =
GCD., (b, A"), which completes the proof. O

We also say that a word w whose letters belong to the set §° := S\{1, A} is a A-free
word, and that an element b of GT that is not divisible by A is A-free. Proposition 2.49
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proves that the elements whose left Garside normal form (or, equivalently, right Garside
normal form) is A-free are exactly the A-free elements of G*.

Pushing further in that direction, we wish to work only with A-free Garside words,
which amounts to cancelling the A factors that occur in the factorisation of any element
of G*. This is of course infeasible per se (since not all elements of G* are A-free), but
we already can work on assigning to the A factors a specific place, either to the left of to
the right of the factorisation (by considering left and right Garside normal forms), or “in
the middle”, as shown by the following result.

Lemma 2.52.
Let G be a Garside monoid, with Garside element A, and let u be a non-negative integer.

Consider elements a and b of the monoid GT such that ab > A". There exists elements
a’,a”, b and b” of Gt such that a = a’a”, b = b’b” and a”"b’ = A".

Proof. The claim is obvious for u = 0. Hence, we first prove it for u = 1. Since ab > A,
it follows that A = «,.(ab) = a,.(a.(a)b), i.e. that a,.(a)b >, A, and therefore that
A <4 a,(a)b. This implies that

A = ay(a,(a)b) = ay(a.(a)ae(b)) <p ar(a)ae(b).

This means that «,.(a) 'A <; ay(b) < b. Defining a” = a,.(a) and b’ = a,.(a)"*A, then
a’=a(a”)"! and b” = (b’)"!'b completes the proof.

We proceed now by induction on u > 2. Consider elements aj, as, by, by of G* such
that a = ajay, b = byby and asb; = A. Since ¢a(a;)by > A" there exists el-
ements as, a4, bz, by of GT such that ¢a(a;) = azay, by = bsby and asbz = AL
Hence, let us define ' = ¢:'(a3), a” = ¢5'(as)as, b’ = bbz and b” = by: we
have a'a” = ¢,'(azas)a; = aja; = a and b'b” = b;(bzby) = bib, = b, as well as
a’b’ = ¢, (a;)agb bz = ¢1'(ay)Abs = Aa,bz = A% O

In addition, the Garside monoids can be embedded in their group of fractions, as
follows.

Definition & Proposition 2.53 (Garside group).
Let Gt be a Garside monoid, and consider the group morphism

O:7Z — Aut(GY).
ko ¢k

The morphism ® gives rise to the semidirect product Gt x¢ Z, such that (a, k) - (b, ) :=
(a®k (b), k +1).

For all integers k = 0, the pair (A* k) is central in G xg Z, so that the submonoid
N := {(A¥ k) : k = 0} is normal in G xg Z. The quotient monoid G := (G* xg Z)/N
is the group of fractions of G*. Moreover, each element x of G can be written as a

product x = y 'z, with y,z € GT. We say that G is the Garside group associated with
G*.
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Proof. First, recall that ¢a(A) = A. Hence, a direct computation shows that, for all
(a,k,0) € GT x Z x Z, we have (a,k) - (A () = (aA%k + 1) = (A'¢4(a),k + () =
(A7) - (a, k), which proves that (A% ¢) is central in Gt xg Z and therefore that N :=
{(A* k) : k = 0} is normal in G* x4 Z.

Second, for all (a, k) € G* x Z, since a <, A*® | there exists an element b € G* such
that ab = A*® It follows that

(a,k) - (¢5°(b), Aa) — k) = (ab, k + A(a) — k) = (A", \(a)) € N,

hence each element x of G has a right inverse, which we denote by x~!. Since x !'x =

x Ixx7Hx 17t = x71(x71) 7! = 1, it follows that x! is also a left inverse of x, i.e. that

G is a group.

Third, identifying the monoid G* with the subset {(a,0) : a € G} of the quotient
G, we observe that

(a, k) - (02" (D)AF 0) = (abAF k) = (abAM=F ),

where the last equality holds only in the quotient (G* x¢ Z)/N. This proves that each
element x of G is of the form x = y 'z, where y and z belong to {(a,0) : a€ GT}, which
completes the proof. O

From now on, we will just identify the Garside group G with the group of fractions of
G™, and assume that G is a submonoid of G. Observe that, analogously, the Artin-Tits
group A is exactly (by definition) the group of fractions of the monoid A*, hence that
A is the Garside group associated with the Garside monoid A™*.

Each kind of Garside normal forms on G* can be generalised to a normal form on
the Garside group G.

Definition 2.54 (Garside normal forms in the group G).

Let a be an element of the Garside group G, and let u be the largest integer such that
A" a belongs to the monoid G*. Let us also define the integer ¢ :==1ifu >0, or  := —1
if u<0. Let ay - ...-ay be the left Garside normal form of A™"a, and let a) - ... - aj, be
the right Garside normal form of A~"a (in the sense of Definition 2.34).

The left Garside normal form of a in the group G is defined as the word NF,(a) :=
AS-. . AS-ay ... - ay, with [u| occurrences of the letter AS. The right Garside normal
form of a in the group G is defined as the word NF,(a) :=a) -...-a} - AS-...- AS with
\u| occurrences of the letter AS.

Like in the case of Garside monoids, the Garside normal forms are synchronously
automatic in Garside groups [47].

Proposition 2.55.
Let G be a Garside monoid. The left and right Garside normal forms of G are syn-
chronously automatic.
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Proof. Like in the monoid case, we consider the generating set I' := {A™'}US\{1} of G, to
which we may add a supplementary letter 1, thereby obtaining the set I'y := {A™!1} U S,
and first prove that the left Garside normal form NF, : G — I is synchronously left
automatic.

For all simple elements § € S and all A-free elements 7 of the monoid G, we have
0 < inf(57) < 1. It follows that the set

{(w,x) eI'] xI'] : [w| = [x[ and 37 € G s.t. w — NF(y) and x - NF,(87)}

is equal to the union of the sets

{(w,x) eI} xI'f : [w| = [x] and 37y € GT s.t. (w — NF(y) and x — NF,(37))};
{(w,x) €T} x T} :|w| = |x| and 3k > 1,3y € G* s.t. inf(¢,"(8)7) = 0,

w — (A1)* - NFy(7) and x — (A" - NFo(¢,:"(6)7)};
{(w,x) eI x '} : |[w| = x| and 3k = 0,3y € GT s.t. inf(ApL*(8) 1) =0,

w — (ATHHNF(Ag(8)71) and x — (A™1)* - NFy(7)},

which, as a consequence of Proposition 2.46, are regular.

We prove in a similar way that NF, is synchronously right automatic and that NF,
is synchronously automatic. O

Note that we might also have proved Proposition 2.55 by referring to the following
standard result [47].

Definition 2.56 (Incremental difference sets).

Let G be a finitely generated group, with generating set T := {g1,...,gn}, and let NF :
G — T be a normal form. Consider two elements v and ' of G, with respective normal
forms NF(v) =ay-...-ap and NF(y) =a}-...-aj.

The left incremental difference set of v and ' for the normal form NF is defined as the
set

ARF(1:7) = {(@mingrr1,iy - - ) (@ingesr gy - @) T 1> 1)
In addition, the left incremental difference set of the normal form NF s defined as the
set

Afw = | U AR (97, 7)-

veG i=1

Similarly, the right incremental difference set of v and ~" for the normal form NF is
defined as the set

Ag%‘ht(’% ’7/> = {(al cee amin{k,i})_l(all cee ainin{é,i}) i = ]‘}
and the right incremental difference set of the normal form NF is defined as the set

ANE" = JUARE (1 790)-

veG i=1
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Theorem 2.57.

Let G be a finitely generated group, with generating set T' := {g1,...,gn}, and let NF :
G — T'* be a reqular normal form. The normal form NF is synchronously left-automatic
if and only if the left incremental difference set AKX is finite, and NF is synchronously
right-automatic if and only if the right incremental dzﬁerence set Ag%ht 18 finite.

Proof. Let € be a copy of the trivial element of G that does not belong to I". We first
prove that, for each generator g; € I'; the set

S = {(w,x) € I'F x I'? : |w| = [x| and 37 € G s.t. w — NF(y) and x — NF(g;7)}
is regular if and only if the set Al := )., AXE(9:7,7) is finite.

Indeed, if S!* is recognised by some minimal deterministic automaton A = (I'. x
I'.,V,é,s, F), consider some element v of G, and let w and x be two elements of I'} such
that |w| = [x|, w - NF(v) and x - NF(g¢;7). In addition, for all non-negative integers
k < |x|, let sy € V be the state of A obtained after having read the k (pairs of) letters

(Wy,X%;), ..., (Wi, X;). There exists a path of length ¢ < |V| from the initial state ¢ to
the state s, i.e. there exists ¢ pairs of letters (w’l,gl), ..., (W}, x}) such that the pair
(W) Wy Wy e Wy X e X Xy -+ X)) Delongs to Sleft Tt follows that
-1
g = (X XXy Xy ) (W W W W)

= (X)X (K1 - Kp) Wy - W) (W W) T

and therefore that (x; .. X)) (Wipq -+ Wigy) ™ UMO ULVlo ['—%g;,I'"®. This proves that
the set Aje™ = .o ARF(9:7,7) is finite.

Conversely, if the set Aleft is finite, let A = (., W, ¢, t, H) be the minimal determin-
istic automaton that accepts the set {w € I'. : 3y € G s.t. w — NF(y)}. Then, consider
the automaton A; = (A,V,d,s, F), with

e alphabet A =T, x T';
e set of states V = W x W x Aleft,

e transition function § with domain {((x,y,(),(a,b)) € V. x A : (x,a) and (y,b)
belong to the domain of ¢ and b~*¢a € Al*®} and such that § : ((x,y,¢), (a,b)) —
(e(x,a),e(y,b),b"!(¢a) if ((x,y,(), (a,b)) belongs to the domain of §;

e initial state s = (t,t,g;);

e set of accepting states F' = H x H x {1}.

One shows easily that A; recognises the set Sleft.

Overall, it follows that NF is synchronously left-automatic if and only if each set Aleft
is finite, i.e. if and only if the set AR = | J | Al is finite. One shows similarly that
NF is synchronously right-automatic if and only if the set ARE™ is finite. O
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Corollary 2.58.

Let G be a finitely generated group, with generating set T' := {g1,...,gn}, and let NF :
G — T'* be a computable, reqular normal form, whose language is accepted by some fixed
automaton A.

If NF is synchronously left-automatic, then, for all integers i € {1,...,n}, the minimal
deterministic automaton that accepts the language

Sleft .— {(w,x) e I'* xT* : |w| = |x| and 3y € G s.t. w — NF(y) and x — NF(g;7)}

is computable. Similarly, if NF is right-automatic, then, for all integers i € {1,...,n},
the minimal deterministic automaton that accepts the language Sflght 15 computable.

Proof. We prove that, if the set Alf is finite, then we can compute the automaton
A; mentioned in the above proof of Theorem 2.57. From the knowledge of A, we can
compute a (minimal deterministic) automaton A = (I';, W)€, t, H) that accepts the set
L={wel.:3veGst.w—»NF()}.

We compute now increasingly large subsets S°, S, ... of the incremental difference set
At and automata A% Al ... accepting increasingly large subsets £°, £!, ... of £. Note
that, since Al is finite, the sequence S° S1,... can contain only finitely many terms.
In addition, let D, be the domain of the transition function e.

We first define S° = {g;}. Then, for all integers j such that S’ exists, we define the
non-deterministic automaton A/ = (T'., V7, 67,s, F') with

e state set V/ =W x W x S7;

e non-deterministic transition function §* with domain V7 x I'. and such that

5 ((x,y,0),a) — {(e(x,a),e(y,b),b *Ca) :beT,,
(x,a) e D.,(y,b) e D, and b~ 'Cae 57};

e initial state s = (t,t, g;);
e set of accepting states F' = H x H x {1}.

By construction, we have £7 - e* € £, with equality if and only if S7 = Al®, Hence,
as long as L7 - e* < L, we select some element v of G such that NF(y) ¢ £7 - *, then
we define S9! as SI+t = S7 U Akl (g, 7). By definition, the set Akt(g;v,~) was not a
subset of S7, which proves that the sequence S°, S*, ... is strictly increasing, and proves
that our process terminates with the computation of Alf itself. It is then straightforward
to compute the automaton .4; and to minimise it.

Applying similar constructions for the sets Afight completes the proof. O
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2.3.3 Normal Forms in Artin—Tits Monoids and Groups of Spher-
ical Type

We come back now to the case where G* is an Artin—Tits monoid of spherical type A ™,
not only a generic Garside monoid; we will work under that assumption until the end of
this section, and will always asume that A is the smallest Garside element of A*, i.e. the
lowest upper bound of its generators. In that narrower context, there exist alternative
criteria for characterising Garside words, which will lead to a criterion for concatenating
directly Garside words.

Proposition 2.59.

Let A" be an Artin—Tits monoid of spherical type, let S be the set of simple elements of
At andletb := by-by-... by be a word with letters in S\{1}. The word b is a left Garside
word if and only if left(b;,1) < right(b;) for all i€ {1,... k—1}. Analogously, the word
b is a right Garside word if and only if right(b;) < left(b;11) for allie {1,... k—1}.

Proof. Following Lemma 2.40, it suffices to prove that left(a) = left(a) and right(a) =
right(a) for all braids a € S\{1}. Both equalities are straightforward consequences of
Lemma 2.16. O

In addition, Theorem 2.26 provides us with a classification of the finite Coxeter groups,
from which it follows that A? belongs to the centre of the monoid A*.

Proposition 2.60.

Let A™ be an Artin—Tits monoid of spherical type with generators oy, . ..,0,, and consider
its Garside element A := LCMg, (01, ..., 0y,). The morphism of monoids ¢ : At — A*,
such that Apa(a) = aA for allae A*, is an involution.

Proof. The monoid AT is an Artin-Tits monoid of spherical type, which means that its
Coxeter group W is finite. Therefore, Theorem 2.26 states that there exists a partition
Ji,...,Jgof {o1,...,0,} such that each Coxeter group generated by J, (for £ € {1,... k})
is presented by a finite irreducible Coxeter system.

Hence, let AT,..., A} be the associated Artin-Tits monoids of spherical type, and
let Aq,..., A, be the associated Garside elements. The monoid A" is the direct product
Hle A and its Garside element A is the (commutative) product Hle A;. Therefore,

it remains to treat the case where W is itself presented by a finite irreducible Coxeter
system.

Now, let ' be the Coxeter diagram associated with W. Proposition 2.47 proves that
¢a is a morphism of monoids that maps the set {o1,...,0,} to itself. It follows that ¢a
induces an isomorphism of labelled graphs from I to itself. Let x be the smallest positive
integer such that ¢ = Idr.

It comes immediately that
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(] K}:1ifw:BH,W:E7,W:E8,W:H301'W:H4;
e ke {l,2}if W=A, W=D, (withn#4), W=FEs, W=F;or W = [(a).?

Finally, if W = Dy, then ¢a(03) = 03, and the generators oy, o2 and o4 play symmetric
roles. Consequently, if the morphism ¢ were to map o7 to o, then it should also map
01 to o4. This proves that ¢a(o1) = 01 and, similarly, that ¢a(02) = 09 and ¢a(04) = 04,
which proves that xk = 1.4

Overall, we have proved that x must divide 2, which proves that ¢4 = Idr, i.e. that
¢4 maps each generator o; to itself, and therefore that ¢3 = Id-+. O

If A? is always central in A™, this is not necessarily the case of the element A. For
instance, if A* is a dihedral monoid (i.e. W is of type I3(a)), then A belongs to the
centre of A" if and only if a is an even integer. Therefore, it is natural to project the
monoid AT onto the quotient A*/A% We describe now such projections, which we will
use extensively throughout Chapter 5, as well as the (immediate) result that follows.

Definition 2.61 (Projection on A*/A?).

Let A be an Artin—Tits monoid of spherical type, with let b be an element of A*, and
let u be the largest integer such that b > A* where A := LCMg,(0y,...,0,).. We
denote by §(b) the element A=*"b of AT, which we identify with the projection of b onto
AT/A%

Lemma 2.62.
Let At be an Artin-Tits monoid of spherical type. The equality 6(ab) = d§(ad(b)) =
5(d(a)b) holds for all elements a and b of the monoid A™.

Moreover, from Proposition 2.60 follows a notion of symmetric Garside normal form
in Artin—Tits groups of spherical type.

Definition & Proposition 2.63 (Symmetric Garside normal form in the group A).
Let A be an Artin—Tits group of spherical type. The symmetric Garside normal form of
a braid a € A is defined as the (unique) word NFyn(a) == a;' ... a7’ by ... by such
that

° a:agl...aflbl...bg;

® ay-...-ap and by - ... by are left Garside words (in the sense of Definition 2.34);

o cither k=0 orf =0 or the elements a; and by have no common non-trivial divisor
in the monoid A™T.

3We may even prove as follows that x = 1 if W = F; or W = I3(a) with a € 2Z. Indeed, the number
of occurrences of letters o1 or oo (if W = Fy), or o1 (if W = I5(a)) is invariant among all the words
that represent a given braid. Hence, the generator o7 is not conjugate with o4 (if W = Fy) or oy (if
W = I1(a)), and therefore we must have k = 1.

4 Alternatively, Proposition 2.33 proves that the group isomorphism ¢ : D,, — & maps A to the
permutation —Id_,, . ,}, which commutes with each element of &t and therefore proves that x = 1.

,,,,,
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The subword NF_, (a) := a;'-...-ay" is called the negative part of the braid a, and the

subword NF(, (a) := by - ... by is called the positive part of a. The words of the form
NFm(a) are called symmetric Garside words.

Proof. Let a be an element of A. We first prove that a word such as NFg,,(a) = a; " -

cooeapt by Dy exists. According to Proposition 2.53, there exists elements @ and B
of A* such that a = @~'8. Consider the elements § := GCDg, (@, §), o := 0~'a@ and
B := 0714, and consider the words a; - ... a; = NF,(a) and that by - ... b, = NF(7).

First, we have a_'...a;'b;...by = '3 = @ 19678 = @ !B = a. Second, by
construction, boﬁh ai - ... ap and by - ... by are left Garside words. Third, we have

§ = GCD,(@,B) = GCD.,(6a,0f) = 6GCD.,(a, §), hence GCD_, (a,3) = 1, and
therefore GCDg,(a1,b1) <, GCDg,(«, 5) = 1.

It remains to prove that the word NFgy,,(a) = a;'-. . .-a; '-by-. . .-by is unique. Consider
the elements & = ay...a, and f=1by...by of AT. Ifae A" and if kK > 1, then § = aa,
and therefore £ > 1 and 1 = GCDg,(a;1,b1) = GCD¢, (o, 8,A) = GCD¢, (a,aa,A) =
GCDg, (o, A) = ay, which is impossible. Hence, if a€ A™, we have k = 0 and by -...- b,
is the left Garside normal form of a. Similarly, if a=' € A, then / = 0 and a, - ... - a; is

the left Garside normal form of a=!.

Now, we assume that neither a nor a=! belongs to A*. Hence, both k and ¢ are positive
integers, and both ay - ... a; and by - ... - b, are A-free words. Indeed, a; and b; must
be non-trivial, i.e. left(a;) # & and left(b;) # J, and since a; and b; have no common
non-trivial divisor in A™* it follows that left(a;) n left(b;) = J, whence left(a,) <
{o1,..., o} \left (b)) < {o1,...,0,} = left(A) and, similarly, left(b;) < left(A). Let
u > 1 be the smallest integer such that A%a € A™. The integer u is the unique integer
such that A"a is a A-free element of A*. For all integers ¢ € {1,...,k}, consider the
simple element a} := 0% '(a;) of A*. We prove now that aj -...-af by ... b is a left
Garside word.

According to Corollary 2.38, it is enough to prove that the words a},, - a}

¥ (when
1 < i< k—1)and af - by are left Garside words. Recall that u - v is a left Garside
word if and only if u = ay(uv). In addition, recall the function da : S — S introduced
in the proof of Proposition 2.47, such that ada(a) = A and such that ¢o = 04. Since

¢4 = 07 = Ids, it follows that

u = ap(uv) < u=GCDg,(A,uv) =GCDg,(uia(u),uv)
= GCDg,(0a(u),v) =1 = GCD,(dx(v),0a(u)) = 1
< 03 (v)-0a(u) is a left Garside word.
Hence, for all i € {1,...,k — 1}, and since a; - a;;1 is a left Garside word, so is 02 (a;41) -

da(a;). Then, since ¢ is an isomorphism of monoids, the word af,, - af = ¢’y *0% (ai41) -
' P0a(a;) is a left Garside word too.

Finally, a direct computation shows that a}...a%*b;...b, = AFa. Moreover, since



64 2.3. An Algebraic Approach to Braids

ar, # 1, we know that af # A. Hence, A*a is a A-free element of A*, and therefore
k = u. This proves that the braids af,...,a}, b1, ..., b are uniquely defined, and that so
is the word NFy,,(a). O

Example 2.64.

Consider the braid group B3 := (01,09 | 010201 = 090109). The symmetric Garside
words (i.e. the words of the form NF,,(a) for a € Bj) is the language accepted by the
(non-deterministic) automaton represented in Fig. 2.65, in which each state is both initial
and final. Moreover, for the sake of readability of Fig. 2.65, we chose to denote by &7 and
T, the generators ;' and o, '

v 01
o1[] {o1} 02 01 {71} [Jox
01,02 01 01,01 02
oro1f|oroz Alfo1.02l| (o1, o2} At o103 [o2 o1
02,01 03 09,02 01
JQE {02} 0102 {72} 10_2
f 02

Figure 2.65 — Automaton accepting the language {NF,(a) : a € B;}

2.3.4 Heap Monoids

We focus here on heap monoids and heap groups, which are combinatorial objects similar
to braid monoids and braid groups. Along with braid monoids, trace monoids form a very
popular class of Artin—Tits monoids, and have been studied in depth [24, 43, 44, 91].

Definition 2.66 (Heap monoid and heap group).

Let {oy,...,0,} be a finite alphabet, let D S {0y, ...,0,}> be a symmetric reflevive rela-
tion, which we call dependence or incompatibility relation, and let I = {oy,...,0,}*\D
be the associated independence relation.

The heap monoid (also called trace monoid, right-angled Artin—Tits monoid, or free
partially commutative monoid) generated by the pair ({o1,...,0,},1) is the monoid M*
presented as follows:

M*i={oy,...,0, | ¥(a,b) e I,ab=ba)".
The heap group generated by the pair (3,1) is the group M presented as follows:

M :={oy,...,0, | V(a,b) € I,ab=ba).
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Note that heap monoids and groups are particular instances of Artin—Tits monoids
and groups, in which every exponent m; ; belongs to the set {0,2}. However, unless the
monoid is the abelian monoid ZZ,, its Coxeter group is never finite. A popular example
of heap monoids is the dimer model, defined by

M ={oy,. .. 0, | 0105 = 050, if i — j| = 2)"

The dimer model is analogous to braid monoids, from which it is obtained by removing the
braid relations o;-0;11-0; = 041 0;-0;41. This model is well-known in combinatorics [18|
and has recently attracted interest in statistical physics as a model of random growth [68,
91].

This analogy reflects on the Coxeter diagram of the dimer model. Each generator o;
is represented by the vertex with label i. Vertices ¢ and j are linked by an unlabelled,
white edge if m; ; = o0, i.e. if i # j and (0y,0;) ¢ I.

Figure 2.67 — Coxeter diagram of the dimer model M}

Like braid monoids, each heap monoid has a graphical representation, in terms of the
heap diagrams introduced by Viennot [92]. Each generating element o; is represented by a
horizontal (not necessarily connected) brick that may move vertically but not horizontally.
Two elements are independent if and only if the bricks that represent them can be placed
on the same vertical layer without overlapping each other.

Figure 2.69 shows the diagrams of two words, 0,090304050301 and o1030204030507,
that belong to the same heap, in the heap monoid M™ generated by the pair

({0‘1,0'270'3,0'4,0'5}, {(O’Q,O’g), (0'370'2), (O'2,0'5), (0'570'2), (O'3,0'4), (0'470'3), (0'3,0'5), (0'570'3)}).

A canonical representation of the heap is obtained by letting gravity act on the blocks
that form the diagrams, so that several blocks fall onto the same vertical layer. This
representation is unique, and is linked to the Cartier-Foata normal form introduced below.

Note that, unlike braid diagrams, heap diagrams shall be read from bottom to top.

Like all Artin—Tits monoids, the heap monoid M™ is invariant under word reversal,
homogeneous and cancellative, and come with a notion of left and right sets. Aside from
simple elements, some elements of M™, called cliques, give rise to Garside normal forms
analogous to the case of Garside monoids.

Definition 2.68 (Cliques of a heap monoid).

Let M™ be a heap monoid, and let ay, ..., a; be pairwise independent generators of M™,
i.e. such that Yi,j € {1,...,k},1 # j = (a;,a;) € I. We say that the (commutative)
product ay .. .ay is a clique of M, and we denote by C the set of cliques of M™.
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o1 01
(0 05
Os5 g3 01
04 04 05
o3 09 04 03
092 o3 02 O3
o1 o1 01
Word 0102030405030 Word oy030904030507 Resulting heap

Figure 2.69 — Heap diagrams associated with the heap o,09030405030;

Lemma 2.70.

Let M™ be a heap monoid with generators oy,...,0, and let a be an element of M™.
The elements of the set left(a) := {o; : 0, <, a} are pairwise independent. In addition,
let ay(a) be the (commutative) product | |,ciep(ay - The heap cu(a) is the maximal left-
dividing clique of a, i.e. ay(a) € C, ay(a) <, a and Ybe C,b <,a < b <, ay(a).

Similarly, the elements of the set right(a) := {0; : a >, 0;} are pairwise independent,

and the heap oy(a) := [ ], ignt(a) @ @ the maximal right-dividing clique of a.

Proof. Due to word reversal, we only focus on the part that concerns the left set and
left-divisors of a. Let a; ... a; be a factorisation of a into generators or M*. One shows
easily that left(a) = {o; : Jue {1,...,k},a, = 0, and Vv € {1,...,u — 1}, (ay,a,) € I}.
Hence, the elements of left(a) must be pairwise independent, and therefore commute
with each other.

Then, let @; ...a,, be a factorisation of ay(a), with left(a) = {a;,...,a,,}. An imme-
diate induction on i shows that @;...a; <, a for all i € {1,...,m}, which proves that
ay(a) <, a. Finally, if b is a left-dividing clique of a, then we have left(b) < left(a),
hence b = ay(b) <, ay(a). O

Definition 2.71 (Garside normal forms in the monoid M™).
Let M™ be a heap monoid, and let a be an element of M*. The left Garside normal
form, or Cartier-Foata normal form, of a is defined as the word NFy(a) :=a;-ay-...-ay
such that:

® a=ajay...ag,

e aj,...,a; are cliques of M,

o cither k=0 ora, # 1, and
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o a; = ay(a;a;,1...a;) forallie{1,... k}.
The right Garside normal form of a is defined as the word NF,(a) := af -a}-...-aj such
that:

e a=aja,...ay,

e a),...,a, are cliques of M,

e cither { =0 oraj # 1, and

e a) =q.(ajal,...a)) forallie{1,... ¢}

For instance, the left Garside normal form of the word represented in Fig. 2.69 is
010903 0304 05" 071.

Moreover, like when defining the Garside normal forms on Garside monoids in Def-
inition 2.34, requiring that a; # 1, in the definition of the left Garside normal form,
amounts to requiring that a; # 1 for all 4 € {1,...,k}, and requiring that aj # 1, in
the definition of the right Garside normal form, amounts to requiring that a; # 1 for all
ie{l,... (}.

However, unlike in Garside groups, some elements of the heap group M, such as the
heap o407 !, cannot be factored as a product y~'z such that y and z belong to the heap
monoid M™. Hence, there is no direct way to derive a normal form on heap groups from
the Cartier-Foata normal form on heap monoids. Nevertheless, there still exists a notion
of Cartier-Foata normal form on heap groups.

Definition 2.72 (Cliques of a heap group).

Let M be a heap group, and let ay, ..., a; be pairwise independent generators of the heap
monoid M*, i.e. such that Vi,j e {1,... k},i # j = (a;,a;) € I. In addition, consider a
tuple (eq, ..., e) € {—1,1}*. We say that the (commutative) product af ...a}* is a clique

of the group M, and we denote by C the set of all cliques of M.

In particular, the cliques of the heap monoid M™ are the cliques of M that belong
to the monoid M™. Moreover, the restriction of the Artin length to the monoid M*
coincides with a variant of the product length that we introduced in Definition 2.35 for
Garside monoids.

Definition 2.73 (Product length on heap groups).
Let M be a heap group with generators oy,...,0,, and let a be an element of M. The
product length of a, which we denote by x(a), is the smallest integer such that a can be
written as a product of x(a) generators o;'.

The product length leads to a generalisation of the left and right divisibility relations,
as well as of left and right sets of a heap.

Definition 2.74 (Divisibility relations and left and right (outgoing) sets).
Let M be a heap group, and let a and b be two elements of M. We define the partial
divisibility orderings <y and =, as follows:

a<,ab < ab >, b < yx(a) + x(b) = x(ab).
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We call left set of a, and denote by left(a), the set {o;' : ¢, = +1,05" <, a}. We also call
right set of a, and denote by right(a), the set {0}’ : ¢; = £1,a >, 0;}.

In addition, if a is a clique, we call left outgoing set of a, and denote by left(a), the set
{of" 1 ¢, = £1,0;'a ¢ C}. We also call right outgoing set of a, and denote by right(a),
the set {o;" : ¢, = £1,a0;" ¢ C}.

Note that, since A(a) = x(a) for all positive heaps a € M™*, Definition 2.74 is consis-
tent with the usual definitions of <, >,, left, right, left and right. In particular, for all
heaps a € M™*, Definitions 2.39 and 2.74 lead to the same sets left(a), right(a), left(a)
and right(a), which legitimates using the same notations.

Moreover, the left and right sets are crucial for characterising the relations <, and
>, due to the following immediate result.

Lemma 2.75.
Let M be a heap group, and let a and b be two elements of M. We have x(a) + x(b) =
x(ab) if and only if Yo* € right(a), V7" € left(b), 07" # 1.

Lemma 2.76.

Let a be an element of the heap group M. The elements of the set left(a) := {0}’ :
o' <y a} are pairwise independent. In addition, let ay(a) be the (commutative) product
[ Loectefea) 0 The heap ay(a) is the maximal left-dividing clique of a, i.e. ay(a) € C,
a(a) <pa and Vb eC,b <pa< b <, aa).

Similarly, the elements of the set right(a) := {o;" : a =, 0;'} are pairwise independent,
and the heap a,.(a) := ngeright(a) o€ is the maximal right-dividing clique of a.

Proof. The proof is analogous to that of Lemma 2.70. Due to word reversal, we only focus
on the part that concerns the left set and left-divisors of a. Let af* ... a2 be a minimal-
length factorisation of a into generators or M, i.e. such that k£ = y(a). One shows easily
that left(a) = {of : Ju e {1,...,k},a’ = o and Vv € {1,...,u — 1}, (a,, a,) € I}.
Hence, the elements of left(a) must be pairwise independent, and therefore commute
with each other.

Then, let @' ...a% be a factorisation of ay(a), with left(a) = {@’*,...,a’}. An
immediate induction on ¢ shows that 6?1 . .Ef" <y afor all ¢ € {1,...,m}, which proves
that ay(a) <, a. Finally, if b is a left-dividing clique of a, then we have left(b) < left(a),
hence b = ay(b) <, ay(a). O

Consequently, we extend the Garside normal forms to heap groups.

Definition 2.77 (Garside normal forms in the heap group M).
Let M be a heap group, and let a be an element of M. The left Garside normal form of
a is defined as the word NF,(a) := aj -ay - ... - a, such that:

e a=aja...ay,
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e ai, ..., a; are cliques of M,

e cither k=0 orag # 1, and

o a; = ay(aa;41...a5) forallie{1,... k}.
The right Garside normal form of a is defined as the word NF,.(a) := a -a}-...-a} such
that:

e a=aja,...ay,
/ / N
e a),...,a; are cliques of M,

e cither { =0 ora; # 1, and

e ) =q.(ajal,...a)) forallie{1,... ¢}

Again, requiring that a; # 1 amounts to requiring that a; # 1 for all i € {1,... k},
and requiring that aj # 1 amounts to requiring that a} # 1 for all i € {1,...,¢}.

2.3.5 Artin—Tits Monoids of FC Type

The left Garside normal form, for braid monoids, and the Cartier-Foata normal form, for
heap monoids, seem very similar. Hence, we look for a common framework to study both
Artin—Tits monoids of spherical type and heap monoids, that would lead to generalisations
of both the left Garside normal form and the Cartier-Foata normal form, as well as of
simple elements and of cliques. It is possible to do so by considering variants of Garside
families (see [37]), and we settle for the following framework.

Definition 2.78 (Garside family and two-way Garside family).
Let A be an Artin—-Tits monoid, with generators oy,...,0,. A Garside family of the
monoid AT is a set S such that:

1. o1,...,0, all belong to S;

2. S is closed under <,-LCM in AT, i.e. every pair of elements of S with a common
<¢g-multiple (in A™) has a least common <g-multiple, which belongs to S;

3. S is closed under =,-division, i.e. for alla € S, the >,.-divisors of a (in A™) belong
to S.

If, furthermore, S is closed under <,-division and under >.-LCM in A™, then we say
that S is a two-way Garside family.

While all Artin-Tits monoids admit a finite (one-way) Garside family [38], we aim
now at proving Theorem 2.85, which states that an Artin—Tits monoid A* admits a finite
two-way Garside family if and only if A™ is an Artin—Tits monoid of FC type. Artin—Tits
monoids of FC type were introduced by Charney and Davis [29] as a natural extension
of both braids and heaps |6, 7, 41, 57, 58|.
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Definition 2.79 (Artin-Tits monoid of FC type).

Let A* be an Artin-Tits monoid, with generators oy, ...,o0,. We say that At is a monoid
of FC type if, for all sets I < {1,...,n}, either we have m; ; = o for some i,j € I, or
the submonoid of A™ generated by {o; : i € I} is an Artin—Tits monoid of spherical type.

First, it comes immediately that any intersection of two-way Garside families is also
a two-way Garside family. Consequently, there always exists a smallest two-way Garside
family, which may be finite or infinite, depending on A*. Below, we call strong elements
of A* the elements of the smallest two-way Garside family of A*.

Lemma 2.80.
Artin—=Tits monoids of spherical type and heap monoids are Artin—Tits monoids of FC

type.

In fact, Artin—Tits monoids of spherical type and heap monoids are prototypical ex-
amples of monoids that admit a finite two-way Garside family, as shown below.

Lemma 2.81.
Let A" be an Artin-Tits monoid, with generators oy,...,0,. Let S be the smallest set
containing the generators oy, ...,0, and such that:

e S is closed under <,-division;

e S is closed under incremental <,-LCM, i.e. Vae S,Vi,je {1,...,n}, ({ao;,a0;} <
S and i # j) = a[o,0;]™7 € S;

e S is closed under =,-division and under incremental >,.-LCM.

The set S is the smallest two-way Garside family of A™T.

Proof. Each two-way Garside family of A™ is closed under <,-division, incremental <,-
LCM, >,-division and incremental >,-LCM. Hence, it remains to prove that S is closed
under <,-LCM and >,-LCM. The proof is very similar to the proof of Lemma 2.19.

Let z be an element of AT, let a and b be two <,-divisors of z that belong to S, and
let ¢ := GCDg,(a,b). We prove by induction on A(z) — A(c) that LCM,(a,b) € S. If
A(c) = A(z), then A(c) = max{\(a), A\(b)}, hence a = b = ¢ = LCM,(a, b). Hence, let
us assume that \(c) < A(z).

If a = c, then b = LCM,(a, b). Similarly, if b = ¢, then a = LCM,(a, b). Hence,
we focus on the case where ¢ <; a and ¢ <; b. Consider two generators o; and o; of A™*
such that co; <y a and co; <; b. Then, let d := ¢[o;0,]™ and e := GCDg,(a,d). Both
co; and co; belong to S and <,-divide z, hence so does d = LCMc,(co;, co;). Since
co; < e, it follows that A(c) < A(co;) < A(e), and the induction hypothesis states that
the element z, := LCM,(a,d) belongs to S.

We show similarly that the element z;, := LCM, (b, d) belongs to S. Finally observe
that d <, GCDg,(2a, 1), and therefore the induction hypothesis states that the element
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y := LCMc, (2, zp) belongs to S. This shows that
LCMg,(a,b) = LCM,(a,b,co;,co;) = LCMg,(a,b,d) = LCM,(2a,2p) = ¥

belongs to S, which completes the induction. We show similarly that S is closed under
>,.-LCM. O

The proof of Lemma 2.81 is illustrated in Fig. 2.82.

COj —>e—>a—>7Z,

NN
N =,

Figure 2.82 — S is closed under <,-LCM

1

Definition 2.83 (Self-independent element).

Let At be an Artin-Tits monoid, with generators oy,...,0,, and let a be an element
of A*. If there exists two generators o; and o; of A" and three elements u, v and w
of A™ such that o; # o}, that m; ; = o and that a = uo;vo;w, then we say that a is
self-dependent. Otherwise, we say that a is self-independent.

Proposition 2.84.

Let A™ be an Artin—Tits monoid. Let S be the smallest two-way Garside family of AT,
let S be the set of simple elements of AT, and let I be the set of self-independent elements
of AT. We have S =8 n 1.

Proof. We first prove by induction on A(x) that x € S for all x € § n I. Indeed, if
A(x) = 0 or A(x) = 1, then by construction we have x € S. Then, if |right(x)| > 2,
consider two generators o; and o; of A* that belong to right(x). Lemma 2.19 proves
that S is closed under <,-division, and it comes immediately that I is closed under
<-division too. Consequently, we know that both xo; ! and xaj_l belong to § n 1 and
therefore, by induction hypothesis, to S. It follows that x = LCM,(x0; 1,x0j_1) also
belongs to S.

Hence, we treat the case where \(x) > 2 and |right(x)| = 1. Consider two generators
o; and o; of A* such that x >, 0,0;. Since x € S, Corollary 2.18 states that x is o*-free,
whence o; # o;. Then, let k be the largest integer such that x > [0;0;]7%, where the
notation [o;0;] 7% was introduced in Definition 2.8, and let y be the element of A+ such
that x = y[o,0,]7%. Since right(x) = {0;}, it follows that 2 < k < m; ;.

Since x is o%-free and since k is maximal, we know that neither o; nor o; belongs to
right(y), hence that both yo; and yo; belong to S. Then, since x is self-independent, we
know that so are yo; and yo;. Since k > 2, the induction hypothesis proves that both yo;
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and yo; belong to S, and therefore that so does yLCMc,(0;, 0;), which is <,-divisible
by x. This means that x € S, which completes the induction and proves that S nI < S.

Conversely, we prove that S € S n 1. Theorem 2.14 already proves that S is a two-way
Garside family of A*, whence S € S. Hence, we shall prove that S < I. Let x be some
element of S. Lemma 2.81 proves that there exists an integer £ > 0 elements xq, ..., X
of S such that x; = x and, for all i € {0,..., k}, either

e x;€{1,01,...,0,};
e X; </ X; or X; =, X; for some integer j € {0,...,7 — 1};
e there exists generators o, and 0,, an element y of A™ and integers j, k € {0, ...,i—1}

such that x; = yo,, X, = yo, and x; = yLCM, (0, 0,,);

e there exists generators o, and o,, an element y of A™ and integers j, k € {0, ...,i—1}
such that x; = 0,y, X, = 0,y and x; = LCM; (0y,0,)y.

We prove by induction on i that x; € I for all i € {0, ..., k}:

o Ifx;€{1,01,...,0,}, then of course x; € I

o If x; </ x; or x; >, x; for some integer j € {0,...,7 — 1}, then the induction
hypothesis states that x; € II, and therefore x; € I too.

o If x;, = yLCM,(0,,0,) for some y € A" and some generators o, and o, such
that {yo.,yo,} € {xo,...,%;_1}, then the induction hypothesis states that both
yo, and yo, belong to I. Hence, let L be the set {u,v} u {k : o} is a factor of y}.
Since both yo, and yo, belong to L, it follows that m, , # 0 for each pair (y, z) of
elements of L such that y # z. This proves that x; = y[o,0,]™** also belongs to L

o Likewise, if x; = LCM (0,,0,)y for some y € A" and some generators o, and o,
such that {o,y,o0,y} € {x0,...,X;_1}, then x; € L.

This completes the induction and the proof of Proposition 2.84. O

Theorem 2.85.
Let A" be an Artin—Tits monoid. The monoid A™ admits a finite two-way Garside family
if and only if AT is of FC type.

Proof. Let S be the smallest two-way Garside family of A*. Let us first assume that, for
some set [ < {1,...,n}, we have m; ; < +oo for all 4,5 € I, and that the submonoid of
A" generated by {o; : ¢ € I} is not an Artin—Tits monoid of spherical type. Let B* be
that submonoid, and let Sg be the set of simple elements of B*. Theorem 2.14 states
that Sg is infinite. Since Sg € S and Sg <€ B™ < I, it follows that Sg < S, which proves
that S is infinite.

Conversely, let us assume that S is infinite. This means that S contains elements
of arbitrarily large length. Hence, for all £ > 0, let a; be an element of S such that
Mag) = k, and let Ly be the set of letters that appear in aj. Then, let £ be a subset of
{1,...,n} such that the set Q:= {k > 0: Ly = {0, : i € L}} is infinite. In addition, let
C™ be the submonoid of A" generated by {o; : i € L}, and let Sc be the set of simple
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elements of C. It necessarily follows that m, ; < +o0 for all ¢, j € £, since each word ay
belongs to I when k € 2. Moreover, observe that each ay, is a o-free element of C™ when
k € Q, whence a;, € Sc. It follows that Sc is infinite, i.e. that CT is not an Artin—Tits
monoid of spherical type. This completes the proof. O

Let us restate Theorem 2.85 in terms of Coxeter diagrams. Recall that the Coxeter
diagram of the monoid A" is the graph G with vertices 1, ..., n, and in which two vertices
1 and j are linked by:

an unlabelled, white edge if m; ; = o0;

no edge if m; ; = 2;

an unlabelled, black edge if m,; ; =

a black edge with label m; ; if m; ; > 4.

An Artin—Tits monoid A™ is strong if the induced subgraphs of its Coxeter diagram either
contain a O=0 edge (i.e. a white edge) or are Coxeter diagrams of Artin—Tits monoids
of spherical type. This amounts to saying that each maximal O=0O-independent induced
subgraph of the Coxeter diagram of A™' can be split into connected components which
are isomorphic to the diagrams classified in Fig. 2.27.

Example 2.86.
Consider the matrix M := (m; j)1<i j<e6 Such that

132 2 2 3
31 3 2 2 2
231 3 2 2
M=192923 1 4 |
22 2 4 1 3
32 2 o 3 1
and let A}, be the Artin—Tits monoid defined by
AX/[ = <O'1, ...,0¢ | [O'Z'O'j]mi’j = [O'jO'i]mi’j>+,

whose Coxeter diagram is presented in Fig. 2.88.

Its maximal O=O-independent induced subgraphs are outlined in Fig. 2.88, and are iso-
morphic to the Coxeter diagrams of type As and Bs. Hence, A}, is an Artin—Tits monoid
of FC type.

It follows from Theorem 2.85 that the smallest (one-way) Garside family of an Artin-
Tits monoid AT may be a strict subset of the smallest two-way Garside family of AT, as
shown below.

Proposition 2.87.

Let A%t be an Artin—Tits monoid, let Sy be the smallest Garside family of AT, and let Sy
be the smallest two-way Garside family of A™. The inclusion S S Sy holds, with equality
if and only if AT has FC type.
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@ O—© 4

Coxeter diagram Maximal O=O-free induced subgraphs

Figure 2.88 — A Coxeter diagram and its maximal O=O-free induced subgraphs

Proof. Since each two-way Garside family is also a (one-way) Garside family, the inclusion
relation S; € Sy is straightforward. Then, if A* has FC type, let x be some element of
S», and let L(x) denote the set of Artin generators {o; : Ju,v € At x = uo;v}. It follows
from Proposition 2.84 that x € SNnIn{L(x))* and that the monoid (L(x))* has spherical
type. Therefore, x is a simple element of the monoid generated by L(x), i.e. a >,-divisor
of the element Ay, := LCM(L(x)). By construction, the element Ay, ) belongs to Sy,
and therefore so does x belong to Sy, which proves that S; = S..

Conversely if A* does not have FC type, then we mentioned above that S; is finite,
whereas S, is infinite, whence S; < So. O

Proposition 2.87 is illustrated by Example 2.89 (when A* does not have FC type)
and by Example 2.91 (when A" has FC type).

Example 2.89.
Consider the matrices M := (m; )1<ij<3 and N := (n;)1<; j<3 such that

1 4
and N=[4 1
2 4

NN

1
M=13
3

W = W
= w W

Let A and CJ be the ArtinTits monoids defined by

AJ ={o1, 00,03 | [0:0;,]™7 = [0,0,]™ )" CF 1= (01,009,053 | [050;]™7 = [0j0:]"9)".

According to Theorem 2.26, these monoids are not of spherical type, and therefore are
not of FC type either, as indicated by their respective Coxeter diagrams:
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Hence, their smallest (finite) Garside families, which are represented in Fig. 2.90, are
strict subsets of their smallest (infinite) two-way Garside families. In Figure 2.90, we
represent the relation u <, v by (the reflexive transitive closure of) arrows that go from
u to v, and we omit representing the relation u >, v.

=r

0201

0201 020102
02010301 0<€——0—>0 010201

/ 020103 0<—/0—>0—>o 01020102
0203 0€——@ 02 © 0102 0203 0€——@ 02 ®© 010201
/\ / \ o /
020302 @ l1le—>001 01020302 020302 @ 1Le—>e—>00102

et Mo ooond of

03 0—>0—>»0 0102030203

NN/ N/ T
03010201 0e<€<——0—>0 010301

030203 0€——0——>@ 0301020102
0301 0302

Monoid Aj Monoid C3
Figure 2.90 — Smallest Garside families in the monoids A and C3

Example 2.91.
Consider the matrices M := (m; ;)1<ij<3 and N := (n;;)1<i <4 such that

. 31w
M=13 1 ow]and N =
3 oo 1 v oo 1 3
w o 3 1
Let A}, and A} be the Artin-Tits monoids defined by
A} = {01,09,03 | |00;]" = [00,]")T AY = o1, ..., 04| [0i0;]" = [oj0;]"7 ).

The braid monoid B} and the monoids A}, and A}, have FC type, as indicated by their
respective Coxeter diagrams:

O—00——=0
By

Al

Hence, their smallest one-way and two-way Garside families, which are represented in
Fig. 2.92, are equal to each other.

We generalise Garside normal forms to Artin—Tits monoids of FC type, using the
functions ay : a — GCD¢,({xe S: x <y a}) and o, : a— GCD> ({xe S:az>, x}).
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/ Af \

0102010309 0102030201 0201030201

T ] <] T~
01020103 01020302 02010302 01030201 02030201
010203 010201 010302 020103 020302 030201

NN ST NSNS

0102 0201 0103 0203 0302

1
Monoid B

0201 e—>@ 010201
g2 @ @ 0102 0'30'40<—0 0—)00'10'2
}0—>.0'1 030403 @ / X./ ® 0102071

N\ /N

.—).0'20'1

Q
w
L J
N
( ]
a
3
N
3

Monoid A7, Monoid A%

Figure 2.92 — Smallest (two-way) Garside families in the monoids B}, A}, and A}

Definition 2.93 (Garside normal forms in the monoid A™).
Let At be an Artin—Tits monoid of FC type and let a be an element of A™. The left
Garside normal form of a is defined as the word NFy(a) := a; -ag - ... - a; such that:

® a=ajay...ag,

e a,...,a; are strong elements of A,

e cither k=0 ora # 1, and

o a; = ay(aa;,1...a;) forallie {1,... k}.
The right Garside normal form of a is defined as the word NF,(a) := a -a}-...-aj such
that:

e a=aja,...aj,

e a,...,a; are strong elements of A*,
e cither { =0 ora; # 1, and
o a, = q,(ajal...a}) forallie{1,... ¢}

Like in Garside monoids and in heap monoids, requiring that a; # 1 amounts to
requiring that a; # 1 for all i € {1,... k}, and requiring that aj # 1 amounts to
requiring that a; # 1 for all i € {1,...,¢}.
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Note that the Cartier-Foata normal form for heap monoids is in fact a specific instance
of left Garside normal forms for heap monoids. Hence, replacing the set of simple elements
S of a Garside monoid G* by the set of strong elements S of an Artin—Tits monoid
of FC type AT, we generalise immediately the Definitions, Lemmas, Corollaries and
Propositions 2.37 to 2.42, as well as the notations a — b and a «<— b.

In particular, we redefine the notions of left and right outgoing set of a strong element.
These notions have simple characterisations.

Definition & Proposition 2.94 (Incompatibility set).

Let A* be an Artin—Tits monoid of FC type, with smallest two-way Garside family S,
and let x be an element of S. We call set of letters of x, and denote by L(x), the set
{o;:Fu,ve AT x =uo;v}. We also call incompatibility set of x, and denote by I(x), the
set {o; : doj € L(x),m; j = co}. The left and right outgoing sets of x satisfy the relations

left(x) = left(x) U I(x) and right(x) = right(x) u I(x).

Proof. Both relations follow immediately from the set equality S =1n S. |

Furthermore, a result analogous to Proposition 2.49 also holds in the framework of
Artin—Tits monoids of FC type.

Proposition 2.95.
Let u be a non-negative integer, let b be an element of the monoid A™, and let S be the
product set {by...b, : by,...,b, € S}. The following statements are equivalent:

1. be S%;
2. INFy(b)| < u;
3. |NF,(b)| < u.

Moreover, if u > 1, then S* is a two-way Garside famaily.

Proof. First, the implication 2 = 1 is immediate. Second, we show by induction on
INF,(b)| that |NF,(b)| < |NF,(ab)| for all pairs (a,b) € S x A*. This induction is
exactly the same as the analogous one used for proving Proposition 2.49 in the case of
standard Garside groups.

Third, we prove by induction on u that a 1 = 2. First, the statement is immediate
if u < 1. Then, if u > 1, let b1,...,b, be strong elements and let b := b;...b,. Since
by <¢ ay(b), let ¢ and d be the elements of A™ such that byc = ay(b) and c¢d = by. .. b,.
Since ay(b) =, ¢, we know that ¢ € S, hence that |NF,(d)| < |NF,(cd)|, and the
induction hypothesis states that [NF,(cd)| < u — 1. Since NFy(b) = ay(b) - NF,(d), it
follows that |INF,(b)| < w. This completes our second induction, and proves that 1 = 2.
One shows analogously that 1 < 3.

It remains to show that S" is a two-way Garside family. First, each generator o; of
A" belongs to S* and S" is closed under <,-division and >,-division. Now, we show by
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induction on u that S* is closed under <,-LCM. First, the statement is immediate if
u = 1. Then, if u > 1, let aq, b; be elements of S, and let as, by be elements of S*, such
that aias and bibs have some <,-multiple d. Since d is a <,-multiple of a; and b, we
know that ¢; := LCM, (a1, b1) belongs to S.

Let @; and b; be strong elements such that ¢; = a1@ = b1b1, and let dy be an element
of A* such that ¢;ds = d. Since both ayay and a;a; = LCM, (ay, by) divide d, we know
that as and @; have a common <,-multiple. Hence, consider the element @, of A* such
that LCMc, (a2, a;) = @yas. By induction hypothesis, we know that both @@, and @y
belong to S“~!. Moreover, observe that

0162 = alﬁldg = alLCMge (ag,dl) = LCMge (alag, alal) <g d= Cldg7
whence @y < ds.

Similarly, there exists an element by of At such that LCMgZ(bQ,El) = byby, and we
know both that b, € S*~! and that by < dy. Hence, the induction hypothesis proves that
c2 := LCM, (@2, by) belongs to S*~'. Then, observe that ayay <; ¢1@ <; c1cy and that,
similarly, b1by < cico. This proves that ajas and b6y have a common <,-multiple in S,
and since S* is closed under <,-division, it follows that LCM, (ajaz, bibe) € S*. This
completes the proof that S* is closed under <,-LLCM, and one shows analogously that S
is closed under >,-LCM. O

The proof of Proposition 2.95 is illustrated in Fig. 2.96. Plain black lines with double
arrows indicate multiplications to the right by some element of S, plain black lines with
simple arrows indicate multiplications by some element of S*~!, and the unique dotted
line (with a simple arrow) indicates a multiplication by some element of A*.

G —>biba— ¢, by

NN

> C1C v > Cldg

NN S

Ao—>A1G2—>C1 A9

Figure 2.96 — S* is closed under <,-LCM

Corollary 2.97.
Let A™ be an Artin—Tits monoid of FC type and let b be an element of A™. The Garside
words NFy(b) and NF,.(b) have the same length, i.e. [NF,(b)| = |NF,.(b)|.

Hence, we also denote by |b|| both lengths [NF,(b)| and |NF,.(b)|.

Note the duality between the Garside element A%, in the case of a (standard) Garside
monoid, and the two-way Garside family S* = {b;...b, : b1,...b, € S}. In particular,
if A" is a Garside monoid, then we have S = § and S* = §* = {ae€ A* : a < A"}
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Furthermore, for all integers v > 1, it makes sense to consider the functions o} : a —
LCMg,({xe S":x <, a}) and o : a—> LCM. ({x € S*: a >, x}) and the associated
Garside normal forms.

Proposition 2.98.

Let At be an Artin—Tits monoid of FC type, with two-way Garside family S, let u > 1
be a positive integer, and let x be an element of AT. Let w1 - ...z be the left Garside
normal form of x with respect to the two-way Garside family S, and let yy - ... -y, be the
left Garside normal form of x with respect to the two-way Garside family S*. We have

0= [k/u], and y; = Ty—1)1Tu(i—1)+2 - - - Tmax(kuiy fOr all i€ {1,... (}.

In addition, from Corollary 2.38 and Proposition 2.95 follow dual statements.

Lemma 2.99.

Let A* be an Artin—Tits monoid of FC type, with two-way Garside family S. Let I be
a subset of {o1,...,0,} that has some common multiple, and let A; := LCMg,(I) =
LCM. (I). Then, let x be a non-trivial element of A*, and let xy---... -z be the left
Garside normal form of x:

o if I nright(z) = &, then |xAf|| = k;
° Zf] - I'lght(.l’k), then NF@(XA[) = NFg(X) . A[,‘

o in all other cases, we have |xA; =k + 1, and x <, aj(xAr) <¢xAr.

Proof. First, if I n right(z) = &, then z,0; € S for all o; € I, and therefore ,A; =
LCM, ({xzro; : 0; € I}) also belongs to S. Hence, Proposition 2.95 states that xy =
1179 ... Tp_1 (2 A7) belongs to S*, i.e. that [xA;| < k. Since k = |x| < ||xA;], it follows
that ||xA;|| = k.

Second, Corollary 2.38 already proves that NF,(xA;) = NF,(x) - Ay if and only if
I < right(xy).

Hence, if none of the relations I N right(z;) = & or I < right(x;) holds, we know
both that NF,(xA;) # NF,(x) - A; and that there exists a generator o; € I nright(zy).
Since o; is atomic, we have left(o;) = {0;}, whence Corollary 2.38 proves that ;... -z 0;
is in left Garside normal form. It follows that k+1 < |x0;| < [xA;| and of (xAf) < xA.
Moreover, xA; belongs to S¥*1, hence Proposition 2.95 states that k& + 1 = |xA;|, and
therefore that x <, af (xAr) <; xA. O

2.4 A Geometric Approach to Braids

Having covered briefly some standard results about the algebraic and combinatorial na-
ture of braid groups and monoids, let us now focus on the topological nature of braids.
Theorems 2.3 and 2.6 were first milestones in that respect, outlining the connection be-
tween braids and topological structures such as isotopy groups of braid diagrams and
fundamental groups of configuration spaces.



80 2.4. A Geometric Approach to Braids

Like the algebraic approach that we treated above, the geometric approach to braids
has been abundantly treated in the literature [13, 39, 48|. Hence, we review here some
standard results that concern the geometric nature of braids, and that we will use in
Chapters 3 and 4.

2.4.1 Braids, Laminations and Curve Diagrams

Let D?* = C be the closed unit disk, let 0D? be the unit circle (i.e. the boundary of
D?), and let P, < (—1,1) be a set of cardinality n. Let H,, be the group of orientation-
preserving homeomorphisms h : C — C such that h(P,) = P,, h(0D?) = 0D? and
h(1) = 1, h(—1) = —1, i.e. the homeomorphisms fixing dD? and P, setwise, and +1
pointwise. The following result is equivalent to Theorem 2.3.

Theorem 2.100.
The group B,, of braids on n strands is isomorphic to the mapping class group of the
punctured disk D*\P,, i.e. isomorphic to the quotient group of H,, by the isotopy relation.

Remarkably, this definition does not depend on which set P, we consider. We will
refer below to the elements of P, as being mobile punctures in the disk D?, and number
them from left to right: P, = {p; : 1 <i < n}, with p; <... < p,. We also call left point,
or fized puncture, the point —1, which we also denote by pg; we call right point the point
+1, which we also denote by p,, 1.

There exist many variants of Theorem 2.100, which offer flexibility when considering
braids as isotopy classes of homeomorphisms. We present below such two such variants.

Let H} be the group of orientation-preserving homeomorphisms h : C — C such that
h(P,) = P,, h(=1) = —1 and h(1) = 1, i.e. fixing {—1}, {1} and P, setwise.

Theorem 2.101.
The group B, of braids on n strands is isomorphic to the quotient group of HY by the
1sotopy relation.

Let H, be the group of orientation-preserving homeomorphisms A : C — C such that
h(P,) = P,, h(R._;) = R__; and h(0D?) = 0D? where R__; denotes the open real
interval (—oo, —1).

Theorem 2.102.
The group B,, of n-strand braids is isomorphic to the quotient group of H;, by the isotopy
relation.

Hence, a braid is the isotopy class [h] of some homeomorphism h. According to stan-
dard notations for braids, we will let braids act on the complex plane on the right, i.e.
denote by [g][h] the isotopy class of the homeomorphism [A o g]: composition to the left
gives rise to a braid multiplication to the right, and vice-versa.
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Theorems 2.100, 2.101 and 2.102 identify braids with isotopy classes of homeomor-
phisms of C. More precisely, let S be a subset of the complex plane and let 8 be a braid,
and consider the isotopy class S- 5 = {h(S) : h is an homeomorphism that represents (3}.
The group of braids B,, acts transitively on the set {S- 3 : § € B,,}, which induces an
equivalence relation on the group B,, itself.

We focus below on two subsets of C. We call respectively trivial closed lamination,
trivial open lamination and trivial curve diagram the sets

:{ 22 +1—p;| =|1+pj]:0 < nl,
{%pj+pj+1 +1z ZGR1<j<n_1} and
D [—1,1].

From a geometric point of view, the set L is a collection of circles, L° is a collection of
vertical lines, and D is a horizontal segment.

Po P1 P2 P3 P4 Po P1 P2 P3 P4 Po P1 P2 P3 P4

eolbloe  eboire

Trivial closed lamination Trivial open lamination  Trivial curve diagram

Figure 2.103 — Trivial closed lamination, open lamination and curve diagram

If S=L¢S =L°orS =D, then the action of B,, on {S- 3 : g € B,,} is free (see [13]
for details). This means that the isotopy classes S - 3 and S - v are disjoint as soon as
B # 7. Hence, each set h(S) belongs to a class S - § for one unique braid /3; we say that
h(S) represents the braid 5. We focus below on such sets h(S).

Closed laminations will be studied in Chapter 3, while curve diagrams will be studied
in Chapter 4, in connection with the trivial open lamination. We introduce below closed
laminations, then open laminations, and finally curve diagrams.

Definition 2.104 (Closed lamination).

Consider the set P, of n mobile punctures inside the disk D*. We call closed lamination,
and denote by L°, the union of n + 1 non-intersecting closed curves L5, ..., LS such that
each curve LS splits the plane C into one inner region that contains the left point and
7 mobile punctures, and one outer region that contains the right point and n — j mobile
punctures.

Figure 2.105 represents two closed laminations, including L¢, the trivial one. From
this point on, closed laminations will always be represented as follows. Mobile punctures
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Po P1 P2 P3

Trivial lamination Non-trivial lamination

Figure 2.105 — Closed laminations

are indicated by white dots, the fixed puncture (i.e. the left point) is indicated by a black
dot, and the right point is omitted. In addition, the unit disk D? is represented by a gray
area, the curves of the lamination are drawn in black, and the real axis R is drawn with a
thin horizontal line. Hereafter, and depending on the context, we may omit to represent
the unit disk D?, as well as the names py, . .., pp.

Geometrically, a braid g € B,,, represented by some braid diagram ®, acts on the
trivial closed lamination L€ as follows. We place the n mobile punctures on the top of the
n strands of ®, then let these punctures “slide” along the strands of ®, until we reach the
bottom of ®. At the same time, we force the n+1 curves to follow the motion prescribed by
the punctures. Doing so, we obtain the lamination L¢- 5, which will henceforth represent
the braid  itself. Figure 2.107 illustrates the action of the braid o5 on L¢.

When a braid 8 acts on some closed lamination £, it moves both the mobile punctures
and the curves of £¢. The names of the punctures py, ..., p, depend uniquely of the order
of the punctures. Hence, when applying the braid az-ﬂ on a lamination, both punctures
p; and p;y1 move, and they are respectively renamed p;,; and p;. On the contrary, and
although the curves £ may move, they are not renamed, as shown in Fig. 2.105.

Definition 2.106 (Open lamination).

Consider the set P, of n mobile punctures inside the disk D?. We call open lamination,
and denote by L°, the union of n —1 non-intersecting open curves L9, ..., LS such that
each curve L

e contains two vertical half-lines with opposite directions (i.e. sets z; + iR<o and
Z; + iR}O);

o splits the plane C into one left region that contains the left point and j punctures,
and one right region that contains the right point and n — j punctures.

Figure 2.108 represents two open laminations, including L, the trivial one. From this
point on, open laminations will always be represented as follows. Mobile punctures are
indicated by white dots, and both the left point and the right point are indicated by
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Braid diagram ®
representing o,

[

X

Lamination L¢
representing 1

[

Lamination L€ - o9

representing o9

[

[+ ]

[ 3]

Figure 2.107 — Braid acting on a closed lamination

black dots. The unit disk D? is represented by a gray area, the curves of the lamination
are drawn in black, and the segment [—1,1] (i.e. the trivial curve diagram D) is drawn
in white.

The action of braids on both types of laminations is very similar. A braid 5 € B,
represented by some braid diagram ®, acts on the trivial open lamination L as follows.
We place the n mobile punctures on the top of the n strands of ©, then let these punctures
“slide” along the strands of ®, until we reach the bottom of ©. At the same time, we
force the n — 1 curves to follow the motion prescribed by the punctures. Doing so, we
obtain the lamination L° - 3, which will henceforth represent the braid [ itself. This is
analogous to the process illustrated in Fig. 2.107.

Closed laminations and open laminations are in fact small variants of each other. More
precisely, an open lamination £° gives rise to a closed lamination £¢ as follows. For each
integer 7 < n — 1, bend both half-lines of the curve L¢ to the left, in order to transform
L into a closed line £§. Then, add a closed curve LS that encloses all (fixed or mobile)
punctures but does not enclose the right point, and add a closed curve Lf that encloses
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Trivial lamination  Non-trivial lamination

Figure 2.108 — Open laminations

the fixed puncture but does not enclose any mobile puncture nor the right point. We
thereby obtain a closed lamination £¢ that represents the same braid as £°.

For instance, the closed laminations presented in Fig. 2.105 are obtained from the
open laminations of Fig. 2.108 by following this process.

Definition 2.109 (Curve diagram).

Consider the set P, of n mobile punctures inside the disk D*. We call curve diagram, and
denote by D, each non-intersecting open curve, with endpoints —1 and +1, that contains
each puncture of the disk.

Figure 2.110 represents two curve diagrams, including D, the trivial one. From this
point on, curve diagrams will always be represented in the same way as open laminations,
as follows. Mobile punctures are indicated by white dots, and both the left point and the
right point are indicated by black dots. In addition, the unit disk D? is represented by a
gray area, the curve D is drawn in white, and the trivial open lamination L° is drawn in

black.

Trivial curve diagram  Non-trivial curve diagram

Figure 2.110 — Curve diagrams

Once again, the action of braids on curve diagram has the flavour of the action of
braids on laminations. A braid § € B,,, represented by some braid diagram ©, acts on
the trivial curve diagram D as follows. We place the n mobile punctures on the top of the
n strands of ®, then let these punctures “slide” along the strands of ®, until we reach the
bottom of ®. At the same time, we force the curve of D to follow the motion prescribed
by the punctures. Doing so, we obtain the curve diagram D - 3, which will henceforth
represent the braid f itself. This is analogous to the process illustrated in Fig. 2.107.
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2.4.2 Norms of Laminations, of Curve Diagrams and of Braids

Following Dynnikov and Wiest [46], we define the norm of a (closed or open) lamination
or of a curve diagram, and the associated norm of a braid.

Definition 2.111 (Closed laminated norm and tight closed lamination).
Let B be a braid on n strands, and let LS be a closed lamination representing (3.

The norm of L¢, which we denote by |L¢|,, is the cardinality of the set L N R, i.e.
the number of intersection points between the real axis R and the n + 1 curves of the
lamination L°.

Moreover, if, among all the closed laminations that represent [3, the lamination L has a
minimal norm, then we say that L is a tight lamination. In this case, we also define the
closed laminated norm of the braid /3, which we denote by |55, as the norm | L¢|,.

Although we call the mapping 5 — |B[{ a norm, following the seminal paper of
Dynnikov and Wiest [46], this mapping does not satisfy standard properties of norms
on metric spaces, such as separation axioms (i.e. that § = 1 if and only if ||5]§ = 0) or
sub-additivity axioms (i.e. that ||5-~|7 < |87+ [v[¢ for all 5, € B,,). Counterexamples
to those properties are provided by the fact that |1[¢ = 2(n + 1) and that |(o102)"|¢ =
2F5, 13 + 2(n — 1), where Fj, denotes the k-th Fibonacci number.

However, Dynnikov and Wiest prove in [46] that the mapping 8 — log | 8§ is compa-
rable to a norm, i.e. that there exists positive constants m,, and M,, and a norm N of B,
such that m,(N(8) — 1) <log |8 < M,(N(8) + 1) for all 5 € B,,.

Tight closed laminations are important, due to the following classical result (see |39,
46, 48| for details).

Theorem 2.112.
Two tight closed laminations represent the same braid if and only if they are related by
an isotopy that preserves the real axis R setwise and the point —1.

From this point on, we will refer to the tight closed lamination of a braid, as illustrated
in Fig. 2.114.

Definition 2.113 (Open laminated norm and tight open lamination).
Let 8 be a braid on n strands, and let L° be an open lamination representing (.

The norm of L°, which we denote by |L°||¢, is the cardinality of the set L° n (—1,1), i.e.
the number of intersection points between the real interval (—1,1) and the n — 1 curves
of the lamination L°.

Moreover, if, among all the open laminations that represent 3, the lamination L° has a
minimal norm, then we say that L° is a tight lamination. In this case, we also define the
open laminated norm of the braid 3, which we denote by |59, as the norm | L.
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1 02 0-201—1

Figure 2.114 — Identifying braids with tight closed laminations

Due to the similarity between closed and open laminations, the open and closed lam-
inated norm are also very similar.

Lemma 2.115.

Let L° be an open lamination with n mobile punctures, and let L be the closed lamination
obtained by “bending” the curves of L° and adding the curves L§ and LS. We have || L¢||, =
1L e +n + 3.

Corollary 2.116.
Let B be a braid on n strands. We have 3|5 = |B] + n + 3.

In addition, tight open laminations are the variants of tight closed laminations, which
explains the following result, which is equivalent to Theorem 2.112.

Theorem 2.117.
Two tight open laminations represent the same braid if and only if they are related by an
1sotopy that preserves the real axis R setwise and the point —1.

Hence, we refer to the tight open lamination of a braid, as illustrated in Fig. 2.118.

Jgafl

Figure 2.118 — Identifying braids with tight open laminations
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Definition 2.119 (Diagrammatic norm and tight curve diagram).
Let B be a braid on n strands, and let D be a curve diagram representing [3.

The norm of D, which we denote by |D|q, is the cardinality of the set D n L°, i.e. the
number of intersection points between the curve diagram D and the n — 1 curves of the
trivial open lamination L°.

Moreover, if, among all the curve diagrams that represent 3, the diagram D has a minimal
norm, then we say that D is a tight curve diagram. In this case, we also define the
diagrammatic norm of the braid B, which we denote by |34, as the norm |D|,.

The connection between the laminated norms and the diagrammatic of a braid is not
as immediate as the connection between the two kinds of laminated norms. Nevertheless,
this connection remains quite simple, as illustrated in Fig. 2.121 and shown below.

Proposition 2.120.
Let B be a braid on n strands. We have |B|9 = |74, i-€. the open laminated norm of
the braid B is equal to the diagrammatic norm of the braid B71.

Proof. Let L° be the trivial open lamination and let h € H be a representative of the
braid (3 such that h(L°) is a tight open lamination. Since the curve h™!'(D) is a curve
diagram of the braid 371, it follows that

|8le = [A(L*) n D| = [h~(h(L) n D)| = |[L” n k= (D)] = |87 a-

One proves similarly that |37 = | 3], which completes the proof. O

G o

IL°-030;' nD|=8 |L°-05nD-01|=8 [L°nD-oy0;,'| =38

Figure 2.121 — From ||oy0, |9 to o105 4

This connection leads to a new variant of Theorem 2.112, in terms of curve diagrams.

Theorem 2.122.
Two tight curve diagrams represent the same braid if and only if they are related by an
1sotopy that preserves the trivial open lamination L° and the points —1 and +1.
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1 —1 —1

Figure 2.123 — Identifying braids with tight curve diagrams

Hence, we refer to the tight curve diagram of a braid, as illustrated in Fig. 2.123.

Geometrical symmetries induce some additional invariance properties of the above-
mentioned norms. Consider the group morphisms S,, S;, and S, such that S, : o; — O';ii,
Sy o0, — 0;1 and S, : 0; — 0,_;. Observe that S, oS, = S, 0S; = S, is the conjugation
morphism ¢a, i.e. the morphism 3 +— A7!BA.

Lemma 2.124.
Let B,, be the group of s-strand braids. For all braids [ € B,,, we have

1617 = 1Su(B) i = ISn(B)]7 = 1S(B)IZ,
1815 = 1Su(B) g = [Su(B)I7 = ISc(B)]7, and
[8la = 1Su(B)la = ISn(B)]a = [Sc(B)]a;

i.e. the laminated and diagrammatic norms are invariant under S,, Sy and S..

Proof. From a geometric point of view, the braid morphisms S,, S, and S, respectively
induce vertical, horizontal and central symmetries on the laminations and the curve dia-
grams. More precisely, if £¢, £° and D are a closed lamination, an open lamination and
a curve diagram representing some braid € B,,, then:

e their vertically symmetric laminations £, £ and curve diagram D, represent the

braid S,(5);

o their horizontally symmetric laminations L, £f and curve diagram D), represent

the braid S,(5);

e their centrally symmetric laminations £, £2 and curve diagram D, represent the

braid S.(3).
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e e b s

Initial diagram

Vertical symmetry Horizontal symmetry Central symmetry

B =070 S.(8) = o207 S(B) = o103 oa(B) = 03l
Figure 2.125 — Vertical, horizontal and central symmetries of a curve diagram
2.4.3 Arcs, Bigons and Tightness

The notion of tightness of a lamination or of a curve diagram, such as introduced in

Definitions 2.111, 2.113 and 2.119, are in fact specific instances of a more general notion
of tightness with respect to a union of curves.

bigons

@) /(m\\&})) (@)

Figure 2.126 — Bigons of a closed lamination with respect to R and to punctures

Definition 2.127 (Arcs, adjacent endpoints and bigons).

Let F and G be two unions of curves, such that the intersection F N G is finite. If the

curves of F and G actually cross each other at each point of F n G, then we say that F
and G are transverse to each other.

We call arc of F with respect to G, or (F,G)-arc for short, a connected component of
F\G. If an arc A arc is bounded, then A must have two endpoints, which must lie on G.
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We call these endpoints adjacent endpoints in F with respect to G, or (F,G)-adjacent
endpoints.

Finally, if these endpoints are also (G, F)-adjacent endpoints, then we say that A is a
bigon of F with respect to G, or (F,G)-bigon. In addition, if B is a (G,F)-bigon that
whose endpoints are the endpoints of A, then we say that the closed curve A U B is a
bigon complex of F and G.

Figure 2.126 shows a closed lamination and the bigons of this lamination with respect
to R and to a set of punctures (here, {po, p1, P2, p3}).

Bigons and bigon pairs play a crucial role in providing an intrinsic and easy to handle
characterisation of tightness.

Definition 2.128 (Tightness).

Let F and G be two unions of curves that are transverse to each other. In addition, let P
be a set of points. We say that F and G are tight with respect to each other and to the
set P if, for all bigon complexes C of F and G, there exists a point p € P that lies either
on C' or inside the finite area delimited by C'.

Theorem 2.129.
A closed lamination L€ is tight in the sense of Definition 2.111 if and only if LC and the
real axis R are tight with respect to each other and to the set {po,...,p,} of all (fized or
mobile) punctures.

An open lamination L° is tight in the sense of Definition 2.113 if and only if L° and the
trivial curve diagram D are tight with respect to each other and to the set {p1,...,pn} of
mobile punctures.

A curve diagram D is tight in the sense of Definition 2.119 if and only if D and the
trivial open lamination L° are tight with respect to each other and to the set {pi,...,pn}
of mobile punctures.

Theorem 2.129 is of utmost importance, since it provides us with a direct way of
checking that a lamination or a curve diagram is tight. In addition, it also paves the
way to constructing tight laminations or tight curve diagrams, by removing iteratively
unnecessary bigon complexes.
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Chapter 3

The Relaxation Normal Form of Braids
1s Regular

Résumé

Les tresses peuvent étre représentées de maniére géométrique, en tant que laminations
de disques épointés. La complexité géométrique d’une tresse est la plus petite complexité
d’une lamination représentant cette tresse, et les laminations minimales d’une tresse en
sont les représentants de complexité minimale. Les laminations minimales sont & 1’origine
d’une forme normale pour les tresses, via un algorithme de relaxation. Nous étudions ici
cet algorithme de relaxation et la forme normale associée. Nous prouvons que cette forme
normale est rationnelle et close par passage au préfixe. Nous construisons un automate
déterministe qui reconnait cette forme normale, dont nous comparons la taille & la taille
de 'automate minimal reconnaissant la forme normale de relaxation. Enfin, nous mettons
en évidence des liens entre la forme normale de relaxation et la notion de o-positivité.

La majeure partie du contenu de ce chapitre est apparue dans [63] et a été soumise
pour publication.

Abstract

Braids can be represented geometrically as laminations of punctured disks. The geometric
complexity of a braid is the minimal complexity of a lamination that represents it, and
tight laminations are representatives of minimal complexity. These laminations give rise
to a normal form for braids, via a relaxation algorithm. We study here this relaxation
algorithm and the associated normal form. We prove that this normal form is regular
and prefix-closed. We provide an effective construction of a deterministic automaton that
recognises this normal form, and we compare the size of this automaton to the size of
the minimal automaton that recognises the relaxation normal form. We also relate the
relaxation normal form and the notion of o-positivity.

Most of the content of this chapter appeared in [63], and was submitted for publication.
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Chapter 3 is devoted to the study of the relaxation normal form studied in [25], and
which belongs to a larger class of relaxation normal forms [46]. Our main result consists in
proving that the relaxation normal form is regular. Relaxation normal forms are based on
relaxation algorithms, which consist in decreasing step-by-step the geometric complexity
of a braid g, by applying relazation moves to the tight (closed) lamination that represents
B, i.e. multiplying 3 by another braid - chosen from a finite set and so that ||37/, < | 5]|e-

To our knowledge, we provide here the first known example of a regular normal form
stemming from geometric representations of braids as tight (closed) laminations. Our
proof relies heavily on the choice of the relaxation moves used in the relaxation algorithm,
and therefore it does not provide any insights on whether other relaxation normal forms
might be regular. In fact, we suspect that the relaxation normal forms studied in [46]
are not regular, although suitable choices of relaxation moves might lead to other regular
relaxation normal forms.

A similar result holds for the Bressaud normal form [19], which has a geometric
nature and is regular. However, the Bressaud normal form comes from another geometric
representation of braids, and therefore the tools used for proving that the relaxation
normal form is regular are distinct from those used to prove that the Bressaud normal
form is regular.

In particular, the Bressaud normal form and the relaxation normal form differ in
several respects. First, they do not use the same alphabet, i.e. consist in factorisations
where the factors are chosen in two distinct sets. While the Bressaud normal form of
the group B, uses the alphabet {00,111 0; : 1 < i < j < n}u{olo o' :
1 < i < n}, the relaxation normal form uses the alphabet {00,411 -0, : 1 <i < j <
n}u{a[loi]ly--ajfl 1 <i<j<nl

Second, the Bressaud normal form is accepted by some deterministic automaton of
size n(n — 1), while Proposition 3.57 will prove below that each deterministic automaton
that accepts the relaxation normal form is of size at least 2/>~'. Third, one may observe
directly that some braids have distinct Bressaud and relaxation normal forms, as shown

in Fig. 3.1.

Bressaud normal form | Relaxation normal form
1
(‘72

(0203) - 07" (0705 ") - (0102073)

—1
o) 0901 o1 0y

Figure 3.1 — Bressaud and relaxation normal forms

Sections 3.1.1, 3.2.1 and 3.4 present standard notions, which can be found in [13, 39,
46, 48]. On the contrary, the notions and objects introduced in Sections 3.1.2, 3.1.3, 3.2.2

and 3.3 are original, and were designed and developed in order to derive the results of
Chapter 3.
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3.1 Closed Lamination, Cell Map and Lamination Tree

In Chapter 3, we will consider only closed laminations, and cast both open laminations
and curve diagrams aside. Therefore, we henceforth omit all mentions of the word closed,
and refer only to laminations and to the laminated norm of a braid. Accordingly, we will
only denote by ||3], the (closed) laminated norm of the braid £.

3.1.1 Arcs and Bigons of a Closed Lamination

First of all, let us introduce here on the standard notions of arcs and of bigons of a closed
lamination |13, 46].

Definition 3.2 (Arcs, real projection and shadow).

Let L be a (closed) lamination. We say that L is a R-lamination if £ is transverse to R.
Let C be an arc of L with respect to R, as introduced in Definition 2.127. Henceforth, we
will just say that C is an arc of L.

We say that C is an upper arc if C is contained in the upper half-plane {z € C : Im(z) = 0},
and that C is a lower arc if C is contained in the lower half-plane {z € C : Im(z) < 0}.

Since each curve of L is closed, the arc C must have two endpoints on the real azis R.
Let e and E be these endpoints, with e < E. We say that e is the left endpoint of C, and
that E is the right endpoint of C. We also call real projection of C, and denote by mg(C),
the open interval (e, F) < R.

Finally, if {po, . ..,pn} are the punctures of L, we call shadow of C in the lamination L,
and denote by mp(C), the set {1 € {0,...,n} : p; € mr(C)}. By extension, for each point
pi € {po, ..., pn}, we also denote by mr(p;) the singleton set {i}.

Definition 3.3 (Blinding ordering).
Let L be a R-lamination, and let A and A’ be two arcs of L. We say that A blinds A’,

which we denote by A’ c A, if the relation mr(A’) < mr(A) holds.

If Tr(A’) < mr(A), then we say that A strictly blinds A’, which we denote by A’ c A.

Finally, if a real point p belongs to mr(A), then we also say that A blinds p, which we
denote by p € A.

The blinding ordering provides us with an alternative characterisation of bigons and
of tightness.

Proposition 3.4.
Let L be a R-lamination. The bigons of L are the arcs of L whose real projection is
mainimal for the inclusion ordering.
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Proposition 3.5.
A lamination L that is transverse to R is tight if and only if each of its bigons (or,
equivalently, each of its arcs) blinds at least one puncture of L.

In what follows, we write A 6 A’ when two arcs A and A’ have non-intersecting real
projections, i.e. when mg(A) Nn7mr(A’) = J. Lemma 3.6 follows immediately from the fact
that the arcs of a lamination do not cross each other.

Lemma 3.6.
Let L be a tight lamination, and let A and A’ be upper (respectively, lower) arcs of L.

Ez’therA&A’ orAgA’ or Ao A

Corollary 3.7.

Let L be a tight lamination, and let A be an upper arc of L. The following propositions
are equivalent:

1. the arc A is a bigon;

2. no upper arc of L is strictly blinded by A;

3. for each upper arc A" of L, either A CAorAd A';
4. for each lower arc A" of L, either A CA orAd A’
5. no endpoint of any upper arc of L is blinded by A;
6. no endpoint of any lower arc of L is blinded by A;
7. no endpoint of any arc of L is blinded by A.

Similar statements hold when A is a lower arc.

Proof. The implications 7 = 1, 1 = 2, 3 & 5 and 4 < 6 are immediate. Moreover,
Lemma 3.6 shows that 2 = 3. Finally, since L is tight, being an endpoint of some upper
arc of L is equivalent to being an endpoint of some lower arc of L, i.e. to being a real
point of £, which proves that 5 < 6 < 7. O

In addition, and although Proposition 3.5 gives a necessary and sufficient condition
for a lamination to be tight, it does not provide us with any algorithm for computing such
a tight lamination. We define below such an algorithm, based on the notion of extensions.

Definition 3.8 (Extensions of an arc).

Let L be a R-lamination and let A be an arc of L. We call left extension of A, and denote
by € (A), the arc of L with which A shares its left endpoint. We call right extension of
A, and denote by € (A), the arc of L with which A shares its right endpoint.

If there is no ambiguity about the lamination L, we may also write € (A) and € (A)
instead of ‘€ (A) and € c(A).
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For each real interval I, we denote by C'(I) the upper semi-circle with diameter I and
by C*(I) the lower semi-circle with diameter I. In addition, in what follows, if ¢ and E
are real points such that e < E, we may denote both by (e, F) and (E, ) the real interval
{reR:e<xz< E}.

input : Lamination £ with punctures {po, ..., p,}

for each upper arc A < £ do
| replace the arc A by C'(mr(A))
end
for each lower arc A < £ do
| replace the arc A by C*(mr(A))
end
while £ contains a bigon B that blinds no point p € {po,...,p,} do
let eg, €}, e, and €. be such that mg(B) = (e, e,), mr(€(B)) = (e, €)) and
(€ (B)) = (er.¢.)
if B is an upper arc then
| replace the arcs B, € (B) and € (B) by C*(e}, €..)
else
| replace the arcs B, €(B) and €(B) by C'(e}, €.)
end

end

output: Tight lamination isotopic to £
Algorithm 3.9: Tightening a lamination

Algorithm 3.9 transforms a lamination into a tight lamination representing the same
braid. It uses two steps. First, we “normalise” the arcs of the lamination, making sure that
we will not create unnecessary intersections between arcs. Second, we remove incremen-
tally all the useless bigons. Note that, for implementation purposes, actually drawing each
arc is useless. The only relevant information is the vertical (upper or lower) orientation
of each arc and the relative locations of its endpoints on the real axis.

3.1.2 Cells, Boundaries and Cell Map

Having recalled some state-of-the-art results, we focus now on two original notions, which
are the concepts of cell and of cell map.

Definition 3.10 (Cells and boundaries).
Let L be a R-lamination. We call cell of L each finite connected component of the set

C\(£ UR).

We also call arc boundaries of a cell C the arcs of L that belong to the boundary oC,
and real boundaries of C the connected segments of the set R n 0C. Observe that one arc
boundary of C blinds all the other boundaries of C. This boundary is called the parent
boundary of C, and the other arc boundaries of C are called the children boundaries of C.



96 3.1. Closed Lamination, Cell Map and Lamination Tree

Finally, we say that C is an upper cell C is contained in the half-plane {z € C : Im(z) = 0},
and we say that C lower cell if C is contained in the half-plane {z € C : Im(z) = 0}.

Figure 3.11 shows a cell of some lamination, as well as its (arc and real) boundaries.

real boundaries

N

CELL

arc boundaries

Figure 3.11 — A cell and its boundaries

Definition & Proposition 3.12 (Cell map).

Let L be a tight lamination. The cell map of the lamination L, which we denote by M(L),
is the bipartite planar map (i.e. an embedding of a planar graph into the plane) obtained
as follows:

e inside each cell C of L, we draw a vertex ve of the map M(L);

o for each cell C of L and each real boundary B of C, we draw, inside the cell C itself,
one half-edge between the vertex ve and the midpoint of the real boundary B, so that
the half-edges drawn inside of C do not cross each other;

e cach real boundary B belongs to one upper cell C and one lower cell C': we merge the
half-edges that link the midpoint of B to the vertices ve and ver, thereby obtaining
one edge of the map M(L) between ve and ver.

Note that the cell map is not supposed to be connected nor simple (and, actually, is
never connected nor simple), although it does not contain loops. Nevertheless, the relative
positions of its connected components is important. Indeed, the topological properties of
tight laminations are reflected on their cell maps and arc trees.

Theorem 3.13.
Let L be a tight lamination and let M(L) be the cell map of L. The map M(L) consists
of n + 1 connected components Cy, ..., C,, which we can order so that

e the component Cy consists of two vertices and one edge;
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e cach component C; (with 1 < i < n) has a “lasso” shape, i.e. it contains one unique
cycle, and has at most one vertex of degree 3; moreover, this unique cycle has an
even length and encloses the components Cy, ..., C;_1.

Proof. Let Ly, ..., L, be the n + 1 curves of the lamination £. Then, let Z, be the inner
area defined by the curve £y and, for 1 < i < n, let Z; be the area enclosed between the
curves L£; 1 and L;. First, each area Z; is connected, hence the set C; := {ve : C € Z;} is
a connected subset of the cell map M(L). Second, two cells C and C’ that belong to two
distinct areas Z; and Z; cannot have any common real boundary, i.e. the vertices v and
ver cannot be neighbours in M(L). Therefore, the sets C; are the connected components

of M(L).

Since | L], is minimal, the curve £, must consist of two bigons with the same real
projection, hence C, consists of two vertices and one edge. In addition, each compo-
nent C; with 1 < ¢ < n must contain one unique cycle, which encloses the components
Co,...,C;_1: indeed, by construction of the areas Z;, the set | J Z; is the unique
“hole” in the area Z,.

j<i—1

Moreover, the map M (L) is bipartite, since each edge of M(L) links an upper cell
and a lower cell. Therefore, each cycle must have an even length.

Finally, for 1 < 7 < n and for each vertex ve € C; of degree 1, the cell C has exactly
one arc boundary, which must be a bigon, and exactly one real boundary, which must
contain the unique puncture of Z;. If ver is another vertex of C; with degree 1, then C and
C' must therefore share the same real boundary. Hence, C; = {v¢, ver }, which contradicts
the fact that C; must contain one cycle. This proves that C; may have at most one vertex
with degree 1: since C; already has one unique cycle, C; must have a lasso shape. |

Note that each component C; (with 0 < i < n) either contains only simple edges
or contains exactly one double edge, which then forms the cycle (of length 2) of the
component. In particular, the component C; necessarily contains one double edge.

Figure 3.15 shows the cell map of some tight lamination £. The arcs of £ are gray
lines, the edges of M(L) are black lines, and the vertices of M(L) are white circles. In
addition, each of the connected components Cy, C;, C, and Cs is labelled.

3.1.3 Lamination Trees

We pursue here uncovering original combinatorial objects related to tight closed lamina-
tions, and introduce and investigate the notion of lamination tree.

Definition 3.14 (Left-right order in £).
Let L be a tight lamination, and let A and B be two arcs or punctures of L.

We say that A lies to the left of B in L, which we denote by A <, B, if and only if
max m,(A) < minwg(B). The order <. is called left-right order in L.
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Figure 3.15 — Cell map of a tight lamination £

Definition & Proposition 3.16 (Lamination trees and arc trees).

Let L be a tight lamination. Consider the directed graph T'(L) that we define as follows.
The vertices of T1(L) are either of the form va, where A is an upper arc of L, or of the
form v,, where p is a puncture of L. In addition, each upper arc A of L is the parent
boundary of some upper cell C:

e for each child boundary B of C, one edge of T'(L) goes from v4 to vp;

o for each puncture p that belongs to a real boundary of C, one edge of T'(L) goes
from vy to vy.

The graph T1(L) is a rooted tree. In addition, we order T1(L) as follows:

o if va,,...,va, are the children of some vertex va (where A; may be an arc or a
puncture of L) such that Ay <p ... <p Ag, then vy, is the i-th child of va.

We say that the tree T1(L) is the upper lamination tree of £. We define similarly the
lower lamination tree of £, which we denote by TY(L). Finally, when we refer to some
arc tree, regardless of whether this is the upper or the lower lamination tree, we simply

write TH(L).

In addition, we define the (upper and lower) arc trees of L, which we respectively denote
by T1.(L) and Tr.(L), by removing the vertices v, (where p is a puncture of L) from the
lamination trees T*(L).

Proof. We need to prove that the directed graph 7'(L£) is a tree, then that it can be
ordered.
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First, consider two nodes A and B of T1(L£). It comes immediately that some directed
path goes from A to B if and only if A blinds B. Hence, Lemma 3.6 proves that 71(L)
is a forest. Second, the (outermost) curve L£,, contains exactly one upper arc, which is a

maximal element for the relation C. This arc is therefore the unique root of 7 (L), which
must then be a tree.

Now, consider some upper cell C. Let A be the parent boundary of C. Since the children
of vy are associated either with children boundaries of C or to points belonging to the
real boundaries of C, it comes immediately that these children boundaries and points can
be ordered according to <. O

Figure 3.17 shows the two arc trees 7'(£) and T*(L). Each vertex v, is represented
by a white circle lying on A. Each vertex v, is represented by a black circle that lies on
the puncture p.

THL) Tl(L)

THL) Tte(L)

Figure 3.17 — Lamination trees and arc trees of a tight lamination

In what follows, we will frequently identify the vertex v4 with the arc A, and the vertex
v, with the puncture p. In particular, when A is an arc of £, we may unambiguously refer
to the parent and to the children of A. However, each puncture p; of £ belongs to both
trees, hence has two parents (one in each tree).

Moreover, note that two distinct punctures of £ cannot belong to real boundaries of
the same cell, since they have to be separated by some arc of £. Hence, no arc of £ has
more than one puncture among its children.

Proposition 3.18.
Let L be a tight lamination. The leaves of the trees T*(L) are the punctures of L, and
the leaves of the trees TY.(L) are the bigons of L.

arc
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Proof. First, each point p must be a leaf of T*(L£), and the converse holds due to Propo-
sition 3.5. The equivalence between 1 and 2 in Corollary 3.7 proves the second part of
Proposition 3.18. a

Corollary 3.19.

Let L be a tight lamination. Let A be an arc of L and let Cy,...,Cy be the children of
A. The family (r:(C;))1<i<k forms a partition of wp(A) into integer intervals, i.e sets of
consecutive integers.

Definition & Corollary 3.20 (Index of a bigon).
If B is a bigon, then mp(B) is a singleton set: we call index of B in L the integer b such
that 7T£(B) = {b}

Proposition 3.21.

Let L be a tight lamination, and let B and B" be two distinct bigons of L. Either B <, B’
or B <, B or mg(B) = mr(B’); in the latter case, the union B U B’ is the (innermost)
curve L.

Proof. 1f mg(B) n mr(B’) # ¢, then Corollary 3.7 proves that mg(B) < mr(B’) < mr(B).
Hence, we have mg(B) = mr(B’), and therefore B U B’ is a closed curve, i.e. one curve
L; of L. The internal area of £; contains no other curve of £, hence i = 0. Finally, if
mr(B) nmr(B’) = &, then of course either B <, B" or B’ <, B. O

In particular, the left-right order in £ induces a total order on the set & of bigons
that are not contained in £y. Moreover, if £ is non-trivial, then the set S is non-empty,
and its elements are greater than any of the two bigons that belong to L£y. This leads to
the notion of rightmost bigon, which is already an important notion in [25].

Definition & Proposition 3.22 (Rightmost bigon and rightmost index).

Let L be a tight lamination. If L is non-trivial, then there exists a unique <,-mazximal
bigon of L, which we call the rightmost bigon of L. We also call rightmost index of L is
the index of this bigon in L.

Proposition 3.23.

Let L be a non-trivial, tight lamination. Let B be the rightmost bigon of L, let k be the
rightmost index of L, and let A be some arc of L. Then, min(nz(A)) < k. Moreover, if
A and B have opposite vertical orientations (i.e. one is an upper arc and the other one
a lower arc), then min(mw,(A)) < k — 1.

Proof. Without loss of generality, we assume here that B is an upper bigon. Let vo be
the leftmost leaf of T} (L) for which v4 is an ancestor. Proposition 3.18 proves that C' is

arc

a bigon of L. Let ¢ be the index of C' in L.

Since C' <z B, then either B = C, in which case A is an upper arc and min(mz(A)) <
¢ =k,or C <, B, in which case min(mz(A)) < c < k. O
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Finally, from Theorem 3.13 follow topological results about arc trees.

Corollary 3.24.
Let L be a tight lamination. The trees T, (L) and T}

(L) are unary-binary, i.e. each
node in those trees has at most two children.

Proof. Each vertex A of L is the parent arc boundary of some cell C. Let Ay,..., A be
the children boundaries of C. The vertices v4,,...,v4, are the k children of the vertex
va in T2.(L). Hence, the cell C has k + 1 real boundaries, i.e. degree k + 1 in the map
M(L). Since no vertex of M(L) has a degree more than 3, the result follows. O

Lemma 3.25.

Let L be a non-trivial tight lamination, let k be the rightmost index in L, and let A be an
arc of L with shadow {k}. We have € (A) < €(A), and there exists integersi < j < k—1
such that wp (€ (A)) = {i,...,k} and (€ (A)) = {j,..., k —1}.

Proof. Without loss of generality, we assume that A is a lower arc. Let ¢« < [ and 7 < J be
integers such that 7.(€(A)) = {i,..., I} and n7z("€ (A)) = {j, ..., J}. The right endpoint
of A is an endpoint of €(A) and belongs to the interval (pg, pri1), whence i = k + 1 or
I = k. Similarly, we have j = k or J = k — 1. Proposition 3.23 proves that ¢ < k — 1 and
that y < k — 1, which shows that / = k and J =k — 1.

In addition, note that both €(A) and € (A) blind the puncture py_1, but that only
€ (A) blinds pg. This proves that the relations €(A) o €(A) and €(A) < e(A) are
impossible, and Lemma 3.6 then proves that ‘€ (A) c €(A), thereby showing that ¢ < j
and completing the proof. O

Corollary 3.26.

Let L be a non-trivial tight lamination, let B be the rightmost bigon of L, and let k be
the index of B in L. If n.(€(B)) = {0,...,k}, then the arc € (B) has three children
in TY(L), which are one arc with shadow {0,1,...,j — 1}, the arc € (B), with shadow
{4,..., k =1}, and the point py.

Proof. Without loss of generality, we assume that B is a lower arc.

The arcs € (B), B and €(B) all belong to the same curve £, of the lamination L.
Since L, intersects once the interval (—oo, —1), it follows that the case j = 0, illustrated
in the left part of Fig. 3.27, is impossible.

Hence, we know that j > 1. The vertex vg ) is a left sibling of v, in TI.(L),
hence ‘€ (B) is a child of €(B). Therefore, the arc € (B) must have additional child,
which we call C, as shown in the right part of Fig. 3.27. Since 7.(C), mz(€(B)) and
{k} form a partition of 7,(€(B)) into integer intervals (i.e. sets of consecutive integers),
Corollary 3.26 follows. O
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Case #1:j = 0 (impossible) Case #2: 1 < j

Figure 3.27 — Proof of Corollary 3.26

3.2 The Relaxation Normal Form is Regular

3.2.1 A Prefix-Closed Normal Form

We present now the right-relazation algorithm, introduced by Caruso [25] and which is a
particular case of the transmission-relaxation algorithms of Dynnikov and Wiest [46]. This
algorithm consists in applying a sequence of elementary homeomorphisms to a given tight
lamination, in order to obtain a tight lamination of the trivial braid 1. This algorithm
gives rise to a relaxation normal form, which is the main concern of this paper.

We first introduce some notions, which are central for the right-relaxation algorithm:
the family of sliding braids, whose braid diagrams are given in Fig. 3.28, and the right-
relaxation move.

% %HHH % \\\\

Figure 3.28 — Braid diagrams of sliding braids

Definition 3.29 (Sliding braid).
The family of sliding braids (with n strands) is the family that contains the following
braids, for some integers k and ¢ such that 1 < k </{ < n:

o [k —=/l]=0k0kt1...00-1; o [k—{l =0, 0/ ...00";

o [k~{ll=0top .. 0. o [k~ /(] =0p100-1...0%.
We call right-oriented sliding braids the braids [k — €] and [k ~— (], and we denote by ¥
the set of right-oriented sliding braids.
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Observe that [k~ (] = [k — (]7! and that [k —~ (] = [k — ¢]7".

Definition 3.30 (Right-relaxation move).

Let B be a non-trivial braid, let L be the tight lamination that represents (3, let B be the
rightmost bigon of L and let k be the index of B in L. We define the right-relaxation
move of 3, which we denote by R(f), as follows, and as illustrated in Fig. 3.31.

According to Lemma 3.25 and to Corollary 3.26, two cases are possible:
o if 1o (B) ={i,..., k} for somei =1, then R(f) := [i — k| if B is an upper bigon,
and R(B) := [i — k] if B is a lower bigon;

o if mp(B) = {0,...,k}, then mz(e(B)) = {j,....k — 1} for some j = 1; then,
R(5) :=[j — k] if B is an upper bigon, and R(f3) := [j — k] if B is a lower bigon.

Case #1: 0 ¢ 7z (

ol
E

Case #2: 0 € mz(

ol
=

Figure 3.31 — Relaxation move (when B is a lower bigon)

Right-relaxation moves are at the core of the relaxation normal form, as they allow
incremental simplifications of laminations.

Lemma 3.32.
Let 8 be a non-trivial braid. We have |SR(B)|e < ||5]le — 1.

Proof. Let L be the tight lamination, with set of punctures {py,...,p,} and with right-
most bigon B, that represents . Let £ be the lamination obtained from L as follows:

o if 0 ¢ m.("€(B)), the puncture py is slid along the arc € (B) until it reaches the
real axis;

e if 0 € (€ (B)), then the puncture pj is slid along the arc € (B) until it reaches
the real axis.

Let p denote the real point to which the puncture py was slid: £’ is a lamination with
the same arcs as £, with set of punctures {po, ..., Px—1,Pk+1,- - -, Pn, P}, and L' represents
the braid SR(/3). Moreover, the arc A blinds none of the new punctures, hence £ is not
tight. This proves that [SR(B)[e < [L']e = [L]e = [ B¢, ie. that [SR(5)]e < [B],— 1. O
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Lemma 3.32 proves that, starting from a non-trivial braid § and performing successive
right-relaxation moves, we end with the trivial braid.

Definition & Proposition 3.33 (Relaxation normal form).
Let B be a braid, and consider the sequence of braids inductively defined by By = 3, and
Bir1 = BiR(B;) whenever B; # 1. There exists some integer k such that B, = 1, and

B =R(Br-1) "R(Br—2)""...R(By) "

We call relaxation normal form of the braid 5, and denote by RNF(3), the word

R(Br—1)" R(Br_2) ... - R(Bo) ",

where - is the concatenation symbol.

Using Algorithm 3.9 makes this definition constructive, since it provides us with a
way of computing the relaxation normal form of any braid. Indeed, for each braid § €
B,,, we can compute a (non necessarily tight) lamination of 5. Then, using repeatedly
Algorithm 3.9 and applying right-relaxation moves, we can indeed compute the relaxation
normal form of 5.

One key feature of the relaxation normal form is that the set of words {RINF(5) : f e
B,.} is prefix-closed. This follows from the equality RNF(3) = RNF(SR(S)) - R(8) 7},
which holds for each non-trivial braid 5.

This prefix-closure property offers numerous possibilities. The relaxation normal form
induces a tree, whose nodes are the words in relaxation normal form, and where the
children of a word w are the words of the type w - A (for some sliding braid A) that are
in normal form. Hence, this tree is a sub-graph of the oriented Cayley graph of B,, for
the right-oriented sliding braids, i.e. the set of generators

Y={[k~/{]:1<k<l<n}u{lk—={]:1<k<{<n}

This is useful for studying random processes: for instance, we may define a random
walk by jumping from one word in relaxation normal form to one of its children that we
choose at random. Another example is testing if a word is in relaxation normal form: it
is possible to proceed by induction, checking only whether, for some relaxation normal
word w and some sliding braid A, the sequence w - A is in relaxation. The latter property
will be useful when proving that the set {RNF () : 5 € B, } is regular.

3.2.2 One Letter Further

Having defined precisely the relaxation form on which Chapter 3 is focused, we introduce
once again some original notions, which we call neighbour arcs, extended shadow and
A-relaxed lamination, that will be crucial for proving that the relaxation normal form is
regular.
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Definition 3.34 (Neighbour points and arcs).

Let L be a tight lamination. Recall that Lr denotes the set of all intersection points
between the real axis and the curves of L. Let p be a point on the open real interval
(min Lg, max Lg). We call left neighbour of p in L the point p, := max{z € Lg : z < p}
and right neighbour of p in L the point p; := min{z € Lg : z > p}.

The point p, belongs to two arcs of L. We denote the upper one by Al(p, L), and we
call 1t left upper arc of p in L. We denote the lower one by A (p, L), and we call it left
lower arc of p in L. Similarly, the point pf belongs to two arcs of L. We denote the upper
one by Al(p, L), and we call it right upper arc of p in L. We denote the lower one by
Ai (p, L), and we call it right lower arc of p in L. These four arcs are called neighbour
arcs of p in L.

AL (p, L)
p
1
vz AL(p, L)
A (p, L)
Al (p, L)

Figure 3.35 — A puncture, its neighbour points and its neighbour arcs

Figure 3.35 shows some tight lamination, in which a puncture p, the neighbour points
of p and the neighbour arcs of p have been highlighted.

Definition 3.36 (Shadow and extended shadow).

Let L be a tight lamination that represents some braid (3, and let k be the rightmost
index of L. Let A be an arc of L. We define the extended shadow of A in L as the pair
(me(A), mo(€(A))) if k € mo(A), or (mz(A), D) if k ¢ np(A). We denote this pair by
% (A).

Then, for 1 <i<mn,oe{+,—} and ¥ € {|,1}, we denote by m3(i,0,V) the shadow of the
arc A%(p;, L) in L, and we denote by Wg(i, o, 1) the extended shadow of the arc A (p;, L)
n L.

By abuse of notation, we define the shadow of 5 as the mapping

s {l...on)x{+, =} x{l,1} — 2{-n
(i,0,7) —  ms(i,0,0)

and the extended shadow of 5 is defined as the mapping
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(i,0,9) —  w5(i,0,0)

W%(i,.o,’ﬁ)
1 2 3
({0}, &) ({0,1}, &) | ({3},{0,1,2,3})
({0,1}, &) | ({3},{0,1,2,3}) | ({3},{0,1,2,3}) 9
({0}, &) ({2}, ) ({2}, 2)
({0,1}, &) ({2}, &) ({0,1,2,3},{3})

Po P1 P2 P3

+ [+

Figure 3.37 — A tight lamination and its extended shadow

According to Proposition 3.23, saying that k € m,(A) is equivalent to saying that
k < max(m.(A)). Consequently, if k € mz(A), then k € n.(€(A)) as well, and the right
endpoint of A is also the right endpoint of € (A).

For example, Fig. 3.37 represents the tight lamination £ associated with the braid
B = 03 and the extended shadow of . Here, 73(3, +, ) = ({0,1,2,3}, {3}). Indeed, the

rightmost index of £ is 3, the shadow of A" (ps) in £ is {0,1,2, 3}, and A% (ps) shares its
right endpoint with an arc of shadow {3} in L.

Let A be the right-oriented sliding braid of the form [k — /], where 1 < k < ¢ < n.
We characterise which braids § are such that the word RNF(3)- A is in relaxation normal
form. An analogous characterisation holds when A is a braid [k ~— £].

Definition 3.38 (\-relaxed lamination).

Let B be an n-strand braid. We say that B is A-relazed if all of the following requirements
are fulfilled:

molk, +.1) # {(k);

either mg(k,+,1) = {0, ..., k} ormg(k,—, 1) < {k,..., 0 —1};

forallie {{+2,....,n}, L +1ems(i,—, 1) nmp(i,—, |);

if € <n, then ke mg(€ +1,+,1);

if ¢ <n, then either mg({ +1,+,]) #{{+ 1} orms({+1,— 1) < {k+1,...,¢0}.

SUERSEESEE

The five requirements of Definition 3.38 are illustrated in Fig. 3.40.

Proposition 3.39.
Let B be some n-strand braid, and let \ be a right-oriented sliding braid. If the equality
RNF(SA) = RNF(S) - A holds, then (3 is A-relaxed.

Proof. We prove Proposition 3.39 when A\ = [k —~ (]. The proof is analogous when
A = [k ~—= []. Let B be a braid such that RNF(SA) = RNF(f) - A, i.e. such that
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R(B)A) = AL, Let £ be a tight lamination of 3, and let £ be a tight lamination of SA.
Until the end of the proof, we denote by po, ..., p, the punctures of £, and we denote by
Dos - - - » P, the punctures of L.

We first show how to draw £ by modifying E Observe that ¢ is the rightmost index
of £ and that p, belongs to a lower bigon of L. Since_R(ﬁ)\) = A7, the puncture p,

of L is slid along one upper neighbouring arc of p, in £, and arrives at some position
Pk € (Py_1,Pr)- Then, applying Algorithm 3.9 amounts to doing what follows.

illEEc]

Figure 3.40 — Requirements in Definition 3.38

1. For each (lower) arc A of £ with shadow {¢} in £, consider the real projections

(e, B) := mr('€z(A)) and (¢/, ') := mr(€7(A)). Lemma 3.25 shows that ¢’ <e <
D1 < E <P, < E' < ppr1. We merge the arcs A, ‘€7(A) and €4(A) into one
upper arc with real projection (¢, e).

2. We do not modify other arcs of L.

3. We replace the puncture p, by the puncture py.

Note that this process does not depend of the order in which the arcs A are treated
in the first step. Doing so, we obtain a lamination £ with set of punctures

{p()a s 7pn} = {ﬁOa s 7pk—1’pkapk7 R 71_96—17]_984-17 s 7?71}7
which represents the braid f.

In addition, consider some (lower) arc A of L that was erased. Let B be the (lower)
rightmost bigon of £, and consider the real projections (ep, Ep) := mr(*€z(B)) and
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(¢lg, EY) := mr(€7(B)). It follows from the relation R(S\) = A7! that €y < p;, < ep.
Since B C A this proves that

e <eép<pr<ep<e<P_,<E<Ep<p <Ez<E <P,

The arc A was therefore merged into an upper arc that blinds pj but not p, ;. Conversely,
each arc of £ that either is a lower arc, or blinds p,_; = py, or does not blind py, is also
an arc of L.

Lemma 3.25 and Corollary 3. 26 prove that the intervals mg\ (¢, —, 1) and msx(¢, +, 1)
are respectlvely of the form {i,. —1}and {j,...,¢}, with either j =0 <i=k < (-1
orl<j=k<i</l-1.

We prove now that [ satisfies each of the five requirements that characterise A-relaxed
braids, and thereby complete the proof of Proposition 3.39.

1. Let us assume here that mg(k,+,]) = {k}. Then, the arc A" (pi, £) is a lower
bigon of £ and, like all lower arcs of £, it is also an arc of £. Moreover, note
that (A% (pr, £)) € (Pr—1, Prs1) = (Br_1, i) Hence, the arc A (pg, £) blinds no
puncture of £, contradicting the tightness of £. This means that our assumption
was false, i.e. that mg(k, +,|) # {k}.

2. The arcs Al (5,, L), AL (p,, £) and A" (p,, L) = A% (p,, £) were merged into one arc

Aof L:
e if j > 1, then P, was slid along the arc A’ (pf, L), hence A = A’ (p, £), and
m(A) = mg(k, = 1) = {k,....ifp = {k,... .0 =1}

e if j = 0, then p, was slid along the arc .AT_ (P, L), hence A = Al (pg, £), and
FL(A) = Wﬁ(k’, +, T) = {0, ceey ]C}

3. Consider some integer ¢ > ¢ + 2. Proposition 3.23 implies that p,, e Al (D;, L).
Due to the equalities pyy1 = 7y, and A" (5, £) = AL (pi, £), it follows that £+ 1 €
mg(i, —, 1). We prove similarly that ¢ + 1 € mg(i, —, | ).

4. Let us assume that ¢ < n. Corollary 3.26 proves that the upper parent of 7, in L is
the arc A’ (p,, ) Moreover, Prop081t10n 3.23 shows that p, € Al L (Pyy1, £), which

implies that p, € Al (7,,L) < AL (P,,,,£). In addition, since R(/B)\) A7L the

arc Al (p,, L) blinds the point py,. This shows that py, € Al (5, L) = = Al (pgﬂ,_) =
Al (prs1, £), hence that k e mg(0 + 1, +,1).

5. Let us assume that ¢ < n and that 7g(¢ + 1, +,|) = {¢ + 1}. This means that ps;,

belongs to a lower bigon in L: let A be this bigon. Since A is a lower arc of £, A is
also an arc of £, which blinds the point p,,, = P, +1 and no other common puncture
of £ and L. Proposition 3.23 shows that A also blinds some point p; with i < /.
Hence, A blinds p,, and 7z(A) = {¢, ¢ + 1}.
Let B be the (lower) rightmost bigon of £, and let C' and D denote respectively
the arcs € ,(A) and ‘€ +(B). Let (ec, E¢) and (ep, Ep) be the real projections of
C and D. Lemma 3.25 proves that ec < py < E¢ < pyy1. This shows that C' blinds
pe, and thus that C is also an arc of £, as illustrated in Fig. 3.41.
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Lemma 3.25 shows that ep < p,_; < Ep < P,. Since p, € mr(B) < 7mr(A) <
(Po—1,Dyso), it follows that p,_;, < E¢ < Ep < p,. This proves that C < D.
Moreover, note that D = A" (5,, L), so that mg(D) < (p,T,), which proves that

m(C) S (pr,Dy) S (Pk, Per1). Hence, the arc C' = .AT_(ng,E) has shadow 7s(¢ +
L, N cik+1,... 00 in L

ep  ec Ec Ep

Figure 3.41 — A fragment of the lamination £

We also prove the converse implication of Proposition 3.39.

Proposition 3.42.
Let B be some n-strand braid, and let A be a right-oriented sliding braid. If 5 is A-relazed,
then the equality RNF(B\) = RNF(f) - A holds.

Proof. Like in the proof of Proposition 3.39, we assume hereafter that A = [k —~ (]. Let B
be a A-relaxed braid. Let £ be a tight lamination of 3, and let £ be a tight lamination of
BA. We denote by py, . . ., p, the punctures of £, and we denote by py, . . . , p,, the punctures

of L.

We proceed by first showing how to draw £ by modifying £. Let A" denote the set
of the upper arcs of L.

We partition AT in several subsets, and as illustrated in Fig. 3.43:

o U ={Ac Al kemp(A) and £,0+ 1 ¢ nc(A)},
o W ={AeAl: lermp(A) and k, 0+ 1¢ 7z(A)},
o U3 ={AcAl:l+1ems(A) and k,l ¢ mc(A)
e W ={AcAl: klem (A and { +1¢ ms(A)
o Os={AcAl:(l+1enms(A) and k ¢ mc(A)},
o Qs ={AecAl L (,0+1em(A)}

o Oy ={AeAl 7 (A)c{0,....k—1}},

o Qg ={Ac A :n (A) = {k+1,....0—1}}, and

I

}
b
}
}
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Pk Pe Pe+1 Pk Pe Pe+1 Pk Pe Pe+1
— L 6-0 O—OY0 LA 00
Qy Qs | s
— 0D o—Lo—N NSO
A J A
Qy I % Q %)
O—— oL (— 5N O— 0oL

Figure 3.43 — Nine classes of upper arcs

e Qg={AcAl 7 (A)c{l+2,...,n}}.

First, suppose that some arc A belongs to Q9. Let v be a leaf of T} .(£) such that v4
is an ancestor of vg: Proposition 3.18 proves that B is a bigon of L. Let j be the index of
B in L. Since {j} = m.(B) € mc(A) € {{ +2,...,n}, we know that j > ¢ + 2, and since

B=A" (pj), the requirement 3 is falsified. This contradiction proves that Qg = .

Then, if / = n, then of course Q5 = Q03 = . If £ < n, then the requirement 4 indicates
that k € Tﬁ(AE_ (pes1, L£)). Consequently, pr and py. ;1 are respectively a descendant and a
child of AL (pe+1, L£). Therefore, each upper arc A that blinds p,,1 also blinds pg, whence

Qs = Q3 = . This is why we added the symbol & when depicting in Fig. 3.43 the
elements arcs in 23, 25 and ).

Moreover, let us extend the notations C and € as follows: if X and Y are two subsets
of A! such that A < B for each ordered pair (A,B) € X xY, then we write X cy.

Similarly, if p € R is such that p € A for each arc A € X , then we write p € X. Using
these notations, the relations shown in Fig. 3.44 are clear.

Qg
/
IS
&
//
Qy
«, 7 '\
G U S
/7T N
0 Qg Q
\ \
W W W
| | \
Dk De Pe+1

Figure 3.44 — Blinding relations between sets (2;

In addition, note that, for each point p € R, the relation < induces a total order on
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the set of the upper arcs of £ that blind the point p. Consequently, each of the sets {2,

O, Q4 and Qg is totally ordered by <: we denote by Al c...C Al the elements of €,
where w; = |Q;, and we denote by (e, E?) the real projection of the arc A’.

It is then straightforward to see that the elements of (pg, pei1) N L are
pw<E}<..<E <El<..<E, <ps.
Hence, let a; and a; (for 1 < j < w;) and P, be real numbers such that

+

2 2 - - _ + 4 4
p<BEi<..<E, <a, <..<a <p<af <...<a, <E <...<E, <pgi,

as illustrated in the top picture of Fig. 3.45.

Lamination £: Qy

Lamination £: Qy

)]

Pe H

Figure 3.45 — Ordering (pg, pe+1) N £ — Adding points ;" and p, — Going from £ to £

Aiming to emulate a “backward” version of Algorithm 3.9, as illustrated in the bottom
picture of Fig. 3.45, we draw the lamination £ as follows.

1. We replace each arc Ajl- € {2, by three arcs: one upper arc Ajl.’1 with real projection

1 _ 1’2 . . . — + 1,3
(E},a; ), one lower arc A" with real projection (a;,a; ), and one upper arc A;

with real projection (ej, a;).
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2. We do not modify other arcs of L.
3. We replace the puncture p; by the puncture p,.

Note that this process does not depend in which the arcs A; are treated in the first step.
Let us prove that, doing so, we obtain a lamination £ with set of punctures

{ﬁ(]? s 72_911} = {p07 vy PE—15Pl+1y - - apfaz_?bpg-‘rl? ce 7pn}

First, checking that £ is a lamination amounts to checking that, if X and Y are
both upper (or lower) arcs of £, then either mr(X) < 7mr(Y) or mr(X) 2 m&(Y) or
m(X) N mr(Y) = . The case where either both or none of X and Y are arcs of L is
immediate, and so is the case where X is of the type A;’Q. Finally, if X is of the type
Ajl.’1 or A}’?’, it suffices to treat separately the cases where Y € Q, for i € {2,4,6, 7,8}, and
each of these cases is immediate too.

_ In addition, proving that . L is a tight lamination amounts to checking that each arc of
L blinds some puncture of £. There are two cases to check. First, each of the arcs Ajl-’l,
Ajlfz and A;’?’_blinds either p, = p,_; or p,. Second, consider some arc A that belongs to
both £ and L. Since L is tight, A blinds some point p;.

Let us assume that A blinds the point pg. If A is an upper arc, then A ¢ 2y, hence
A e Q4 u Qg and A blinds p,. If A is a lower arc, then the requirement 1 implies that
7c(A) # {k}, and therefore A also blinds some point p; with ¢ # k. Hence, in all cases,
A blinds some point p; with i # k. Since p; must be a puncture of both £ and £, this
proves that £ is tight.

Then, let us prove that /£ is the rightmost index of £. Let B be the rightmost bigon
of £, and let i be the index of B in L. Since p, belongs to a bigon of £, we know that
i={. Ifi>{¢+1, then B is also a bigon of £, and 7z(B) = nz(B) = {i}. However, we
shall prove now that no bigon of £ with index £ + 1 or more can be a bigon of L.

Indeed, consider some bigon C' of £ with index ¢ > ¢ + 1, if such a bigon exists.
Note that C' = A" (p,, £) = Al (p., £) or that C' = A* (p,, L) = A (p., L), depending on

whether C' is an upper or a lower bigon. Hence, we are in one of the following cases.

o If ¢ =/ + 2, then the requirement 3 states that ¢ + 1 € wz(C'), which is false.

e If ¢ = /+1 and if C' is an upper bigon, then the requirement 4 states that k € 7.(C),
which is false.

e If ¢ = {+1 and if C is a lower bigon, then € (C) = A’ (pg41, £). Therefore, the
requirement 5 shows that ‘€ (C') € . This proves that {2y = ¢J and, since some
curve of £ must separate the punctures p; and py, 1, that Q; # J. Consequently,
the new arc A} was “inserted” inside the former bigon C, which is therefore not a
bigon of £. This situation is represented in Fig. 3.46.

It follows that ¢ < /, i.e. that ¢ = ¢, and therefore that A}’Q is necessarily the rightmost
bigon of L.
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Finally, let v be the braid that £ represents. Let us prove that R(y) = A" and that
vA~1 = B. According to the requirement 2, two cases are possible.

o If wg(k, +,1) = {0,...,k}, then Al = Al (pg, £), and therefore both Al and A}?
blind py = p,. Moreover, the interval (py, F{) contains no endpoint of any arc of £
nor of £. The lamination £ is therefore obtained from £ by sliding the puncture p,
along the arc A;' = A" (5, L), then merging arcs of £ like in Algorithm 3.9.

o If my(k,—, 1) < {k,..., L —1}, then p, € A (p;) and Al = A" (py, £), and therefore
Ay 3 does not blind py = p,. Moreover, the interval (e], py) contains no endpoint of
any arc of £ nor of £. The lamination £ is therefore obtained from £ by sliding the
puncture p, along the arc A}® = AL (B, L), then merging arcs of L.

In both cases, it follows that R(y) = A™! and that YA~ = j.

This means that £ was indeed the tight lamination of 8\, and that RNF(3)\) =
RNF(p) - A\, which completes the proof of Proposition 3.42. O

Lamination L: Lamination £:

A
Di m Dot
Di+1

C

Figure 3.46 — From £ to £ when p,,; belongs to a lower bigon of £

Corollary 3.47.
Let 3 be some braid, and let \ be a right-oriented sliding braid. The equality RNF(SN) =
RINF(fB) - A holds if and only if 5 is A-relazed.

3.2.3 An Automaton for the Relaxation Normal Form

Corollary 3.47 paves the way for proving that the relaxation normal form is regular.

Theorem 3.48.

Let 32 be the set of all right-oriented sliding n-strand braids. There exists two functions
decide and compute that take as inputs the extended shadow 71'% of some braid B and a
right-oriented sliding braid A\ € 3, and such that

1. decide(n3, ) = true if RNF(3) - A = RNF(8)\), and false otherwise;
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2. compute(r3, ) = 73, if RNF(S) - A = RNF(3)).

Proof. Corollary 3.47 implies that knowing g is sufficient to check whether R(8A) = A~%.
Hence, knowing W% is also sufficient, which proves the first part of Theorem 3.48.

We prove now the second part of Theorem 3.48 when A\ = [k — /]. First, if § # 1,
note that W% # m3. Indeed, the rightmost index of 3 is some positive integer 4, which
means that either ms(i,+,1) = {i} or m3(i, +,|) = {i}, whereas m1(¢,+,7) = {0,...,4}.
Therefore, we may already define the partial function compute(n3,-) : A — 73, and
there remains to build an appropriate function compute on pairs (7‘(‘%, A) such that f is
a non-trivial A\-relaxed braid.

Since RNF(S)\) = RNF(3) - A, we know that neither § nor S\ is trivial. Let £ and
L be the (non-trivial) tight laminations that represent respectively the braids 4 and 3.
Once again, we denote by py, ..., p, the punctures of £, and we denote by p,,...,p,, the
punctures of £. In addition, consider the functions ¢ : i — i — 1<y, 1 1 0 — i — | P
and

v I — {z:¢Y(minl) <z <maxI}if [ # J, or gJif I = ;
v I — {x:¢(min[)<x<¢(max[)} if I # g, or gitl =,
o! (I, J) — (¥(),v(J ))1 {k,0} < I, or (V*(I), ) if {k, ¢} & I,
O (I,J) — (W), 0(J))if {k € < J, or (W*(1), D) if {k, 6} & J,

where I and J are subintervals of {0, ...,n}. The functions 1, 1, ¥, ¥*, ! and ©' will
play a crucial role in computing 773, .

Intuitively, the functions 1 and v are meant to reflect the fact that some punctures
of £ and £ have different names: p; = Py = Dy ifi < korif k <17 </, and
pi = P; = Dy if ¢ < i. In addition, let A be an arc of both £ and L, i.e. an arc of £ that
does not belong to €. We prove below that m7(A) = U(mz(A)) if A blinds p,, and that
mz(A) = U*(mz(A)) otherwise. We also prove that 72(A) = ©T(n7(A)) if A is an upper
arc, and that 72(A) = ©¥(77(A)) if A is a lower arc.

Indeed, remember how the lamination £ was drawn in the proof of Proposition 3.42.
We split the set AT of upper arcs of £ into six subsets Q1, €, Q4, Qg, Q7 and Qg, and
replaced each arc A]l by three arcs A}’l, Ajl-’2 and A}’?’, then replaced the puncture p; by
a new puncture p,, and did not modify any other arc or puncture.

Furthermore, let (e, E') be the real projection of A. Proposition 3.23 shows that e < p,,
hence one shows easily that 72(A) = (V*(nz(A)), @) if E < p,, and that nz(A) =
U(mp(A)) if E > p,.

In addition, if £ > p,, let I, .J be subintervals of {0,...,n} such that 72(A) = (I, J),
and let m be the rightmost index of L. Let us prove that J is non-empty. Due to the
requirement 3 in Definition 3.38, we know that m < ¢+ 1. If m = ¢+ 1, then the interval
(Py, Pe+1) contains no endpoint of any arc of £, and therefore E' > py, 1, so that J # J;
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if m < /£, then of course J # J as well. Hence, regardless of the value of m, we have
J# J,ie J=mn,(€(A)).

If A is an upper arc, then F > p, if and only if A € Q4 U Qg, i.e. if and only if
{k, 0} < mc(A) = I. Consequently, if A is a lower arc, then £ > p, if and only if
{k, 0} < 7(€(A)) = J. This proves that 7%(A) = ©'(77(A)) for all upper arcs A ¢ O,
of £, and that 72(A) = ©*(77(A)) for all lower arcs A of L.

Finally, if A! is an element of € and has shadow {u,...,v} in £, then the arcs A",
A3’2 and A}B of £ have respective shadows {v, ...,¢—1}, {¢} and {u, ..., ¢} in L. Therefore,
the last remaining challenge is to identify the neighbouring arcs of the punctures of L.
We do it, and thereby we compute Wg ) as a function of ﬂ% and of A, as follows.

1. Let (o,u,v) be the unique triple in {(+,0,%k)} U {(—.,k,2) : k < z < £} such that
mg(k,0,1) = {u,...,v}. In £, the upper parent of p; has a shadow {u, ..., v}, whence

W%,\(&-ﬁ-,T) = ({u77€}>{€}>7
W%A(&_?T) = ({U77€_1}7®)7
W%A(&lai) ({€}>{u7’€})

2. First, recall that Al (pyy1, L) € Qg. Let & be the integer such that mz(f + 1,4, 1) =
{z,..., 0+ 1}: we have = < k.
If keng({+1,—,1), then pry1 = Py, has the same neighbour arcs in £ and in L.
If k¢ mp(0 + 1,—,1), then Fig. 3.49 illustrates the case where x < k (the case
where = k is analogous). First, observe that €y = (J. Since some arcs must
separate the punctures pi, p, and p,y1 in L, it follows that €; and 2y are non-
empty. Consequently, the neighbour arcs of the puncture p,,; = pe41 in L are

(péﬂa ) (Pe+1,[') = Aflja Ai(ﬁ@rla?) = Ai(pulvﬁ),
(p£+1= ) A2 Al (1_96+17£) Al 2

w1 ?
Moreover, since (24

&, the arcs A, and A2 must be (the first two) children
of AY in £, whose rightmost child is then Dis1- Slnce xr < k, it follows that x =
min Wﬁ(A?) = min7z (AL ) = minwz(AL?).

Dz Pk D¢ Pe+1 Da Pk De Prs1

1,2
Lamination £ Lamination £ =~ “*

Figure 3.49 — Computing W%/\(f +1,+,1) when k ¢ m3(¢ +1,—,1) — assuming = < k
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3.

Adding these two cases, we obtain

Tl +1,4+,1) = Oms(l+1,+,1));
W%A(E—i-l,-f-,l) = @l(WZ(Ele +,1));
ma(l+1,—-1) = N mj(t+1,—,1))if kems(t +1,—,1)

({x, ..., 00, {6}) it k¢ ma(L+ 1,—,1);
Tl +1,-1) = O mp(t+1,-,])if kems(+1,-,1)
({0 {z, ... 0}) if k¢ mg(l +1,—,1).

Observe that Al (py, £) € Qy U Q4 and that A’ (p,, £) € Q; U Qy U Qg. In addition,
either Al (pg, £) = Al (ps, £), or Al (g, £) is the parent of A’ (p, £). Note that the
former case arises if and only if p, belongs to an upper bigon of £ or, equivalently,
if A" (ps, £) € Q,. Hence, let y be the integer such that m3(¢, +,1) = {y,...,0}.
In addition, if Ai(pg,ﬁ) e 0 U Qs, let z be the integer such that ms(¢, ,T)
2y 0 — 1},

%f k¢ ms(¢, 4}—, 1), then Al (ps, £) € Q, and A" (p,, £) € Qy U Qs. In this case, the
puncture p; = p,_; has the same neighbour arcs in £ and in L.
If k e m3(¢, —, 1), then A’ (py, £) € Q; and Al (py, £) € Q4. Hence, A’ (py, £) = AL
and Q, = J, which shows that p, ; belongs to an upper bigon of £. Consequently,
the neighbour arcs of the puncture p,_; = py in L are

AL (1, L) = AL, AL(Dy, £) = ALY

w1 ? wi )
AT— (]_74—17 £) Aizlla Al— (ﬁf—h E) = A£ (pz, E)

Moreover, since A (pe, L) € 4, the integer z is well-defined, and satisfies the in-
equality z < k: Figure 3.50a illustrates the case where z < k. It follows that
z =minmg(AL,) = min7z(AL?).
Finally, if k € m5((,+,1) and k ¢ m3(¢, —, 1), then A' (ps, £) € Q4 and A" (p,, £) €
Qg. It follows that Qs = (J. Consequently, the neighbour arcs of the puncture
Py, = pein L are

AE— (pé—lv E) Aijllv Ai— (pE—lag) = Ai)’lz,

AL (P £) = AL(pe, £), A (P, £) = AL (pr, £),
Moreover, the arcs Al and A" (ps, £) are therefore (the first two) children of

Al(ps, £) = A% in L, whose rightmost child is then p,. Hence, both integers y
and z are well-defined, and they satisfy the inequalities y < k£ < z: Figure 3.50b
illustrates the case where y < k. It follows that
y = minnz(Af) = minmg (AL ) = minmz(AL?) and that
z—1=minm (AL (ps, L)) — 1 = maxwL(Ail) min 7z (AL).
Adding these three cases, we obtain



Chapter 3. The Relaxation Normal Form of Braids is Regular 117

20— 1,+,1) = O3t +,1)) if k ¢ ma(¢, +,1)

({1}, @) if kems(l, -, 1)

{z—1,....0},F) if keng(l,+,1) and k ¢ mg(¢, —, 1);
Tl —1,—1) = OeN(r3(, ,T)) if k¢ ma(l,—, 1)

({0 -1}, @) it kemg(l,—,1);
Tl =1,+,]) = O ma(t +, 1)) if k¢ ma(¢, +,1)

{3, {z...,0}) it kenmg(t,—,1)

{0} {y,....,0}) it kemg(l,+,1) and k ¢ m3(¢, —, 1);
7T?},\(f_ L,—1) = @l(%( - 1))

D Dk P Dy D. Dk De—1 Py

Lamination £ Lamination £

(a) Case #1: ke mg(¢,—,1) — assuming z < k

Py Dk Dz pe  De Py pg P21 De—1 Dy
4 4
A7 A

Lamination E Lamination Z w1
(b) Case #2: ke m3(¢,+,1) and k ¢ mg(¢, —,1) — assuming y < k
Figure 3.50 — Computing 73, (¢ — 1, £, 1) when k € 75(¢, +,1)
4. Let i be an integer such that i ¢ {k,¢,¢ + 1}. The neighbour arcs of p; in L either

are some arc A} € Oy (which will be replaced by A]l-’1 ifi >k, or A}’?’ if i < k, when
transforming £ into £) or are also neighbour arcs of p; in L. It follows that
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<

(i),+,1) = ({i+1,...,0,{¢})ifi <k, kemg(i,+,1) and
C¢mp(i,+,1)
({iy....0—1},) itk <i<{and k € mg(i, +, 1)
O (ms(i, +,1)) otherwise;
o), — 1) = ({i,....0},{¢}) ifi <k, kemg(i,—, 1) and £ ¢ 75(i, —, 1)
{i—1,....0—-1},@)ifk<i</land ke mg(i,—, 1)
O'(ms(i, —, 1)) otherwise;
1) = O (i +, 1)
1) = eMmE(i, -, ).

7[2»\(

oA ()
72, (B()

This disjunction of cases provides us with a complete characterisation of 71'%)\ as a
function depending only on m3 and of A, which completes the proof of Theorem 3.48. O

Corollary 3.51.
Let n be a positive integer. The language of all relaxation normal words in the braid group
B,, is reqular, and is recognised by the deterministic automaton A = (3,Q,1,0,Q), with

o alphabet ¥ = {[k = (] : 1<k <{l<n}u{lk—={]:1<k<{l<n};

e state set () = {W% :feBy};

e initial state i = 73;

e transition function 0 = {(73, X, 73,) : R(BA) = \7'};
e set of accepting states Q).

Figure 3.52 presents the minimal automaton accepting the language RNF(B3).

This minimal automaton is obtained by merging states of the above defined automaton
A. Hence, each state s of the minimal automaton is a subset of (), and is represented in
Fig. 3.52 by some braid 3 such that 73 € s. The initial state is the state {73}, and each
state is accepting. Moreover, for the sake of readability of Fig. 3.52, we chose to denote
by 3 the braid 5.

3.3 Is This Automaton Really Efficient?

Corollary 3.51 provides us with a deterministic automaton that accepts the relaxation
normal form. A natural question is that of the size of the deterministic automaton for that
normal form. Is the automaton provided in Corollary 3.51 minimal or close to minimal?
Before answering this question, we first introduce some combinatorial objects that arise
from the concepts of lamination trees and of neighbour arcs, as illustrated in Fig. 3.53.
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Figure 3.52 — Minimal automaton accepting the language RNF(B3)
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THL) N(L)

THL) NY(L)

Figure 3.53 — Lamination trees and neighbour trees of a tight lamination

Definition & Proposition 3.54 (Neighbour trees).

Let L be tight lamination, with set of punctures {po, ...,pn} and with rightmost index k.
Let A} be the upper arc contained in the curve L,, i.e. the root of the tree T1(L). In
addition, let A1 be the subset of upper arcs of L defined by

A= {AL(p) s 0<i<n} U{A]}U{A:p €A and 3i < n, B (A) = AL(pi)}.

The upper neighbour tree of the lamination £ which we denote by N'T(L), and defined
as follows. The vertices of NT(L) are of the form v, where A is an upper arc of L such
that A € A, or of the form v,, where p is a puncture of L. A vertex va is an ancestor
of vg in NT(L) if and only if A blinds B. Finally, if va is a vertex whose children are
vertices va,, . ..,va, such that Ay <g ... <p Ay, then va, is the i-th child of va.

We define similarly the lower neighbour tree of L, which we denote by N*(L).

Proof. We only need to prove that, if va,,...,v4, are the children of vy in A'T(L£), then

k

Ay, ..., Ay are ordered by the relation <,. This statement follows from Corollary 3.19
and from the fact that{A;,..., Az} is a transversal section of the vertices of 7'(£) that
descend from vy4. O

Following Proposition 3.18, the leaves of NT(£) and NY(L) are the punctures of L.
Furthermore, a puncture p; belongs to an upper (respectively, lower) bigon if and only if
it has no sibling in N'T(L) (respectively, in N*(L)).

Lemma 3.55.
Let B and ' be n-strand braids, with respective tight laminations £ and L'. If NT(L) =
NI(L') and NH(L) = NH(L'), then 75 = 75,
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Proof. Let vat and va1 be the respective roots of NT(L£) and of N*(L), and consider the
sets

AT = (AL
A= (AL

b

<i<n}U{Al}U{A:p. € Aand i <n,€(4) = AL
<i<nlU{AM}u{Ad:p,eAdandJi<n, € L
Let p be some puncture of £. The arc v 41, - is either the left sibling of p in NT(L),

if such a left sibling exists, or the parent of p in N'T(L), if p has no left sibling in N'(L).
We identify similarly the vertices v ;. (p.L) and v 4 (p.c) AMONZ the nodes of AN'T(L£) and
— b + ?

NY(L).

Moreover, let k be the rightmost index of £. We identify k since p;, is the rightmost
puncture that does not have siblings in both N'1(£) and N*(£). Let A, € ... < A, be
the arcs blinding p;, and belonging to A'. Let B, é B, be the arcs blinding py
and belonging to A'. It comes immediately that u = v and that A; = € (B;) whenever
1 < j < u. Hence, we identify each arc of the set {A : p, € A and 3i < n, €(A) = AL (p;)}

among the nodes of N'T(£). Similarly, we identify each arc of the set {4 : py € Aand Ji <
n, €(A) = AL (p;)} among the nodes of N*(L).

I 4N =

Hence, we can compute W%(i, o, 1) for each triple (i,0,9) € {0,...,n} x{+, =} x {1, 1},
which means that the trees N'T(£) and N'*(£) uniquely determine 73. This completes the
proof. O

Corollary 3.56.
Let A = (3,Q,1,0,Q) be the automaton provided in Corollary 3.51. Its state set Q is of
cardinality |Q] < 2200*+D),

Proof. Let N be the set {(NT(L£), N*(L)) : L is a tight lamination} and let II be the set
{7?% : € B,}. Lemma 3.55 states that there exists some surjective projection N +— II,

hence that |TI| < |N|. Since Q = TI, it remains to show that |N| < 220(*+1),

Let £ be some tight lamination. The tree N'T(£) contains at most n + 1 nodes of the
type vp,, 2(n + 1) nodes of the type VAl () 1 node of the type A and 2(n + 1) nodes of
the type v4, where p, € A and € (A) = A% (p;) for some i. This proves that N''(£) has
at most 5n + 6 nodes. Similarly, N*(£) has at most 5n + 6 nodes.

Moreover, both N1(£) and N*(L) are rooted ordered trees. For each integer k, there
exists Cj_1 rooted ordered trees with k nodes, where C) = ﬁ(zkk) is the k-th Catalan
number (see (49, p. 35]). Moreover, the relations

k koo o

2k 21 21—1
E k;+1Ck—( )z i
- k plell 7

show that there exist at most 2191 rooted ordered trees with at most 5n + 6 nodes. It

follows that |Q| = |TI| < |N| < 220(n+1), 0
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We can then prove that the size of the automaton 4 has the same order of magnitude
as the size of the minimal automaton.

Proposition 3.57.

Let Apin = (2, Qumin, tmin, Omin, Fmin) be the minimal deterministic automaton that accepts
the set of relaxation normal words for the braid group B,,. The sets Fiin and Quin are
equal, with cardinality |Qumi| = 2771,

Proof. Since A, is minimal, each of its states is co-accessible: from each state s € Q i,
one can reach a state s’ € F;,. Since the relaxation normal form is prefix-closed, it follows
that Qmin c Fon, ie. that Fin = Qmin-

To each braid a corresponds a unique relaxation normal word in X*, hence one
unique state in Quin. We denote this state by §*(a). Now, let m = ["T_IJ To each tuple

€ = (e1,€9,...,6n) € {—1,1}", we associate the braid g, = oj'05*...05" _, € B,. An
immediate induction on m shows that i - 05 - ... - 05" _, is a relaxation normal word.

Figure 3.58 — The braid §_1 1y (for n = 5)

Then, if € and 7 are distinct tuples in {—1, 1}"", consider some integer i < m such that
€; # n;. Without loss of generality, we assume that ¢, = 1 and that n; = —1. One shows
easily that RNF(5,) - [2¢ —~ n] is a relaxation normal word, whereas RNF(f3,) - [2i —~ n]
is not. This shows that 0*(3.) # §*($3,) and, consequently, that |Qum| = 2™ = 2271, O

For example, Fig. 3.58 shows the 5-strand braid S_;1) = [1 —~ 2][3 ~= 4]: we have
RNF(5(1,1[4 —~ 5]) = [1 =~ 2] - [3 4] - [4 ~ 5].

Corollary 3.59.
Both automata A and A, introduced in Corollary 3.51 and Proposition 3.57 have state
sets with cardinalities 24

3.4 Relaxation Normal Form and Braid Positivity

One of the main features of the braid group is that it is left-orderable, meaning that
there exists a total order © on B,, such that, if o, # and v are braids such that a © £,
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then ya © v(. Such a property allows us to characterise the order © just by knowing its
positive elements, i.e. the set {« € B,, : 1 © a}.

One such left-order is called the Dehornoy order. This order has been thoroughly
studied [34, 35, 39], and its set of positive elements can be represented simply in terms
of o-positive braids.

Definition 3.60 (o;-positivity and o-positivity).

Let € B, be a braid on n strands, and o; € B,, be an Artin generator, where i < n.
We say that B is o;-neutral if it belongs to the subgroup of B, generated by the set
{o;:1+1<j<n}.

We also say that B is oi-positive (respectively, o;-negative) if it can be expressed as a
product B = ~yooi05 ... 05y, such that k > 1, each braid v; is o;-neutral, and € = 1
(respectively, € = —1).

Finally, we say that 3 is o-positive (respectively, o-negative) if it is o;-positive (respec-
tively, o;-negative) for some i < n.

This notion of o-positivity and o-negativity comes with a wealth of properties, includ-
ing the fact that every non-trivial braid is either o-positive or o-negative, but not both
(a proof of this result can be found in [39]). It immediately follows that the Dehornoy
order, for which a braid « is smaller than a braid 3 if and only if o~ ! is o-positive, has
the property of being a total left-order.

Several normal form, stemming both from geometric and algebraic frameworks, are
related to the Dehornoy order. For instance, up to a conjugation by the involutive mapping
0; <> 0,—; (which transforms the normal form such as decribed in [19] into the variant
mentioned in [40]), the Bressaud normal form maps each o-positive braid g to a o-
positive braid word that represents 3, although its does not map each o-negative braid
to a o-negative braid word.

Similarly, the cycling normal form introduced by Fromentin [51, 52|, which has an
algebraic flavour, identifies each braid g with a o-consistent braid word that represent 5.
Furthermore, this word is, up to a multiplicative constant, a shortest representative of 3.

Hence, both these normal forms lead to computing o-consistent braid words, which
allows checking whether a braid is o-positive, and therefore allows computing the De-
hornoy order. We prove below that the relaxation normal form of a braid 3, although it
is not o-consistent in general, helps checking whether the braid f itself is o-positive.

Indeed, o-positivity and o-negativity is directly expressible in terms of tight lamina-
tions.

Definition & Proposition 3.61 (Second right arcs).

Let L be a tight lamination and let p be some puncture of L, except the rightmost one.
Since Ly intersects both intervals (p,p,) and (pn, ), the point pf* = (pZ)Z = min{z €
Lg :z > pf} is well-defined. We call this point the second right neighbour point of p in
L.
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The point pt* belongs to two arcs of L. We call these arcs the second right upper arc
and the second right lower arc of p in L, and denote them respectively by A1+(p, L) and
by AL (p,L). The two arcs A, (p, L) and A, (p,L) are called second right arcs of p
in L.

+
Pr N
p A (p)
pL*
Ai+ (p)

Figure 3.62 — A puncture and its second right neighbour and arcs

Figure 3.62 shows some tight lamination, in which a puncture p, the right neighbour
point and the second right neighbour of p, and the second right arcs of p have been
highlighted. Second right arcs provide us with a geometrical characterisation of o;-positive
and o;-negative braids (see [39] for details), which we reformulate here.

Proposition 3.63.

Let L be the tight lamination of a braid 5 € B,, and let o; be an Artin generator of the
braid group B,,. The braid (3 is o;-neutral if and only if 0 € ws(j, +, 1) n7p(j, +, |) for all
7 <. In addition, (3 is

o oy-positive if and only if B is o;,_1-neutral and i € wp(AY, (pi1, L)) S {i,...,n};

e o;-negative if and only if B is o;_1-neutral and i € n(AL, (pisy, £)) < {i,...,n}.

From Proposition 3.63 follows a characterisation of the o;-positive and o;-negative
braids according to their relaxation normal forms. Indeed, for each integer j € {1, ..., n},
let S]T, Sj and X; be respectively the subsets {[j — v] : j < v}, {[j ~— v] : j < v} and
U j(S,I U S}) of the set 3 of all right-oriented sliding braids.

Theorem 3.64.

Let 8 € B, be a braid and let o; be an Artin generator of the braid group B,,. The braid
is 0;-positive (respectively, o;-negative) if and only if RNF(B) € X, ,-S}-XF (respectively,
RNF(§) € 37, - S/ - X7 ).

Proof. The sets {1}, 3%, .S u¥ and Y5, S]-%F for (1 <i<n— 1) form a partition
of the free monoid X*. Moreover, a braid 3 is clearly o;-positive if RNF(3) € X7, - Sil,
or o;-negative if RNF(5) € X, - S!. Hence, and without loss of generality, it suffices to
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prove that if § is a o;-positive, [i — j]-relaxed braid for some j > i + 1, then f[i —~ j] is
o;-positive.

Then, let £ and £ be tight laminations of # and B[i —~ j]. Since 3 is os-positive,
Proposition 3.63 shows that

0e€ ﬂ-ﬂ(uv +, T) N ﬂ-ﬂ(ua +, l) = Trﬁﬁ"‘i](“? +, T) M T B[i~j] (u7 +, l)

for all u < 4. Furthermore, consider the arc A := A*, (p;_1, L) = A%, (pi_1, L). Proposi-
tion 3.63 also states i € mz(A), hence that m(A) < {7,...,n}, and the requirement 1 of
Definition 3.38 proves that 7z(A) # {i}. It follows that {i,7 + 1} < 7.(A) and therefore
iemz(A) < {i,...,n}, which completes the proof. O

If follows that the sets {RINF () : § is o;-positive} and {RNF () : § is o;-negative}
are regular, and that each prefix of a o;-positive word must be o;-positive or o;-neutral.
In particular, the sets {RNF(3) : § is o-positive} and {RNF(3) : 5 is o-negative} are
also regular.

3.5 Experimental Data, Conjectures and Open Ques-
tions

A natural question that follows Section 3.3 is whether our results can be refined. Can
we build a smaller deterministic automaton that would recognise the relaxation normal
form? At which cost? A first way or proceeding is to modify slightly the notion of extended
shadow of a braid.

Theorem 3.48 consists in saying that, in order to check whether a word wy - ... - wg
belongs to the relaxation normal form, it is enough to read the word from left to right
and to remember the extended shadows 72 of the braids wy ...w;, for i € {1,...,k}. The
construction of the automaton A in Corollary 3.51 follows from this result.

However, the extended shadows may contain unnecessary information. In particular,
let B be a braid, let £ be the tight lamination associated with 3, and let k& be the rightmost
index of £. Consider the sets B! := {j € {0,...,k — 1} : p; belongs to an upper bigon}
and B := {j € {0,...,k — 1} : p; belongs to a lower bigon}. For all pairs (j,¢,9) €
{0,...,n} x {—= +} x {],1}, consider the two intervals (I,.J) := 73(j,¢,7), and let us
denote by 75 the pair of sets (I, J\B”).

We rnay prove a variant of Theorem 3. 48 Where the function 77% is replaced by the
function 7 WB Observe that 72 S F 2 ey while 72 w2 = T2 s Therefore, since WB depends only

on 73, the set {T3(6) : f € By} has fewer elements than the set {m3(B) : B € Ba}.

In particular, we might build an automaton A whose states are the elements of the set
{73(B) : B € By}, which means that A is smaller than as A.
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Of course, we might directly compute the minimal deterministic automaton A, of
the relaxation normal form by computing the automaton A and minimising it. However,
since A is larger than A, such a way of proceeding may appear as uselessly costly. In
that context, being able to build from scratch the automaton A provides us with a better
way of obtaining small automata recognising the relaxation normal form.

On the contrary, we may look for tighter lower bounds on the number of states of
the minimal deterministic automaton A,,;, of the relaxation normal form. Here is such
a lower bound, which is nevertheless not optimal. For all braids a € B, let §*(a) be
the corresponding state in A,;,. For each integer ¢ € {1,...,n — 1}, consider the braid
B; := [i — n][i = n]. In addition, for each tuple € := (€1,...,€6,_1) € {—1,+1}"7}
consider the braid 7, := g2 ... gl Ve,

Like in the proof of Proposition 3.57, we observe that RNF(v,)-[i - n] is a relaxation
normal word if and only if ¢; = 1, and therefore that the states 0*(,) are pairwise distinct.
This proves that the automaton A, must have at least 2"~ ! states, which is quadratically
better than the lower bound found in Proposition 3.57.

Figure 3.65 presents, for n € {2,3,4,5}, the size |Ay,| of the minimal deterministic
automaton of the relaxation normal form in the braid group B,,, the size |A| of the above-
constructed automaton A, as well as the lower bound 2”~! and the upper bound 220(*+1)
on |Apin| that we obtained above. It suggests that the lower and upper bounds 2"~! and
220(»+1) are far from optimal but, at the same time, that the construction of |Auyy| is not
so inefficient in practice.

on—1 ‘Amin| |Z| 220(n+1)

2 3 3 ~ 10*
21 29 ~ 10*
8 207 307 | ~ 10%
16 2261 | 3549 | ~ 1036

G|l w3

Figure 3.65 — Size of the automata accepting the relaxation normal form in B,

Another question is that of the automaticity of the relaxation normal form. A complete
book about automatic groups and automatic normal forms is [47], which we invite the
reader to look at.

Proposition 3.66.

Consider some integer n € {2,3}. Let RS denote the set of right-oriented sliding braids
in By, i.e. RS:={[k =~ (] :1<k<{l<n}u{lk—={]:1<k<{l<n}. The relazation
normal form RNF : B, — RS is synchronously automatic.

Proof. Proposition 3.66 is self-evident if n = 2, hence we focus on the case n = 3. We
might have built directly automata recognising the sets RNF™*® and RNFI 8" for ; — 1

)
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and ¢ = 2. However, we had to face a state space explosion, and could not cope with the
large size of the involved automata. Consequently, we had to find an alternative proof.

Let ¢ : RS* v {07! 02 711 be the morphism of monoids such that 1 : o109 — 07 - > 01 - 09,
VY :ortoyt — opt oyt and ¢ x — x if x € {of!, 05"}, The normal form RNF =
1 o RNF, which maps each braid § € B3 to the word ¢(RNF(f3)), is not prefix-closed
but remains regular. In particular, it is easy to compute the minimal automaton, denoted
by Ajg, recognising the set {RNF(3) : § € B3} - {e}*. This automaton is of size |A4y| = 34
(i.e. Ap has 34 states), which is small enough for carrying subsequent computations.

Then, using the recipe provided by Corollary 2.58, we compute directly (minimal
—left —right
and A,
for + = 1 and ¢ = 2. These automata are of respective sizes
—left — 914 and ‘Arlght

deterministic) automata, which we denote by A, , that recognise the sets

———=left ————right

RNF,  and RNF,
‘Aleft _ 212 rlght
a tractable task.

= 56, which makes handling them

—left —lefl h
Tables presenting the automaton A and the automata A, ot , A, o Amg ‘

(which are too large to be represented graphically) are avallable on

right

and A,

http://www.irif.univ-paris-diderot.fr/~vjuge /papers/Automates.pdf.

We wish to derive the synchronous automaticity of RNF from that of RNF. However,
reading synchronously letters of words in RNF(B3) may result in reading asynchronously
letter of words in RINF(B3). For instance, consider the words

:0102-0102‘01‘01-0102'02-02‘02‘02and

o I

-1 _—-1
= 0102 0109 - 02 0109 01092 01 09 -0102 092 092" 02 02,

whose letters are sliding braids, that both belong to RNF(Bj), and that represent re-
spectively the braids a = Acyo?0) and b = AcyoioS = acy. The morphism ¢ maps the
words a and b to words

a’:=01-02-01-02-01-01-01-02-02-02-02-02and

/ — —
b 120'1'0'2'0'1'0'2‘0'2‘0'1'0'2'0'1'0'2'0'11‘0'21'0'1'0'2'0'2'0'2'0'2‘0'2,

whose letters are generators o7, and that both belong to RNF(B3). However, the 12"
leftmost letter of a’ comes frorn the 9t leftmost letter of a, while the 12" leftmost letter
of b’ comes only from the 7" leftmost letter of b, as illustrated in Fig. 3.67. Hence,
reading synchronously the letters of a’ and b’ is not the same as reading synchronously
the letters of a and b.

Hence, for all braids «a, 8 € Bs, consider the words a := RNF(«), b := RNF(j),
a’ := RNF(a) and b’ := RNF(3). For each integer k& > 0, let us define the integer
@a(k) :=min{u > 0: >} | [A(a;)| = min{k, |a'|}}. We define similarly the integer ¢y (k).
Finally, we call synchronisation difference between o and [ the integer

Bayne(,B) = |¢a — @l = max |ea(k) — ou ()|


http://www.irif.univ-paris-diderot.fr/~vjuge/papers/Automates.pdf
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Oth letter of a
L

01 O2|ll01 O2Q01 |01 01 O2]|02|] 02 02

-1
12" letter of a’ ¢a(12) =9

12th letter of b’ pp(12) =7
1
1

—1
op 0o2llor o2ljoz2|lo1 oO2)lo1 02|01 02 opr o2llo2|lo2|l02 || 02

—
7 letter of b
Figure 3.67 — Synchronisation on RINF and partial desynchronisation on RNF

For instance, in the above example (illustrated in Fig. 3.67), we have ¢,(12) = 9, ¢p(12) =
7 and Agync(a, B) = 2.

Let us consider some integer k > 0 as well as the integers Ay, := Z?ff{k’@'} |A(a;)| and
By, := YmntbBl | X (b,)|. Without loss of generality, we have Ay, > By, and therefore

‘Ak - Bk‘ < Q(k +1- SDQ(Bk)) <2+ 2Async(a>6)'

We prove now that the normal form RINF is synchronously automatic as soon as each
of the sets {Asyne(7,70:) : v € Bs} and {Agync(7,0:7) : v € B3}, for i € {1,2}, is finite.
In order to do so, let us reuse the notations of Definition 2.56.

Consider some braid v € Bg, as well as the words a := RNF(v), b := RNF(0;7),

= RNF(y) and b’ := RNF(0;7), and consider some integer k > 0, as well as integers

Ak and By, such as defined above. Since RNF is synchronously automatic, the set Aleft =

U eG Aﬁfl\tm(afy 7) is finite. Moreover, using the notations introduced in Section 2.1, we

have:

Byt b)) <§k+1...|g|>71 = <b39k+1...|y\> <§j4k+1...\g’|>71
<ka+1 |b’\> <5_1§3k+1.._|§/|>_1<§39k+1...Ak> it Ay > By + 1.

If the set {Agync(7,0:7) : 7 € Bs}, let M be an upper bound for this set. Since each
braid (bl .1 ) <@, 41 |a,‘> belongs to the finite set A and each braid (a/y ,, p )"
or (a1 4,) belongs to the finite Minkowski product {01 ,o5 1, 1}M it follows that the
braid (by,; |p) (@41 ja) " belongs to the finite set A oft ot 1M,

This membership relation holds for all integers k£ > 0 and for all braids v € B3, which
proves that the set Al*™ := | )., ARRp(0s7,7) is finite. Repeating this argument proves
that, if each the sets {Async(y vo;) : v € Bs} and {Agync(7,0:7) : v € B3} are finite for
i € {1,2}, then RNF is synchronously automatic.
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Eventually, let F' and G be the respective sets of final states of A and A“g

—right

and let
x; and z, be the respective initial states of A and of A, . In addition, let F;ight be
the weighted graph defined as follows. The vertices of F“ght are tuples (x,a,1,y, 5, 7,2),
where x and y are states of A, a and 3 are elements of the alphabet RS, i and j are

integers such that 1 < i < [¢(a)| and 1 < j < ¥(f), and z is a state of A“ght,

: : : , : :
Forhevery two vertices vy = (X17 1,1, Y1, ﬁl?]l? Zl) and v' = (X27 a2, 12,Y2, ﬁ27]27 ZQ)
icht . .
of TT™ if there exists two letters u,v € {o;", 05"} such that

o if (ay)=ay ... ax, then 1 <i; <k and u = a;;;

e if 1 <iy <k, theni, =1 +1, xo =x; and ay = ag;

e if i, = k, then i, = 1, and the edge x; = X, exists in A;
o if (1) =by-... by, then 1 < j; </ and v = b;,;

o if 1 <j; </ then jo =7+ 1, y2 =y, and [y = (y;

e if j; = {, then j, = 1, and the edge y; LA Yo exists in A;

e the edge z; (uo), Zo exists in Arlght,

ht
then we draw an edge v — v/ in I8

Wlth Welght 17;1:1 — 1]‘1:1.

Finally, we prune F’iight and restrict it to those vertices that belong to some path
going from the set {(xs,,1,xs,5,1,25) | a,8 € RS} to the set {(x,a,1,y,5,1,2) |
a,f e RS, x,y € F,z e G}.

One shows casily that the set {Agync(B, B01) : 5 € Bs} is finite if and only if I}'8"
does not contain any cycle of non-zero weight. Although the whole graph TV might
be huge, its pruned version turns out to be very small and is very fast to compute. By
computing analogous pruned weighted graphs T5&" Tleft and Tleft and checking that
all cycles in these graphs have weight zero (using the Bellman-Ford algorithm), we check
in no time that RNF is indeed automatic. |

In addition, further experimental tests, which were not conclusive due to space issues,
suggest the following generalisation of Proposition 3.66.

Conjecture 3.68.
Consider some integer n = 2. Let RS denote the set of right-oriented sliding braids in
B,,ie. RS:={[k ~(]:1<k<{l{<n}u{lk—={]:1<k<{<n}. The relazation

normal form RNF : B, — RS is synchronously automatic.
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Chapter 4

Counting Braids According to Their
Geometric Norm

Résumé

Les tresses peuvent étre représentées de maniére géométrique, en tant que diagrammes
de courbes. La complexité géométrique d’une tresse est la plus petite complexité d’un
diagramme de courbes représentant cette tresse. Nous introduisons et étudions la notion
de fonction génératrice géométrique associée. Nous calculons explicitement la fonction
génératrice géométrique pour le groupe de tresses a trois brins et démontrons qu’elle n’est
ni rationnelle ni algébrique, ni méme holonome. Ce résultat peut sembler contre-intuitif.
En effet, la complexité usuelle (liée a la présentation d’Artin des groupes de tresses) est
algorithmiquement plus difficile a calculer que la complexité géométrique, alors que la
fonction génératrice associée pour le groupe de tresses a trois brins est rationnelle.

La majeure partie du contenu de ce chapitre a été publiée dans [64].

Abstract

Braids can be represented geometrically as curve diagrams. The geometric complexity of
a braid is the minimal complexity of a curve diagram representing it. We introduce and
study the corresponding notion of geometric generating function. We compute explicitly
the geometric generating function for the group of braids on three strands and prove
that it is neither rational nor algebraic, nor even holonomic. This result may appear
as counterintuitive. Indeed, the standard complexity (due to the Artin presentation of
braid groups) is algorithmically harder to compute than the geometric complexity, yet
the associated generating function for the group of braids on three strands is rational.

Most of the content of this chapter appeared in [64].
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Chapter 4 is devoted to the problem of counting braids with a given geometric com-
plexity. Standard notions of complexity on the elements of a monoid are algebraic: given
a set S of generators of the group, the complexity of an element ~ is the smallest in-
teger u = 0 such that v belongs to the Minkowski product S*. In the context of n-
strand braid groups, such algebraic complexities include the Artin complexity, where
S = {of',...,0"}, and the Garside complexity, where S := {#*' : Be B, 1 <, 3 <,
A}

The Garside normal form provides a complete answer to both the problem of com-
puting the Garside complexity of a braid and the problem of counting braids with a
given complexity [28]|. The problem of counting braids with a given Artin complexity was
settled when n = 3, and the associated generating function is rational |74, 84]|. However,
this problem remains open for n > 4, and even the problem of computing the Artin
complexity of a braid seems intractable when n is large |76, 80].

Unlike the Artin complexity, the geometric complexity of a braid can be computed
in polynomial time, using variants of Algorithm 3.9, of the Dynnikov coordinates or of
the coordinates introduced below in Definition 4.5. Hence, we might expect that the
associated generating function be at least as simple as the generating function associated
with the Artin complexity. Yet, surprisingly, we prove below that, even in the case of the
group of braids with three strands, the geometric generating function is not rational, nor
even holonomic.

All the notions and results mentioned in Chapter 4 are essentially original, and most
of them were published in [64], although results about Lambert series (Definition 4.27
and Proposition 4.28) and composition of curve diagrams (from Definition 4.34 to Theo-
rem 4.39) are novel and were therefore unpublished prior to this thesis.

4.1 Counting Braids With a Given Norm

In Chapter 4, we will consider only curve diagrams, and cast both open and closed lam-
inations aside, with the exception of the trivial open lamination. Henceforth, we denote
by L the trivial open lamination, and denote by L; the (vertical) curves of L.

4.1.1 Generalising Curve Diagrams

We begin with introducing the original notion of generalised curve diagram, which gen-
eralises (standard) curve diagrams and are specific instances of families of curves such as
treated in Section 2.4.

Definition 4.1 (Generalised curve diagram).

Let k be a positive integer, and let py < ... < p, be mobile punctures inside the open
interval (—1,1). We call k-generalised curve diagram, and denote by D, a union of k
non-intersecting curves that consists of
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e one open curve with endpoints —1 and +1;

e k — 1 closed curves, none of which encircles any of the points +1

and such that each puncture of the disk belongs to one of these k curves.

Curve diagrams, such as introduced in Definition 2.109, are exactly 1-generalised curve
diagrams. If D is a (1-generalised) curve diagram, the endpoints of the curve D itself are
—1 and +1. Therefore, two distinct (D, L)-arcs can share at most one endpoint, where
L is the trivial open lamination. Hence, if P and @ are (D, L)-adjacent endpoints, there
exists one unique (D, L)-arc with endpoints P and (), and we denote this arc by [P, Q]p.

Remember that Theorem 2.129 identifies the tightness of a curve diagram D (in the
sense of Definition 2.119) with the tightness of D with respect to the trivial open lamina-
tion L and the to set of mobile punctures {pi,...,pn} (in the sense of Definition 2.128).
Hence, we extend Definition 2.119 to generalised curve diagrams.

Definition 4.2 (Tight generalised curve diagram).
Let D be a generalised curve diagram. We say that D is tight of D is tight with respect to
the trivial open lamination L and to the set of mobile punctures {p1,...,pn}.

Using the fact that each puncture must belong to a curve of D, we deduce the following
result.

Proposition 4.3.

A generalised curve diagram D s tight if and only if D is transverse to the trivial open
lamination L and if, for every (D,L)-arc A whose endpoints are (L, D)-adjacent end-
points, the arc A contains one point among p1, ..., Pn.

4.1.2 From Diagrams to Coordinates

We focus now on an original notion of coordinates of a (tight) curve diagram and of a
braid, which is similar to the Dynnikov coordinates in its essence, although it is more
suitable for tackling the problem of counting braids. This notion will be central in all
Chapter 4.

Definition 4.4 (Endpoints ordering).
Let D be a generalised curve diagram that is transverse to the trivial open lamination L,
and let L; be a curve of L, with 1 <i<n—1.

The punctures py and p, belong to distinct connected components of C\L;. Hence, the
curve L; intersects the curve diagram D at least once. We orient each curve L; from
bottom to top and thereby induce a linear ordering on L; n D: we denote by Lg the j-th
smallest element of L; N D.

For the sake of coherence, we also define the sets Ly := {—1} and L,, := {+1}. Then, we
denote by L} the left point —1, and by L} the right point +1.
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An immediate induction on ¢ and on k shows that, if D is a k-generalised curve
diagram transverse to L, then the cardinality of the set L; n D is odd.

In addition, if D is transverse to L, any two points P and ) lying on distinct lines
L; ; and L; can be linked by at most one (D, L)-arc. Therefore, we can unambiguously
denote this arc by [P, Q]p, which gives rise to the following definition of coordinates of a
tight generalised curve diagram.

Definition 4.5 (Curve diagram coordinates and braid coordinates).
Let D be a tight generalised curve diagram. The coordinates of D are defined as the tuple
sa := (8g, ay, 81,02, - .., Ay, Sp) Such that

e s;=1(LinD| 1), for all i € {0,...,n};

o a; = max{j = 0:Vke{l,. ..,j},L¥ | and L} are (D, L)-adjacent endpoints}, for
allie {1,...,n} such that s;_1 # s;;

e a; is the integer such that the puncture p; lies on the arc [L¥H' LY p, for all
i€{l,...,n} such that s;_1 = s;.

If, in addition, D is a (1-generalised) curve diagram, representing some braid (3, then we
also say that sa are the coordinates of (3.

1-generalised diagram 2-generalised diagram

Coordinates: (0,0,2,3,1,0,0) Coordinates: (0,0,1,0,0,0,0)

Figure 4.6 — Tight generalised curve diagram and associated coordinates

We show below that coordinates indeed characterise tight generalised curve diagrams.

Definition 4.7 (Zones and adjacent points).

Let D be some tight generalised curve diagram, and leti € {1,...,n} be some integer. We
denote by Z; be the area lying to the left of L; (if i < n — 1) and to the right of L,y (if
i = 2): we call Z; the i-th zone of the diagram. In addition, let A be some (D, L)-arc
lying inside the area Z;, and let P and Q) be the endpoints of the arc A. We say that P

and Q) are i-th zone adjacent points, which we denote by P ~ Q, and denote the arc A
by [P, Qlp.
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Observe that, although there may exist two (D, L)-arcs with endpoints P and @) (when
D is a tight k-generalised curve diagram with k > 2, e.g. the points Li and L? in the
2-generalised curve diagram of Fig. 4.6), the arc [P, Q[ itself is uniquely defined. Indeed,
remember that D and L are transverse to each other, which contradicts the fact that P
and ) may be linked by two or more arcs lying in the same area Z;.

The notion of zones and of i-th zone adjacent points leads to the following results.

Lemma 4.8.

Let D be a tight generalised curve diagram with coordinates sa := (sg,ay, S1,...,5n),
and let 1 € {1,...,n} be some integer. The (D,L)-arcs contained in the area Z; link
respectively:

o the points L_, and L] such that j < a;;

o the points L, and LF | such that j + k = 2(a; + s;_1 — 5;) + 1 and min{j, k} > a;,
if si—1 > 8i;

e the points Lg and L¥ such that j +k = 2(a; + 5, — s;_1) + 1 and a; < j < k, if
Si > Si—1;

e the points L | and L¥ such that j — k = 2(s;_1 — s;) and min{j, k} > a;.

Proof. We call left-box each interval {u,...,v} such that the points L¥ , L LY ,, and
right-box each interval {u, ..., v} such that L¥ ~ LY.

If {u,...,v} is a left-box (with u < v), then for all w e {u+1,...,v — 1} there exists
some x € {u+1,...,v—1} such that {w,...,z} (or {z,...,w} if z < w) is also a left-box.
An immediate induction then shows that the interval {u, ..., v} necessarily contains some
minimal left-box, which must be of the form {x,x + 1}. Hence, Proposition 4.3 shows that
the arc [L¥ ,, L¥"!]5, must be the (D, L)-arc containing the puncture p;.

This proves that, among any two left-boxes, one must contain the other, and again an
immediate induction proves that the family of left-boxes must be a set of intervals of the
form {{y — k,...,y+k—1} : 1 < k < ¢} for some integer ¢ > 0. Similarly, the family of
right-boxes must be a set of intervals of the form {{z—Fk,...,z+k—1} : 1 <k <m} for
some integer m = 0. In addition, since p; belongs to only one (D, L)-arc, we must either
have ¢ = 0 or m = 0.

Finally, consider the two sets S; = {1,...,y = ¢ — 1L,y +{,...,2s; 1 + 1} and Sy =
{1,....,z—=m—1,z+m,...,2s; + 1}. Each point L¥ ; with u € S; must be i-th zone
adjacent with some point LY with v € Sy, and vice-versa. Since the arcs of D cannot cross
each other, it comes immediately that the set S; and Sy have the same cardinality and
that, if u is the j-th smallest element of S; and v is the j-th smallest element of Ss, for
some j € {1,...,[S1|}, then L* ; ~ LY. Considering the definition of the coordinates sa,
Lemma 4.8 follows. O

Proposition 4.9.
Let D and D' be two tight generalised curve diagrams with respective coordinates sa and
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sa’. Ifsa = sa’, then there exists some isotopy of C, preserving L setwise and {p; : 1 < n}
pointwise, and that maps D to D'.

Proof. Let (so,ai,...,s,) be the common coordinates of D and D’. Since |D n L;| =
2s; +1 = |D' n Ly for all i € {0,...,n}, we assume without loss of generality that
DnL=DnL. Lemma 4.8 proves then that some isotopy of C preserving pointwise the
lines L; (for 1 <i < n — 1) maps the diagram D to the diagram D’.

In addition, denote by b; the integer a; + |s;_1 — s;|. Observe that the puncture p; lies
on the arcs

o [LY LAY and [LY |, LOHE if 5,4 > s;;
o [LY LYM*YE and [LY, LYY, if s; > s;_1;

+1 1 1 yaitlyi
o [LHH LY and [LETH LIS, if 8,4 = s;.

Therefore, we can even assume that the above-mentioned isotopy preserves each puncture
p;, which is the statement of Proposition 4.9. O

Corollary 4.10.
Let B and B’ be two braids with coordinates sa and sa’. If sa = sa’, then § = .

These coordinates are therefore analogous to the Dynnikov coordinates (see [36, 39
for details) in several respects. First, both arise from counting intersection points between
different collections of lines. Second, both provide an injective mapping from the braid
group B,, into the set Z" or Z?"*!. Finally, both systems of coordinates come with very
efficient algorithms, whose complexities are of the same order of magnitude. However,
the coordinates used here are very closely linked with the notion of (diagrammatic or
laminated) norm, whereas the process of computing the norm of a braid from its Dynnikov
coordinates is less immediate.

4.1.3 From Coordinates to Diagrams

Proposition 4.9 and Corollary 4.10 allow us to identify each tight generalised curve dia-
gram and each braid with a tuple of coordinates. Aiming to count (1-generalised) tight
curve diagrams, we aim now at describing which coordinates correspond to generalised
tight curve diagrams.

Lemma 4.11.
Let D be a tight generalised curve diagram, with coordinates (so,as,...,s,). We have
So =8, =0, and 0 < a; < 2min{s; 1, 8;} + 1s,_, x5, for all integersie {1,... n}.

Proof. By definition, we have 2s; + 1 = |D n L;| whenever 0 < ¢ < n. Hence, whenever
si—1 = s;, Definition 4.5 directly implies that 1 < a; + 1 < |D n L;| = 2s; + 1. However,
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if 5;_y # s;, then the points L | and L/ exist (and are (D, L)-adjacent points) whenever
7 < a;, which proves that

0<a; <min{|DnL; 41|,|D nL;|} = 2min{s; 1, s;} + 1.

In the following, we call virtual coordinates the tuples (so, a1, ..., s,) that satisfy the
equalities and inequalities mentioned in Lemma 4.11. A natural question is, provided
some virtual coordinates sa, whether there exists some tight generalised curve diagram
whose coordinates are sa. We prove now that this is the case.

Proposition 4.12.
Let sa = (sp, a1, ...,S,) be virtual coordinates. There exists some tight generalised curve
diagram D whose coordinates are sa.

Drawing an arc according to the rule:

— — GO )

Placing a puncture according to the rule:

—0—(5) (6) 07

Li,2 a1 =38 Lifl a; =95 LZ Qi1 = 3 Li+1
S;j—2 = 5 Si—1 = 7 S; = 7 Si+1 = 3

Q

Figure 4.13 — Drawing lines and placing punctures of a diagram based on its coordinates

Proof. We just need to follow the recipe provided by Lemma 4.8 and draw the diagram D.
First, we call L} and L, the points —1 and +1. Then, on each line L;, for i € {1,...,n—1},
let us place 2s; + 1 points L}, ... ,L?Sﬁl, from bottom to top. Now, for each integer
i € {1,...,n}, define the integer b; := a; + |s,_1 — s;|. We draw lines that lie inside the
zone Z; and that link

1. points L | and L? such that j < a;;
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2. points Lf_l and Lffl such that j + £ =2b; + land a; < j <k, if s,_1 > s;;
3. points L‘g and Lf such that j +k =2b; + 1 and a; < j < k, if s; > s;_1;
4. points L?_, and L¥ such that j — k = 2(s;_; — s;) and min{j, k} > a;,

so that no two such lines intersect each other. Note that it is indeed possible to do so
(e.g., if the points (Lj)i1<j<2s,+1 are close enough to each other, one can draw straight
segments [L7_,, L¥] and half-circles with diameter [L7 ,,L¥ ;] or [L7, L¥]).

Then, place a point p; on the arc

5. (L2 LY if sy > s
6. [L2 LY if 55 > s;4;
7

a;i+1 1 a;+17¢
LS LSS i s = s

Up to an isotopy of C preserving the lamination L pointwise and mapping each point
p; to the actual position of the puncture p;, we have just drawn the diagram D. O

4.2 Actually Counting Braids

We introduce now the original notion of geometric generating functions or the braid group
B,,. We will compute exact values for this function and its coefficients when n < 3, then
look for approximations of its coefficients when n > 4.

Definition 4.14 (Geometric generating functions).

Let n be a positive integer. We respectively define the closed laminated generating func-
tion, the open laminated generating function and the diagrammatic generating function
of By, as the functions BS' : 2z — Y,p 2P0 Bt oz Y 20 and BE ;2 —

S pen, 12,

Recall that Corollary 2.116 and Proposition 2.120 state that |5|S = |87 +n + 3 =
|87 4 + n + 3, for all braids 8 € B,. Hence, consider the integers Nﬁi = |{8 € B,

1817 = K3, N i—!{ﬁeB 1812 = k}| and Nii\ = [{8 € By, : |Blla = k}|- It follows that
Ni, = Nog < N

wrin_z for all integers n > 1 and k > 0, and therefore that

By (2) = "B (2) = "B (2).

Hence, we focus hereafter on the diagrammatic generating function and on its coefficients.
The above equalities will then allow us to translate immediately our results in terms of
the two other geometric generating functions.

By definition of the coordinates of braiols7 if a braid # € B,, has coordinates sa :=
(80,01, - - -, 8n), then | Bq = n—1+237"" ! s;. Therefore, instead of considering directly the
function Bg( ), we focus on the integers g, := [{f € B, : |34 = 2k +n —1}| and on the
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generating function G, (2) := >, gns=". In particular, observe that Bl(z) = 2"1G,(z?),
so that properties about the integers g, » and on the function G, (z) reflect on the function

Bi(z).

Then, following Proposition 4.9 and 4.12, we want to count the tuples sa of virtual
. . . n—1 . . .
coordinates, with a given sum ) " s;, and whose associated generalised curve diagram
is a 1-generalised curve diagram.

Let D be the generalised diagram associated with sa. We denote by ~ the relation of
(D, L)-adjacency (i.e., P ~ @ if and only if P and @ are (D, L)-adjacent endpoints), and
we denote by = the reflexive transitive closure of ~. Observe that, if D is a k-generalised
curve diagram, then the relation = has exactly k£ equivalence classes. Therefore, we aim
below at counting coordinates sa where the relation = has exactly one equivalence class;
we will say that sa are actual coordinates.

Aiming to reduce the number of cases to look at, we will use the symmetries mentioned

in Section 2.4.3. If a braid § has coordinates (sg, a1, S1, ..., ay, Sy), then its horizontally
symmetric braid Sy (/) has coordinates (s, an, Sp_1,---,a1,S0) and its vertically sym-
metric braid S,(8) has coordinates (sg,da},s1,...,a,,s,), where a; = 2min{s; 1, s;} +

181‘—1#81‘ - Uy

4.2.1 An Introductory Example: The Braid Group B,

In the braid group Bs, everything is obvious. Indeed, the group Bs is isomorphic to Z,
and generated by the Artin generator ;. Since |of|s = 1 + 2|k| for all integers k € Z, it
follows that

I+z g o z2(142%)

Gog = lp—o + 2 1p=1, Gao(z) =

@r

lo?la =7 lorHla =9

Figure 4.15 — |o¥|lqs = 2k + 1

Let us recover this result with the tools introduced above, in particular the reflexive
transitive closure (denoted by =) of the (D, L)-adjacency relation (denoted by ~): we
detail computations as a warm-up. A braid § with norm 2k + 1 has coordinates of the
form (0, a1, k,as,0), with & > 0 and ay, as € {0, 1}.
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If k = 0, then sa = (0,0,0,0,0), hence {L{}, L1, Li} is the only equivalence class of =.
It follows that go ¢ = 0.

We consider now the case £ > 1. Using the vertical symmetry, we focus on the case
a; < ag. If @ = 1, then ay = 1, hence {L},Li, Li} is an equivalence class of = that
does not contain L**!. Similarly, if ay = 0, then a; = 0, hence {L}, L2*™ L1} is an
equivalence class of = that does not contain L].

Therefore, we must have sa = (0,0,k,1,0) (or sa = (0,1,%,0,0), but we decided to
let this case aside for now). Hence, Lemma 4.8 proves that

1 2k+1 2 2k—1 3 2k—2 1 1
LI~ L2 L2~ L% o~ L3~ L3 2 <Ll ~ L

This proves that (0,0, k,1,0) and (0, 1, k,0,0) are actual coordinates, and therefore that
g2 = 2. We deduce from these values of g, the above expression of the functions

Ga(2) = D=0 2% and BY(z) = 2Gy(2?).

This second proof is longer and more convoluted than the direct proof obtained by
enumerating the braids in the group Bs. However, enumerating the braids in B3 seems
out of reach, whereas considering virtual coordinates and identifying which are actual
coordinates will be possible, as shown in Section 4.2.2.

4.2.2 A Challenging Example: The Braid Group Bj

Holonomic functions are univariate power series f that satisfy some linear differential
equation

Zci(2>azif(z) = 07
1=0

where ¢y(2), ..., cx(z) are complex polynomials. This class of function generalises rational
and algebraic functions, and is closed under various operations, such as addition, multi-
plication, term-wise multiplication and algebraic substitution (i.e. replacing the function
z — f(z) by some function z — f(g(z)) where g is an algebraic function, i.e. a solution
of some equation P(z,¢g(z)) = 0, P being some non-degenerate polynomial).

A short introduction on holonomic series and their use in analytic combinatorics,
including the associated tools for manipulating holonomic series, can be found in [49,
Annex B.4|.

The central result of this chapter is the following one.

Theorem 4.16.
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The integers gsy, and the generating functions Gs(z) and BL(z) are given by:

1+2z—22 1 —322
_ 917~ E n el
Gal2) 22(1—2?) <n>3%0(n)z ) " 1=22
1+22%2—24 22(1 — 3z%)
d — 2 2n
83(2) 22(1 . 24) <n§>3gp(n)z + 1 — 24 )

i=1

/2]
g3k = Lp—o+2 (@(k +2) — Lgeoz + 2 Z p(k+3 - 22)) Lp>1,
where @ denotes the Euler totient. The functions Gs(2) and B%(z) are not holonomic.

In particular, the functions G3(z) and BZ(z) are neither rational nor algebraic. Further-
more, and since the ordinary generating function G3(z) = >, 932" is not holonomic,

neither are the exponential generating function Y, _, %£2* nor the Poisson generating

k!
function exp(—z) Y-, L 2". Likewise, the ordinary, exponential and Poisson generat-

. . : . ¢ ¢
ing functions associated with the sequences (N5 )k=0, (Ngp)k=0 and (N<,)r=0 are not
holonomic.

We proceed now to the proof of Theorem 4.16, which we split into five steps.

Proof of Theorem 4.16 — Step 1: Simple Cases

Following the preliminary remarks we made at the beginning of this section, we focus on
virtual coordinates the form sa = (0, aq, k, as, ¢, as, 0) associated with some generalised
curve diagram D whose induced relation = has a unique equivalence class. Henceforth,
we consider ¢ and k as parameters, and compute the integer

Cre = [{(a1,a2,a3) : (0,ay,k,as,¢,as,0) are actual coordinates}]|.

Using the vertical symmetry, we know that C, = Cy . We focus below on the case where
¢ < k, and proceed to a disjunction of cases.

First, if K = ¢ = 0, then sa = (0,0,0,0,0,0,0) are the coordinates of the trivial braid
1 € B;. Therefore, Cyo = 1.

If k=0 < ¢, then a; = 0, and sa are actual coordinates if and only if (0, as, ¢, as,0)
are also actual coordinates. Indeed, as illustrated by Fig. 4.17, the virtual coordinates
(0,as,¢, as,0) can be obtained from (0, a;, 0, as, ¢, as, 0) by “shrinking” the edge [L, Li]},.
Hence, sa are actual coordinates if and only if {as, a3} = {0,1}. It follows that Cy, =
Coo = 2.

Similarly, if 1 < k = /¢, then sa are actual coordinates if and only if 0 < ay < 2k
and if (0, a4, k,as,0) are also actual coordinates: as illustrated by Fig. 4.17, the virtual
coordinates (0, ay, k, a3, 0) can be obtained from (0, a1, k, as, k, as, 0) by “shrinking” each
edge [L?, Lg]%, when 1 < j < 2k + 1. We therefore have 2k + 1 ways of choosing a; and
2 ways of choosing (a1, as), which proves that Cj, = 2(2k + 1).
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0 14

.o,@X~ :

@

aq as
Shrmkmg the edge [L$, Lilh When k=0
k k k
(@G @)\.ﬁ €5
®
aq as

Shrmkmg the edges (L7, L})3 When k=1/

Figure 4.17 — Shrinking edges of tight generalised curve diagrams when £ = 0 and k = ¢

Proof of Theorem 4.16 — Step 2: Towards Cyclic Permutations

We consider now the case where 1 < k < ¢. Using the horizontal symmetry, we may focus
on the case where a; = 1: doing so, we will find exactly half of the actual coordinates
(07 ar, kv Qsz, €7 as, 0)

In order to ease subsequent computations, we decide here to modify slightly the gen-
eralised curve diagram D we drew from the coordinates sa, as illustrated in Fig. 4.18. We
proceed as follows:

e we add points L2**? and L2*2 on the lines Ly and Ly, above the points L2*™ and
Lgf+1;

e we draw a curve (drawn in gray in Fig. 4.18) from L} to L}, that does not cross the
other curves of D, and that crosses the lines L; and Ly at L3**2 and L3°"2.

Informally, we decided to “close by above” the unique open curve contained in D. Recall
that ~ denotes the (D, L)-adjacency relation, and that = denotes the reflexive transitive
closure of ~. What we just did was to add the relations L} ~ L2*"? ~ L3**? ~ L. Since
D already contained an open curve with endpoints L{ and L}, adding these points, curves
and relations did not change the number of equivalence classes of the relation =.

From now on, and in the rest of the proof of Theorem 4.16, we will only use such
“closed by above” generalised diagrams, and we will identify D with this “closed by above”
version.

Then, let us define the integer m := ¢ — k. Since 0 < k < £, observe that:

1 2k+2 20+2 1.
o Lj~Li"" ~L5"" ~ Lg;

° L{~Lg forall j € {1,...,as};
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P
P

&)\ /e

>)

Original diagram Diagram with “closure by above’

Y

Figure 4.18 — Closing the open curve of D by above
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DINVER

a1:1 CL2>O a3=O CL1=1 (l2>0 CL3:1

Figure 4.19 — Four different cases: a; = 1, as 20 and as 20

o Li ~LI™ forall je{ar+1,...,2k + 1}.

Hence, each equivalence class of the relation = contains points of the type L7', as
illustrated by Fig. 4.19.

We then define additional relations on the set {1,...,2¢+2}. Let v and v be elements
of {1,...,2¢ + 2}. We write u ~ v if some connected component of D\Lsy has endpoints

L% and L3 and lies to the left of Ly (i.e. in the area 2, U Z,). Similarly, we write u ~ v
if some connected component of D\L, has endpoints LY and L} and lies to the right of
L, (i.e. in the area Z3).

Alternatively, one might define the relations ~ and ~ by saying that u ~ v whenever
Ly < Ly, Ly ALY ~Lf L Lyor Ly <~ Ly ~ Lj ~ L 2 LY for some w and z, and that
u ~ v whenever LY £ LY or Lt 2 L 2 L3,

One checks easily that, whenever u ~ v or u ~ v, the integers u and v have different
parities. Hence, consider the permutation 6 of {0, ..., ¢} such that #(u) = v if and only
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if there exists some (even) integer w € {1,...,2¢ + 2} such that 2u+ 1 ~ w ~ 2v + 1.
By construction, there is a bijection between the equivalence classes of the relation =

and the orbits of 6, as follows: we identify the equivalence class C of = with the orbit
{u: L3 eC} of 6.

14,253,5~12,6~11,7~10,8~9

1210,229,3:28,427 526,11~ 12
éD 053%0,154%1,2%5%2

€

Figure 4.20 — Relations ~ and <, and permutation 6 on a 3-generalised diagram

P

Hence, sa are actual coordinates if and only if # is a cyclic permutation of {0, ..., ¢}.
For the ease of the computation, we identify below the set {0, ..., ¢} with the set Z,,; :=
Z)(L+1)Z.

Proof of Theorem 4.16 — Step 3: Which Permutations are Cyclic?

Let us define the real number o := %. Note that « is not necessarily an integer, and that
as = |a] + [a]. In addition, recall that we defined above the integer m := ¢ — k, such that
m > 0. We consider separately various cases.

> If a, > 0 and a3 = 1, then 0 -5 0, as shown in Fig. 4.19 (bottom-right case). It follows
that 6 is not a cyclic permutation of the set Z,, 1.

> If ay = 0, then one checks easily, as shown in Fig. 4.19 (top cases), that

a. if 0 < u < m, then 2u+1 < 2(m —u) = 2u + 1+ 2(k + as);
b. if u =m, then 2u+1<20+2 < 14_¢-20+1;
c. ifm<u</l then2u+1~20+1+m—u)=2u+1—2(m+1—as).

It follows that u > u + (k + ag) for all u € Zgyq.
> If k+ 1> as > az =0, then one checks, as shown in Fig. 4.21 (top case), that

a. f u=0, then 2u+1~20+2< 20 +1;

b. if l <u<a,then2u+1~2(+1—u)=2u—1;

c. ifa <u<m+a,then 2u+ 1< 2(m+ay —u) R 2u+ 1+ 2(k — ay);

d ifm+a<u<l+1—a,then2u+1<2l+1+m—u)<2u+1-2(m+1);
e. ifl+1l—a<u</(then2u+1<2({+1—-u)=2u—1.

It follows that
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Case k + 1 = as:

* k=3
e /=5
*m =2
® a =3
oa:§

2

Case a9 > k + 1:

* k=3
o/ —

e m=1
® ay =95
oa:§

Figure 4.21 — Case as >0 and a3 =0: k+ 1> as and ay > k + 1

eu—u—lif0<u<aorifl+1l—a<u</,
e u—u+(k—a)ifa<u<m+aq
)

eu—u—(m+1l)ifm+a<u<l+1-a.

> If ay > k+ 1 > ag = 0, then one checks, as shown in Fig. 4.21 (bottom case), that
a. if u=0, then 2u+1~0< 20+ 1;
b.ifl<u<k+1—a,then2u+1~2({+1—u)~2u—1;
c.ifk+l—a<u<a,then2u+1<2k+1—-u)=2u+1+2m—1);
d. if o <u<m+a, then 2u+ 1< 2(ay +m —u) = 2u+ 1 — 2(ay — k);
e. ifm+a<u<d{ then2u+1<2(0+1—u)=2u—1.
It follows that
e yu—u—1if0<u<k+l—aorifm+a<u<y
eu—u+(m—1)ifk+1—-a<u<aq

e u—>u—(as—k)ifa<u<m+a.
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In both pictures of Fig. 4.21, on each point L3“*!, is written the subcase (from a. to
e.) to which we should refer. For instance, in the top picture, the label “b.” is written on
the point L3, which is associated with the case i = 1, i.e. 1 < u < . Indeed, one checks
that L3 2 L3 ~ L6 2 L 2 LY, which shows that 3 < 10 = 0, as mentioned in the above
enumeration of cases.

Overall, in each case, we observe that each permutation ¢ has a specific structure,
which we call translation and translated cut.

ut
Cn,a,b,c Tn 1

)

X

—_—

a—19

a—1 €

c n—a—b—c
—>C— MM > <>
bn—a—-b—c1l

! .

Figure 4.22 — Translated cut TC}®, , .
Definition 4.23 (Translation and translated cut).
Let a, b, ¢ and n be non-negative integers such that a+b+c < n, and let Z,, := Z/nZ. We
call translation, and denote by T, o, the permutation of Z, such that T, : k — k — a.
We call translated cut, and denote by TC, , ., the permutation Ty, 0 Ct ., . of Zy,

where CY, . is the permutation such that

Chlpe: k — kifke{0,...,a—1la+b+c,....n—1}
kE+cifkedla,...,a+b—1}
k—=bifkef{a+b,...,a+b+c—1}.

We proved above that

o if ay = 0, then 6 is the translation Tyi1m41-a5;

e if k+1>ay > a3 =0, then 0 is the translated cut TC;‘ily[a],m’ka@;

e if ay > k+ 1> a3 =0, then 0 is the translated cut TC;‘ijH_laJm_k_Lm.

Hence, it remains to check which translations and translated cuts are cyclic permutations.
The first case is immediate, whereas the second one is not. Both cases are expressed in
terms of coprimality: for all relative integers a and b, we denote by a A b the largest
common divisor of a and b, i.e. the (unique) non-negative integer d such that {ax + by :
x,y € Z} = dZ. In particular, note that a A b = |a| A |b] and 0 A b = |b| for all integers
a,beZ.
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Lemma 4.24.
Let a and n be integers such that 0 < a < n. The translation T, , : Z,, — Zy, 1s cyclic if
and only if a Am = 1.

Lemma 4.25.
Let a, b, ¢ and n be non-negative integers such that a + b + ¢ < n. The translated cut
TCY | 7, — Ly, is cyclic if and only if (c—1) A (b+1) = 1.

n,a,b,c

Proof. First, observe that T, , o TC*

n,a,b,c
lated cuts TC}Y, , . and TC}Y, , . are conjugate to each other. Therefore, the permutation

= TC} . © Tha This means that the trans-

n,a,b,c
TCY, ;. is cychc if and only if TC}Y .. is cyclic too, and we henceforth assume that
a = 0.
Cut Tcut Cut Cut
Second, observe that b —2%% p — 1 —2208 gy 9 ORE o ORS b4 e— ],

Hence, the permutation TCY, , . is cyclic if and only if TC}Y, (. is cyclic too, and we
henceforth assume that n = b+ c.

Third, observe that TC},‘jﬁC’O’b,C is simply the translation T4y, p+1. Consequently, the
permutation TC}Y, (. is cyclic if and only if (b +¢) A (b+ 1) = 1, i.e. if and only if
(¢—1) A (b+1) = 1. This completes the proof. O

Remember that sa are actual coordinates if and only if 6 is a cyclic permutation of
Zyi1. Hence, Lemmas 4.24 and 4.25 prove that sa = (0, ay, k, as, k + m, ag, 0) are actual
coordinates if and only if we are in one of the following cases:

i) az=0and kA (m+1) =1,
i) a3 =1and (k+1) Am=1;
(iii)k—i—l a>1,a3=Oand(k—a2)/\(m+1)=1;
iv) 2k+1>ay>2k+2,a3=0and (ag — k) A (m—1)=1.

0,
0,

In particular, taking into account the virtual coordinates sa such that a; = 0 (and
whose case was tackled in the first few lines of Section 4.2.2), it follows that, whenever
k=1 and m > 1, we obtain the following formula for the integers

Crsrm = Chrmpr = |{(a1,a2,a3) : (0, a1, k, az, k +m, a3, 0) are actual coordinates}| :

Ckk m

TJF = ]-k/\(m+1):1 + 1(k+1)/\m:1 +
k+1 2%+1
Z Lk—ap)a(mrn=1 + Z Lin—1)r(as—k)=1
as=1 as=k+2

k+1
= Z ]-a/\ (m+1)=1 + 1(k+1)/\m 1+ Z 1a/\ (m—1)=1-

a=1 a=1
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Proof of Theorem 4.16 — Step 4: Generating Functions

Focus now on the generating function G3(z) = ¥,_, gsx2". For the sake of clarity and
conciseness, we only indicate the main steps of our computations, which are mainly based
on rearranging terms.

We proved in Section 4.2.2 that Cyo = 1, that Coy = Cpo = 2 for £ > 1, and that
Crr = 2(2k +1) for k > 1. It follows that

= Z C'Mzk# =1+ Z 42* + Z 2(2]€ + 1)22k + 2 Z Ck7k+m22k+m.
k,0=0 =1 k>1 k>1m>1
Using the above formula for Cj j4., (when k,m > 1), we can rewrite this as
4z 22%(2% - 3)
1—=2 (1—22)2

Gs(z) =1+ + 4(Hy(2) + Ha(z) + Hz(z) — Ha(2)),

where

k
z) = Z Z Z Lonmeny_ 122507, Hy(z) = Z Z 1 (s 1) ame1 2257,

k=1 m=>=1a=1 k>1m>1
k+1
— 2k+m _ m
ST 7030} MAEE R AR
k=0m=1a=1 m>=1

Then, let us define the function F(z) 1= > o, D5y 1orp=1222+P. Using simple sub-
stitutions (t ==k —a,u:=k+1,v:=m+1 andwzzm—l) we get

Hl(z) = Z Z Zla/\(m-H 12 an(m+1)= 122a+m
a=1m=1t=0 a>1 m>=1
F(z) 22
— 1a/\v lz2a+v _ Z2a+1 _ o :
r#(éé ; T
F(z z
Hi(e) - szhm¢W1zfm=:9l,
< u=1m=1 m>1 z —Z
Hy(z) = D, D) D lanm-p=r2®@H0" 20-2) Z D Lanm-n=122
a=1lm>1t>—1 — 22 a>1m>1
F
= Z Z ]-a/\w 1Z2a+w Z = <Z)2 + z 5 and
S5 2(1—22) 1-—=z
z
H4<Z) = 1 _ Z.

Moreover, consider the coefficients f, of the series F'(z). Since F'(z) = >, 4 fu2", we
have

fn = l{a<g A (n—2a) = 1}‘2‘{a<g:aAn:1}‘
<

= glosnior fann=1
= 3 a<s<n:a 2,a/\n— .
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Observe that, if n > 3 is even, then § A n = § # 1. It follows that f, = @, i.e. that
F(z) = 33,55¢(n)z", where ¢ denotes the Euler totient. Collecting the above terms,
we have

B 4z 22°(¥* -3) 2 1 B
Gs(2) = 1+1—z (1 —22)2 +4<z(1—22)+z2)F()+

A z 22 2z
1—22 (1—-22)2 1—=2
142z —22 1— 322

— gy p -0
22(1 — 22) (z) + 1— 227

and since Bs(z) = 22G3(z?), the two first parts of Theorem 4.16 are proved.

In addition, developing term-wise the series G3(2) = >, g3.12" gives

Gs(z) = (Z z%) (2(1 + 2z — 2%) Z ok +2)2" + (1 - 3z2)) ,

k=0 k>1
which proves that g3 = Zyi/gj Vi—_2i, With
Yi=Llico— 3 Lico + 2p(i + 2) 151 +4p(i + 1)150 — 2p0(7) Lis3.
It follows that
[k/2]
gsk = Lo +2 <g0(k +2) = Ly +2 ), p(k+3— 21’)) i1,
i=1

which proves the third part of Theorem 4.16.

Proof of Theorem 4.16 — Step 5: Holonomy

Finally, we prove the last part of Theorem 4.16, i.e. that the generating functions

Ga(2) = gl 222 <Z Sp(n)zn) n ﬂ) By(2) = 22Gs (=)

201 _ .2 2
22(1 — 22) = 1—-=2
are not holonomic.

We do so by using standard tools and results of complex analysis (see [49, Annex B.4])
and of analytic number theory (see [60]).

For the sake of contradiction, let us assume henceforth that Gs(z) is holonomic. Then,
so is the generating function ), _, (n)z", i.e. the sequence (¢(n))y>1 is P-recursive:
this means that there exists some complex polynomials Ay(X), ..., Ax(X) with such that
Ay # 0 and Zf:o A;(n)p(n + i) = 0 for all integers n > 1. In addition, since each term
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©(n) is a rational number, we may even assume that Ay(X),..., Ax(X) have integer
coefficients.

Let d := max{deg A; : 0 < i < k}, and let us write A;(X) = Z? 0 @i ;X7 for all i < k.
Then, consider some integer ¢ € {0, ..., k} such that deg Ay = d, i.e. agq # 0, and let us

define the integer ay, := Zf:o |@;.dl-

The Euler identity

[] 5 —- Il (ij)22n1=+oo

p prime -P p prime \j=0 n=1

shows that [, ime(1 — p~!) = 0. Hence, there exists pairwise disjoint sets B, ..., Py
of primes numbers greater than & and such that [[ ., (1 —p~") < ﬁ for all + < k.
Consequently, the integers b; = [],p are pairwise coprime integers such that o(b;) =

HpePi(p_ 1) < 22_10'

The Chinese remainder theorem [60, Theorem 59| shows that there exists an integer
N = 0 such that N +i = 0 (mod b;) for all i # ¢. Since the prime factors of b; are
greater than k, it follows that NV + ¢ is coprime with b;, for all 7 # ¢. Hence, the Dirichlet
theorem [60, Theorem 15| states that there exists arbitrarily large integers n (in the set
{N + 2] ], b : z € N}) such that n + ¢ is prime. For such integers n, remember that
n+1 =0 (mod b;) when ¢ # £. It follows that p(n +¢) = n+ ¢ —1 and o(n + 1) <
“"(b Yn+1i) < "*oz. Since 0 = Y Ay(n)@(n + i), we deduce that

(n—D)]A(n)| < [Ae(n)p(n+ 0] <> Ai(n)e(i + )]

i#L

n+k n+ ko
. < i
a2 A < =3 A

i#L

N

When n — +o0, we have |Ay(n)| ~ |agq/n? and Zf:o |Ai(n)] ~ agpn?, from which we
deduce that

k
lagaln®™ ~ (n —1)|4y(n)] < =5 Z|A ,

which is impossible since |as 4| = 1. This contradiction shows that the generating function
G3(2) could not be holonomic.

Finally, since Gs(2) = 27 'B3(2"/2) and since z — 2'/2 is algebraic, the generating func-
tion Bs(z) cannot be holonomic either. This was the last step of the proof of Theorem 4.16,
which is now completed.
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4.3 Estimated and Asymptotic Values

4.3.1 Asymptotic Values in B3

We use Theorem 4.16 to estimate precisely the terms gs of the series G3(2).

Proposition 4.26.
When k — +00, we have:

k‘2
g3k ~ 4 (1 + Lpeoz) -

Proof. For the sake of simplicity, let us introduce some notation. We define o = % and

O = Z (k=1)/2] ©(k—2i), as well as real numbers &, 0, and 1, such that ¢op = (a+ep)k?,
Dop—1 = (2a+0k)k;2 and 1, = ¢ + 0. We first want to prove that ¢, — 0 and that 6, — 0
when k£ — +o0.

It is a standard result that

HMﬁ

when n — 400 (see |60, Theorem 330]) It follows that

2k

. 12
(3o + Uk>k2 = Qo + Qa1 = Z o(i) ~ P/ﬁ = 3ak?,

i=1

which means that n, — 0. Hence, it remains to prove that ¢, — 0.

Then, let A be some positive constant, and let K be some positive integer such that
@i S A and k| < A whenever k > K. In addition, for each integer ¢ = log,(K), we

define M, = max{|e;| : 2° < k < 271} If 2° < k < 2%1) then

k k-1 k k—1
Gar = Y 0(40) + > p(4i+2) = 2) 0(20) + > p(2i + 1) = 2o + Pop—1,
i=0 i=0 i=0 i=0
ie. g9y = S Tt follows that
M, + A 3M
|eak| < f; <24 4 2L

Similarly, if 2¢ <k< 264_1, then ¢4k+2 = ¢4k + @(4]{3 + 2) = 2¢2k + ¢2k+1, ie.

__a 2k? _ (k+1)? N (k + 1)
LT py 12 T 2k + 12 F T 2k + 12T 2k 12 e

Since k > 2° > K, we know that < A. Moreover, note that

(2k+1)2 <

2> + (k+1)> 3 4k — 1 3

(2k+1)2 4 42k+1)2 4
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It follows that

2k% + (k + 1)? (k+1)?
(2k+1)2 F

3M,
W A <oa
2k + 1)2 M

leok+1| < A+

Overall, |e,,| < 2A + 2 whenever 21 < m < 272, which shows that My, <

2A + %. It follows that lim sup M, < 8A and, since A is an arbitrary positive constant,
that M; — 0 when ¢ — +c0. Recall that |e;| < M, whenever 2 < k < 21 this proves
that €, — 0, and therefore that 6, = n, — ¢, — 0. It follows that

k‘2
Ok ~ (14 1geozi1) s
when k& — +o0.

With the above notations, and according to Theorem 4.16, we have

[%/2]
g3,k = 1k=0 + 2 (go(k’ + 2) — 1keQZ -+ 2 Z (p(k + 3 — 22)) 11@21 = 4¢]€+1 + O(k)

i=1

Moreover, we just showed that k% < (1 + lgeozs1) k* ~ 72y, and therefore that k? =
O(¢r). It follows that g3 = 4ppr1 + O(k + 1) = ddpi1 + 0o(Pr41), 1-e. that g3 ~ 4dpi1,
which proves Proposition 4.26. O

Definition 4.27 (Approximately polynomial sequence).
Let (up)n=0 be a real-valued sequence. We say that (u,) is approximately polynomial if
there exists a real number § > 1 and a periodic, non-zero sequence (wy)n=0 whose terms

are non-negative real numbers and such that u, ~ w,n’.

Proposition 4.26 proves that the sequence (gs)r=o is approximately polynomial. In-
deed, it suffices to consider § = 2 and w,, = 4(1 + 1,c0z)7 2. It follows immediately that
sequences (N;’,i)k)o, (N;’,ﬁ)k)() and (Ng,)k=o are also approximately polynomial.

Approximately polynomial sequences have complicated Lambert series, as shown by
the following result.

Proposition 4.28.
Let (up)n=0 be an approzimately polynomial sequence. The Lambert series L : z +—

D ins1 Unjw 18 not holonomic.

Proof. This proof relies on the tools that were used for proving that Gs(z) is not holo-
nomic or for proving Proposition 4.26. However, it is substantially more technical, and
we therefore begin by drawing a sketch of this proof.

We proceed by contradiction, and assume henceforth that L(z) is holonomic. First, we
build a sequence (V;,) that must be “approximately” recurrent linear. Second, we define
some objects that we will not use before the end of the proof, but that give us lower
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bounds for integer constants that we want to use immediately. Third, we define a class
of integers N by using congruence relations, and study the factors of integers of the form
N + . Finally, we consider the linear equation that (V,) is supposed to “approximately”
satisfy, split this equation in several parts whose values we estimate using the objects
defined in the second part of the proof, and derive a contradiction.

Proof of Proposition 4.28 — First Part

Consider the real number 6 > 1 and the sequence (wy,),>o used in Definition 4.27. Let
€ be some positive real constant. There exists an integer ny such that, for all n > ny,
lup — wan®| < ew,n’. Then consider the real constants S := > |u, — w,n°| and Q :=
max{w, : n = 0}.

For all integers n > 1, we define U, := ka up and V,, = ka wn/kk*‘s. Note that
Vol < Daq Q60 = Q((0). Therefore,

U = 0V <) Juw — wik®| < enl|Vo| + 8 < eQn’¢(d) + S
k|n

Since ¢ is arbitrarily small, it follows that U,, = n’Vj, + o(n°).

We decided to assume that the Lambert series L(z) = >, ., U,2" is holonomic. This
means that the sequence (U, )n>1 is P-recursive, i.e. that there exists real polynomials
Ap(X), ..., An(X) such that A,,(X) # 0 and > A;(n + 1)U,4+; = 0 for all integers
n = 1. Let d := max{deg A; : 0 < i < m}, and let us write A;(X) = Z;‘l:(] aij X7. It
follows that

m m
0= Z n+z Z Z az,] n-i—znj—i_(S + O(n]-Hs)) = nd+5 Z ai,dvn+i + O(nd+6)a
=0

1=07=0 =0

and therefore that " ; a; 4V;+: — 0 when n — +c0.

Proof of Proposition 4.28 — Second Part

Now, let p be the period of the sequence (w,), and let z € {0,...,p — 1} be an integer
such that w, # 0. We also define v := [log,(2p + m)]| and a = D" |aiq|, and choose
some integer ¢ such that a,4 # 0. Without loss of generality, we assume henceforth that
Qg g = 1.

Then, for all integers i € {0,...,m} and all integers k > 1, we define the finite
set Sy = {0} U {a;qw,k™° : 0 < n < p}. We also define the Minkowski sum S,
DI a "t S, 1., and choose some positive real constant Zy such that Zy < |z for all
z € SOO\{O} The mysterious sets S;;, and S, as well as the constants p?(m + 1) and Zj,
will play a role at the end of the proof.
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Finally, let ¢ be some prime number such that ¢ = 1 (mod p), ¢ = 2m + 1 and ¢° >

m. Note that such a prime number ¢ exists, according to Dirichlet theorem [60,

Theorem 15]. Then, we also consider some integer M such that M°~! > (ng&i, M >
p+q+(m—1)and M > (m+ 1)%

Proof of Proposition 4.28 — Third Part

Let N be some positive integer such that

e N=p+z—/{ (mod p*);
e N=g—/( (mod ¢*);
e N =1 (mod k) for all integers k < M such that k is coprime with p and g.

The Chinese remainder theorem [60, Theorem 59| proves that arbitrarily large such inte-
gers N exist.

Let i be some element of {0,...,m}, and let R; be the largest divisor of N + i whose
prime factors divide p. Let r be some prime factor of R;, and let @ = 0 be the maximal
integer such that r* divides (N +1i) A p?. Since r* divides the positive integer p+ 2z +1i—¢,
it follows that r* < p+ z +1 < 2p+ m, hence that o < log,(2p +m) < log,(2p+m) < 7.
This shows that r**! divides p?*!, hence that r*™! does not divide N + i. Consequently,
« is the maximal integer such that r® divides N + i or, equivalently, R; It follows that
R; divides p”, hence that R; < p7.

Then, let S; be the largest divisor of N + ¢ that is coprime with p and ¢ and whose
prime factors are not greater than M. First, if &k is a divisor of S; such that £ < M, then
k divides N + i and N +i =i+ 1 (mod k), so that k¥ < 1 +i < m + 1. Then, since
S; is a product of integers not greater than M, hence not greater than m + 1, and since
M > (m + 1)?, an immediate induction shows that S; has no divisor greater than M, i.e
no divisor greater than m + 1. It follows that S; < m + 1.

Finally, note that (N + ¢) A ¢*> = ¢, i.e. that N + ¢ is divisible by ¢ but not by ¢?,
and that (N +i) Aq= ({ —i) A g =1if i # (. Hence, we factor each number N +i as a
product N + i = ¢'=¢R;S;T; such that R; < p7, S; < m + 1 and each prime factor of T;
is greater than M and coprime with p and gq.

Proof of Proposition 4.28 — Fourth Part

Let us define the real numbers W,, := ka 1;€>Mwn/kk*5 for all integers n > 1, as well as

X = Zai,dWNHa Y = agqq’ Z Win+ey/qek ™0 and Z = Z 2 aiawv iy k"

i=0 k| RS, i=0 k|R; S;
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Since ¢ = 1 (mod p), and hence ¢ is coprime with p, and since M > p + ¢ + (m — 1),
each term of the sum " a; aViri = Doy Zk|N+z‘ @;aw(n+i)kk° appears exactly once in
either the sums X, Y or Z. This shows that >.." ja;¢Voyi = X +Y + Z.

We evaluate now the sums |X|, |Y| and |Z|. First, note that |W,| < Q> _,, k~°

N

(5*1)%’ and therefore that | X| < (Jfl“)‘%. Second, observe that
pY(m+1)
Qp'(m+1) =Q Z k0 Z w(N+e)/qkk_6 = Q(SY Z W(N+0)/qg = Wz,
k|ReSe

and therefore that w,q™® < Y| < Qp”(m + 1)¢°. Finally, each term of the sum Z =
> Zpﬁ(mﬂ ai,dlkmiRiw(NH)/kkf‘s belongs to the a S, defined during the second part
of the proof. It follows that Z € S, and that either Z = 0 or that |Z| = Z,.

We deduce from this that
o X4V + 7= Y]~ [X| > w.q™ — G555 = dwg i Z=0;

o X+Y+Z|=Z|—|X|-Y|=Zy—2|Y|=Zo—2Qp"(m+1)q° = 3 Zy i Z # 0.

Consequently, and since N can be arbitrarily large, we cannot have Zf:o @i qVnyi — 0.
This contradiction shows that L(z) is not holonomic. O

Corollary 4.29.
Let k = —1 be some integer. The Lambert series Lgy @ z — 2@1 g37n+k% is not
holonomic.

This result completes Theorem 4.16 by showing that neither the “standard” gener-
ating function nor the Lambert series L ;(z) associated with the sequences (g3 ,+k)n>1
are holonomic. In particular, provided that the sequence (¢(n)),>1 has a very simple

n

Lambert series >, _, ¢(n) 5= = > and that the function G3(2) = 250 932" is the
composition of the series >} _, ¢(n)2z" by a rational fraction, one might have hoped that
the Lambert series Lj x(z) would be simple too. Corollary 4.29 proves that this is not the
case, and shows that even variants of the series L3 ;(z) such as the Lambert series of the

7£ 7Z .
sequences (N3t )k=0, (N33 ) k=0 and (N, )r=o are also non-holonomic.

4.3.2 Estimates in B,, (n > 4)

We did not manage to compute explicitly the generating functions G, (z) nor the integers
gn for n > 4. Hence, we settle for upper and lower bounds. We begin with simple, yet
non-trivial estimates, then introduce the original notion of composition of diagrams to
derive tighter lower bounds on the integers g, .

We first identify an upper bound on the number of wvirtual coordinates (sg, aq, s1, - . .,
an, Sn) such that >, s, = k. Of course, this will also provide us with an upper bound
on the integers g, .
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Proposition 4.30.
Letn =1 and k = 0 be integers. Then, gnp < 2" (M)m2 (k+”_2).

n—1 n—2

Proof. Let us bound above the number of ways in which a tuple (s, a1, ..., s,) of actual
coordinates can be chosen. First, there are exactly (k:fgz) ways of choosing non-negative
integers si,...,S,_1 whose sum is k.

Second, we know that 0 < a; < 2min{s;_1, s;}+1 for all integers i € {1,2,...,n}. Then,
let u be an integer such that s, = max{sy,...,s,_1}: we know that 0 < a; < 2s;_; + 1
when 1 < j < w and that 0 < a; < 2s; +1 when u + 1 < j <n. Therefore, let S, denote
theset {1,...,u—1,u+1,...,n—1}: the tuple (aq,...,a,) must belong to the Cartesian
product {0, 1} x [ ;5 {0, .., 2s; + 1} x {0, 1}, whose cardinality is P = 2" [ ], (s; +1).

By arithmetic-geometric inequality, it follows that
n—2 n—1 n—2 n—2
p<on ZjeSu(Sj + 1) < on Zj:l (Sj + 1) _9gn k+n—1
h n—2 h n—1 n—1 ’

which completes the proof. O

In order to compute a lower bound, we also prove a combinatorial result which is
interesting in itself.

Proposition 4.31.
Let (so,51,---,8,) be non-negative integers, with sy = s, = 0. There exists integers
ai, ..., a, such that (so,a1,S1,...,an,, Sy) are actual coordinates.

Proof. Let us choose a; = s;_1 if s;_1 < s;, and a; = s; + 1 if s;,_1 > s;, and let D be the

generalised curve diagram associated with the coordinates sa := (sg, a1, S1,...,an, Sp).
We show below that D is a 1-generalised curve diagram. We do so by proving, using an
induction on i € {0, ..., n}, the following properties P; and Q;:

Pi = VJ € {17 s 7Si}7Lg = L?Si+1_j;
Q = Wle{l,... 25, +1},Ime{l,...,2s + 1} such that L} |, = L.

First, Py and Qy are vacuously true. Now, let i € {1,...,n} be some integer such that
P;_1 and Q;_; are true, and let us prove P; and O,.

If s;_1 < s;, then it follows from P; and Lemma 4.8 that
7 j T 28i-1+1—) 2s;+1—3 . .
o L ~L/ , =L ~ L™ whenever 1 < j < s;_q;
i+1—j it+J .
o L7 ~ Ly whenever 1 < j < s; — 8;_1;

2s;—1+1 2s;+1
L ~ L2t

i—1
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Induction step when s;_1 < s;

1%

8020 Si,1=4 SZ’:6 SOZO

Induction step when s;_1 > s;

1%

ai=3
80:0 Si,1=4 SZ’ZQ SOZO Si:2

Figure 4.32 — Constructing actual coordinates

which proves P; and Q;.

If s;_1 > s;, then it follows from P; and Lemma 4.8 that

j j 25, 1+1—j 2s;+1—7 .
o L/ ~L! , =L""""7 ~L*" whenever 1 <j <s;—1;
2s;_1+1 2s8;+1
L’y ~L; )
which already proves P; in the case j # s; and Q; in the case m ¢ {s;,...,2s;,.1 — s;}.
) 2sj—1+1—j ] .
Moreover, observe that L7 | = L*7'"'™7 ~ L7*? whenever s; < j < 25,1 —1—s;. An
immediate induction on j then shows that Li*; = L | for all j € {s;,s; +2,...,28,_1 —

s;} and that L% = L] | for all j € {s; + 1,8, +3,...,2s;1 + 1 — s;}. Therefore, it
follows that L)' ~ L', = L?fil‘ iHlmsi Ly ~ L' and, incidentally, that L, =
(L3, and L) = L, whenever s; < j < 2s;,_1 — s;. These two remarks respectively
complete the case 7 = s; of P; and the case s; < m < 2s;,_1 — s; of Q;, which proves that
both properties P; and Q; must hold.

Overall, we have proved that Q; holds for all i € {0,...,n}, which proves, using an
immediate induction on i, that L] = L! foralli € {0,...,n} and forall j € {1,...,2s;+1}.
This means that = has one unique equivalence class, i.e. that D is a 1-generalised curve
diagram, that is, that sa are actual coordinates. O
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Corollary 4.33.

Consider integers n = 1 and k = 0. Then, g, = (k+”_2)

n—2

This simple lower bound is not tight, as shown below.

Definition 4.34 (Composition of virtual coordinates and of generalised diagrams).

Let sa = (sg, a1, S1, ..., G, Sp) and sa’ = (s, a}, sy, ..., a, s,) be virtual coordinates. The
composition of sa by sa’ is defined as the tuple saosa’ := (0¢, 1,01, ..., Upik—1,Onik—_1)
such that
o, =0 ifi=0 and a; =ay-1g-0+a) -1 ifi=1
=s51+s, ifl<i<k-—1 =5 +a —a)+da if2<i<k
= Si+1—k ka <1 = Aj+1—k ka +1<1

In particular, the tuple sa osa’ also consists of virtual coordinates.

By extension, let D and D’ be the generalised diagrams respectively associated with sa
and sa’. The composition of D by D' is the generalised diagram D o D' associated with
the coordinates sa o sa’.

Intuitively, composing D with D’ consists in plugging the diagram D’ inside the dia-
gram D as follows. We remove the half-arc of D that goes to the puncture p; to the point
Li”al_alﬂ, and replace it by a copy of D’, where the left endpoint of D’ is glued on p;

and the right endpoint of D’. This process is illustrated by Fig. 4.35.

Diagram D Diagram D’

Diagram D o D’

Figure 4.35 — Composing two generalised diagrams

Lemma 4.36 and Corollary 4.37 follow immediately from Definition 4.34 and from this
intuition.
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Lemma 4.36.
Let k and ¢ be positive integers, and let D and D’ be respectively a k- and an £-generalised
diagrams. The composition D oD’ is a (k + £ — 1)-generalised diagram.

Corollary 4.37.
The composition of two (1-generalised) diagrams is a (1-generalised) diagram.

In addition, the composition is injective when restricted to a small class of diagrams.

Lemma 4.38.
Consider two positive integers m and n. Let Dy and Dy be two (1-generalised) diagrams

with n punctures, and let D} and D} be two generalised diagrams with m punctures. If
Dy oD} = Dy 07D, then Dy = Dy and D} = D,

Proof. Let sa = (sg,a1,...,8,), sa’ = (sp,a},...,s,) and saosa’ = (0g,a1,...,001m-1)

’Tm

be the respective coordinates of Dy, D} and D; o D}]. We just need to show that sa and
sa’ depend only on m, n and sa o sa’.

First, note that sg ' =0, that s;, = 0,41 when 1 < i < n, and that

= 5 i
- /
si = 0; — o, when 1 < i < m — 1. Hence, one knows (s;)o<i<n and (s})o<i<m. Then,

observe that a; = a; - 15, and that a; = a1, —1 When 2 < i < n.

= S

Computing a is slightly more difficult. Let us denote by ~ the relation of (D; oD}, L)-
neighbourhood. In addition, let us consider the two statements

Sy = Vie{l,...,m— 1}, L™ ~ L™
S = Viefl,...m—1} Lot g

s1+23;+1+a1+1
i+1
If 51 =0, then a} = 0. However, if 5] > 0, then we know that D] is not trivial. If 5] > 0,

and a} = 0, then &y holds but, since D] is not trivial and was plugged between the points

L2t and Latai+l S does not hold. Conversely, if s/ > 0, and @, = 1, then S

holds but, since Dj is not trivial and was plugged between the points Li*™* and LTt
Sp does not hold. Hence, one can compute o). Finally, since a; = a; + @} — s; — a; when
2 <1 < m, Lemma 4.38 follows. O

Theorem 4.39.
Let k and n be positive integers. There exists two (computable) constants k, = 0 and

Yn > 0 such that, if k = Ky, then gp, = Y, kP2

Proof. This proof relies on tools of analytic number theory, similar to those used for
proving Proposition 4.26. However, like the proof of Proposition 4.28, this proof is very
technical, and we therefore begin by drawing a sketch of this proof.

First, we introduce univariate and bivariate generating functions as well as some term-
wise comparison ordering of such functions. Second, we focus on some bivariate generating
function Gs(y,z) and approximate it by below with the help of a simple generating
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function F(y, z). Third, we approximate by below the terms of the functions F(y, "), for
k = 0, in terms of the Euler totient . Fourth, we build a family of integers 7,., thanks
to which we find additional lower approximations of the functions F(y, y*) and Gs(y, v*),
and we find lower bounds for the integers 7, .. Finally, we derive Theorem 4.39 itself.

Proof of Theorem 4.39 — First Part

In what follows, we will use the “term-wise” comparison ordering > defined as follows.

If C(x) = >,o0cut® and D(z) = >} ., d,o" are two univariate generating series such

that ¢, > d, for all u > 0, then C(z) > D(z). Similarly, if C(y, 2) = >, =0 Cuny"2" and

D(y,z) = ZM}O d,,y"z" are two bivariate generating series such that ¢, , > d,, for all
v =0, we write C(y, z) > D(y, 2).

For all integers s = 0, k = 0 and n > 1, let g, s be the number of (1-generalised)
coordinates (S, ar, s1, ..., Gy, Sp) such that 3" s; = k and s; = s. In addition, consider
the generating functions G, (y, 2) = 25 .~ Gn.k.sy 2% Corollary 4.37 proves that

In+m—1,k,s = Z In k—a—(m—1)t,tIm,a,s—t»

a,t=0

ie. that Gpym-1(y,2) > Gu(y,y™ '2)G,(y, z). Then, let n be some integer such that
n > 3, and let n* := 1 4 1,c9z. By construction, we have G, (y) = G,(y,1), and an
immediate induction shows that

Gu(y) > Ga(y,y" )Gy, y" ") ... Gy, y™ ") Gux(y).

Proof of Theorem 4.39 — Second Part

In Section 4.2, we computed the integers

93k ke = Crp = |{(a1,a2,as) : (0,a1,k,as, £, as,0) are actual coordinates}|.
We have gior = 2(2k+ 1) if k > 1, g3 1264m = 25:1 lan(ma) -1 ifk,m=>1,and g3, =0
if k=0 or ¢ < 2k. It follows that Gs(y,2) = X o0 gsksy2° = 2A(y2*) + B(yz?, 2),

where

A(y) = y(3—_y) and B y7 Z Z Z 1a/\(m+1 1y 2™

(1-y) k>1m>1a=1

Using the auxiliary function F(y, z) := Das1 ZB>1 1arp=1y®2” and the substitution ¢ :=
k — a, we obtain

B(?/a Z) = Z Z Zla/\(erl):lyathzm = Z Z ]-aA m+1) ly 2™

a=1lm=1t=0 a,>1 m>1

- (S D 2) e

a=1v>=1 a=1 y)
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Collecting the above terms, we have

2n+1

240+ B 7) > 1 B O POy ) » T

Proof of Theorem 4.39 — Third Part

For all n = 0, we have F(y>™, y") =% 1 3 o1 Luapmr gyt = S0 0 Faxy®, with

k—(2n+1)u:1}‘.

n

fnk =

{u:0<(2n+1)u<n,(2n+1)uzk(n),u/\

Let us use the change of variable w := =%, We obtain easily that 0 < (2n + l)u < k <
<w< % that 2n+1)u=k (mod n) < u =k (mod n) < w e Z and that

2n+1

k— (2 1
UA—(Z+ >u:1 < nun(k-—0C2n+1lu)=nesnun(k—u)=n

< nk—nw)rnw=n<s(k—nw)rw=1<krw=1.

This shows that 7n7k= |{w <w<— l{;/\w—l}‘

2n+1

We introduce now some arithmetic notions. We say that n is square-free if n is the
prime factors of n are pairwise distinct, i.e. if n is not divisible by any integer of the form
k*. We denote by D,(n) the set of prime factors of n, and by D,(n) the set of square-free
factors of n. We also denote by p(n) the cardinality of the set II(n), and by u(n) be the
Mébius function of n, i.e. u(n) = (—1)P™ if n is square-free and u(n) = 0 otherwise.

For all integers m,n > 1, let us define ¢(m, k) := |[{w:1 <w <m,k A w = 1}|. For
all integers w > 1, it comes easily that 1,.,,—1 = ZZE%( )u( )1%12 This proves that

Blm,n) = Xp, iy 1@ 2] Moreover, recall that Yo, g (i) = [l (- a7 =

“O(k . Consequently, we have

k
wlm k)~ Al lom k)~ 3 )™ < D) < 20
€Dy, (k)

Therefore, the equality f,, = (£,k) — ¢ (325, k) — 14—, shows that [f, , — olk) | o

n’ 2n+17 n(2n+1)

2p(k)+1

Now, consider the integer N := (4*n(2n + 1) + 1)!, and let us assume that k> N.
Let 1 < ... < gy be the prime factors of k. If p(k) < 2, then k > 4°n(2n + 1) =
n(2n + 1)41°(k)+1 If p(k) = 3, consider the integers k; := Z(l ¢; and kg = % Since
4<q3<...<(qpu), it follows that

p(k)—1
k= kiky = kogp) n q; = kQQp(k)4p(k)_3 > 4p(h)=3 maX{Qp(k)a ko}.

1=3
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Since gyp)lks = kiks = k = (4*n(2n+1)+1)!, it follows that max{gyu), k2} = 4*n(2n+1),
and therefore that k > n(2n + 1)4P(0)+1

Consequently, regardless of the value of p(k), we have k > n(2n+1)4?®)+1_ This proves
that (k) = & [ Terin) % > 2P0 E > n(2n+1)2P*)+2 and therefore that f (k)

nk = 2n(2n+1) "

Proof of Theorem 4.39 — Fourth Part

Consider the terms g, of the generating function Gs(y, y"), i.e. G3(y, y™) = Dliso Ina¥*
In addition, for all integers a, b, ¢, consider the integer

Yabe = [{(u,v) : 1 <u,v <a,un cla+bv)=1}.

Finally, let ¢ be the largest integer such that ¢ = k (mod 2n + 1) and (2n + 2)¢ < k. If

F(y2n+1

¢ > N, then the inequality G3(y,y") > (l—y%ﬂ)) shows that

[k/(2n+1)] L .
gn,nJrk = Z —(2n+1): Z f L+(2n+1)i
=0 i=1
1 ¢
—_— Z ol + (2n+1)i), 1
2n(2n +1) &

2n(2n + )G, x> |{(u,v).1<u<€+(2n+1)vl v </,
uA(l+(2n+1)v) =1} = Yeont11-

We evaluate now the integers 7,4., and first focus on the case a A b = 1. Let
Q = [3¢¢(2)] and let P := HqgQ 1, primelbegqz- In addition, let us assume that a >

9¢( (2 )21)(13 +p(c)

For all integers u,v > 1, and since P A ¢ = 1, it comes easily that

Tyne= l]-u/\(aerv)/\P 1= Z Z ])1u€l]21a+b’UEZZ

€Dy (P) jeDu(c)

Recall that >7"_ | 1z = [%J and that |¢] < >0 | 1atpeiz < |%] + 1 whenever i A b = 1.

Moreover, since a A b = 1, all prime divisors of u A (a + bv) are either divisors of Pc
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or are greater than ). It follows that

a a
Ya,b,c = Z ]-uAc:l]-u/\(a-'rbv)/\P:l_ Z Z ]-q primelquZ]-a—i-bvqu

u,v=1 u,v=1¢>Q

2
> Y ¥ ((_1)u(i)+u(j)ig _a_ e 1) -3 z
i€D,,(P) jeDu(c) Lt L ! >Q q

2

> a? H 1—q? 1_[1—(1_1 — 3. pP)ele)g 2

Now, let d := ¢ A (2n + 1). It comes immediately that

I I
/42 3002) © 320 + 1))

2n(2n + 1)Gy i = Ve2n+1,1 = Ve/d,(2n+1)

if ¢ is big enough, for instance if £ > 18¢22°(>»+1) Moreover, since { > ﬁ —(2n+1), we

know that if n + k = 9(n + 1), then ¢ > 2’:;’% This proves that there exists an integer

A(n) such that, if k > A(n), then g, , > \,k*, where A, := Bn(2n+1)2(12n+3)2<(2).

Proof of Theorem 4.39 — Fifth Part

Recall that Gi(y) = 1 and that G5(y) > X,_, ", as proved in Section 4.2. Now, let u be
a positive integer, and let € € {1,2}. We assume henceforth that n = 2u + e. We have
n* =€ and u = [(n — 1)/2]. First, observe that

u

Guly) > Gs(y,y" )Gy, y" ™) ... Galy.y" )Ge(y) = My | DY) ¥y" | Gew).

k=A(n—1)

Let us also assume that k = 2uA(n — 1), and let m := |k/(2u)]. If € = 1, then

2m—1
u 2 2
Onk = Ay_q Z Z ISR o DO A
kiyosku—1=m ky=m
2m—1

u 2u u 3u—1
= >‘n71 Z Z m 1k1+“.+ku:k = Anflm :

k1,..., ky—1=m ky=m
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If € = 2, then

2 2
Gnk = Ay Z Rkl g ko<

u 2u u 3u
= )\nfl Z m 1k1+...+ku<k:/\n,1m .

k1,....ku=m

Adding these two cases, we obtain Theorem 4.39. O

4.4 Experimental Data, Conjectures and Open Ques-
tions

Proposition 4.30 and Corollary 4.33 prove that

kE+mn—2 A k+n—1\""?(k+n—2
Sk <2 ——— :
n—2 ’ n—1 n—2
Unfortunately, these lower and upper bounds do not match, since their ratio is equal to
2n (%)H_Q, hence grows arbitrarily when n and k& grow. Theorem 4.39 also provides
us with the following, tighter inequality when k is large enough:

n—2
' n—1 n—2

Nevertheless, the ratio between these upper and lower bound also grows arbitrarily when
k grows.

Therefore, aiming to identify simple asymptotic estimations of g, ; when n is fixed
and k — 400, we look for experimental data.

Figure 4.41 presents the ratios g, x/k*™~? (in black) and g, /(k +n)*™=? (in gray).
We computed g, by enumerating all the virtual coordinates, then checking individu-
ally which of them were actual coordinates (up to refinements such as using the above-
mentioned symmetries to reduce the number of cases to look at).

The two series of points suggest the following conjecture, which was already proven
to be true when n = 2 and n = 3.

Conjecture 4.40.
Let n = 2 be some integer. There exists two positive constants o, and [, such that
a, k22 < Injk S B k*"=2) for all integers k > 1.

Figure 4.41 also suggests that the ratios g, /k*"~% might be split into convergent
clusters, according to the value of £ mod 6 (when n = 4) or £ mod 2 (when n = 5).
Once again, this is coherent with the patterns noticed for n = 2 and n = 3, and therefore
suggests a stronger conjecture.
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g47k/k'4 — (XlOO) g5,k/k6 — (XlOOO)
. 4 *
T te
3
6
5 %o e, ._“__'~._..-:‘:.‘.“_‘_*'*.ﬁ-ﬁ:.ﬁ:'ﬁ-.-. 2 c e .,
4! k k
20 40 60 80 100 120 140 160 20 30 40 50 60

Figure 4.41 — Estimating g, — experimental data for n =4 and n =5

Conjecture 4.42.
Let n = 2 be some integer. There exists some positive integer p, such that, for every
integer £ € {0,1,..., p, — 1}, the sequence of ratios % has a positive limit A, o when

k — +oo.

Assuming Conjecture 4.42; a natural further step would be to compute the limits
Ane oOr to study more precisely the asymptotic behaviour of the ratios gmk/k;Q(”_Q). In
particular, we hope that computing arbitrarily precise approximations of the constants
An¢ for small values of n might help us guess analytic values of A\, ¢, thereby providing
insight about the underlying combinatorial or number-theory-related structure of the
integers gy j.
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Chapter 5

Random Walks in Braid Groups
Converge

Résumé

Considérons un groupe finiment engendré, associé & une notion de forme normale, et
observons une marche aléatoire sur le groupe. La forme normale des éléments aléatoires
obtenus lors de cette marche converge-t-elle 7 Vershik et Malyutin apportent une réponse
positive pour les groupes de tresses et la forme normale de Markov-Ivanovsky [90], et ils
observent que : « Pour la forme normale de Garside (... ) le probléme de la convergence
reste ouvert ». Nous répondons a cette question par I'affirmative pour les groupes d’Artin—
Tits irréductibles de type sphérique et pour la forme normale de Garside. Nous étudions
également la limite de la marche aléatoire, et montrons qu’elle est ergodique.

Le contenu de ce chapitre provient d'un travail en cours de rédaction, en collaboration
avec Jean Mairesse.

Abstract

Consider a finitely generated group with an associated notion of normal form, and consider
a random walk on the group. Does the normal form of the random elements converge?
Vershik and Malyutin provide a positive answer for the braid groups with the Markov-
Ivanovsky normal form [90], and they observe that: “For the Garside normal form (...)
the stability problem is open”. We answer the question by the affirmative for an Artin—
Tits group of spherical type with the Garside normal form. We also study the limit of
the random walks and show that it is ergodic.

The content of this chapter is the result of a paper in progress, written in collaboration
with Jean Mairesse.
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Chapter 5 is devoted to proving that the Garside normal forms of the random walk in
irreducible Artin—Tits groups of spherical type is stable. In the early 2000s, Vershik asked
the question of the stabilisation of normal forms in braid groups [89]. Since then, a first
complete (positive) answer was given for the Markov-Ivanovsky normal form [90], while
another partial (positive) answer was given for the Garside normal form in the Artin—Tits
groups of dihedral type, including the group of braids with three strands [75]. We provide
a complete (positive) answer for the Garside normal form in all irreducible Artin-Tits
groups of spherical type.

In Section 5.1, we first revisit the analogous and easier case of random walks in heap
monoids and heap groups. With the help of some tools that we will later reuse in the
context of braids, we reprove results that are already mentioned in the literature [54, 77].
Then, in Sections 5.2, 5.3 and 5.5, we develop original tools that lead both to proving
stabilisation results for the Garside normal form and to studying properties of the limit
of the random walk.

5.1 Random Walk in Heap Monoids and Groups

In Chapter 5, we aim to study the convergence of a random walk in an Artin—Tits
monoid of spherical type and in the associated group. However, we begin with studying
the convergence of such random walks in heap monoids and groups. This study may be
seen as a warm-up, and shows how to deal with a natural notion of convergence of random
walks in a simple case. In particular, the results mentioned in Section 5.1.1 are already
well-known (see [54, 77]) but we reprove them using tools that we will use later in the
yet unexplored framework of braid monoids and groups.

5.1.1 Random Walk in Heap Monoids

In all Section 5.1.1, we will consider an irreducible heap monoid M™* with n > 2 gen-
erators oy, ...,0, and dependency relation D. Let u be a probability measure over M™
whose support contains the set {oy,...,0,}, i.e. such that the real constant minp :=
min; <;<, 14(0;) is positive.

Definition 5.1 (Left random walk).

Let (Yi)rs=o be i.i.d. random variables distributed with law p. The left random walk with
step-distribution p is the sequence X = (Xy)r=o defined by Xo := 1 and Xy 1 = Vi Xk
for k= 0.

When the probability measure p is implicit from the context, the sequence (Xj)g=o
may also be called simply left random walk.

Does the random walk (X} )= converge? More precisely, let us identify each heap X},
with its left and right Garside normal forms NF,(X}) and NF,(X}), and let us consider
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some notion of convergence on words. Recall that the left Garside normal form NF, is
better known as the Cartier-Foata normal form CF. Notions of convergence for words
include:

e the prefix-convergence, in which the distance between two words a := a; - ... - ag
and b :=b; - ... b such that k < £ is defined as dpre(a,b) :=0ifa=Db, 2% lifa
is a proper prefix of b, and 2~ ™r{#ei#bi} otherwise;

e the suffix-convergence, in which the distance between two words a := a_
and b :=b_,-...-b_1 such that k < ¢ is defined as dgue(a,b) := 0 if a

if a is a proper suffix of b, and 2~ min{i:a*”&b*i} otherwise.
Some convergence and divergence results come quickly.

Proposition 5.2.

Let M™ be an irreducible heap monoid with at least 2 generators, and let (X)k=o0

the left random walk on M™. For all integers i > 1, the sequence suf;(NF,( k)) k=0
necessarily convergent, and the sequences pre;(NF (X))k=o and pre;(NF,(Xy))i=0 are
almost surely divergent.

Proof. First, the sequence suf;(INF, (X}))r>0 is non-decreasing (for the order =, ;ey_iex)
and belongs to a finite set, hence it must converge. Second, consider some even integer
k = 1. The event & := {Yy <¢ pre;(NF,.(Xi))}n{(Yk, Yit1) € D} occurs with probability
at least (min y)?, regardless of the values of (Y;)igkx+1}- Consequently, with probability
one, the events & hold for infinitely many integers k € {2,4,6,...}.

When &, occurs, then NF,.(X;.2) = (Yiy1Y:) - NF,.(X}). This proves that Y1 <,
pre, (NF,. (X 2)) <, pre,;(NF,(X;2)). However, since Y} is a left-divisor of both simple
braids pre,(INF, (X)) and pre,(NF, (X)) and since (Y, Yi+1) € D, it follows that
Yi+1 cannot left-divide pre; (NF, (X)) nor pre;(NF,(X})), whence pre, (NF,(X})) #
pre,(NF, (Xy2)) and pre; (NF, (X)) # pre;(NF,(Xy2)). This completes the proof. O

Furthermore, it follows from Lemma 2.37, Proposition 2.49 and Corollary 2.51 that the
word pre;(NF,(Xx.1)) is a function of pre,(NF,(X})) and of Y; ;. This shows that the
sequence pre;(INF,(X})) is a Markov chain. However, the sequences suf;(INF,(Xx))r=o0
and pre;(NF,.(X}))r=0 are not necessarily monotonous (even for ¢ = 1) and are not
Markov chains, hence their behaviour is not so easy to capture.

Example 5.3.

In the dimer model M3, assume that the five first terms of (Y )x>o are oy, 03, 03, 09 and
01, in this order. A direct computation shows that NF,(X,) = 09 - 0103 - 03, NF,.(Xy) =
09-03-0103, NF((X5) = 01-09-0103-03, and NF,.(X5) = 010503 0103. Hence, neither
(suf;(NFy(Xy)))k=o0 nor (pre;(NF,.(Xy)))k=o is non-decreasing. In addition, neither are
them finite-state Markov chains.

The situation is illustrated in Fig. 5.4. As usual, heaps, which we read from left to right,
are represented by heap diagrams, which we read from bottom to top. The Garside words
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NF,(Xy) and NF,(X}) are represented by heap diagrams cut into several layers, each
layer representing one heap letter of the word NF,(X;) or NF,(X}). Hence, the heap
suf; (NF,(X})) is represented by the top layer of the left Garside normal form of X}, and
the braid pre,(NF,.(X})) is represented by the bottom layer of the right Garside normal
form of Xj. Both these layers are represented over a gray background.

X1 X2 X3 X4 X5 4
T
Chronological 0o ’: 73
‘ o1 o3 o3
form: TT_ o1 H o3 o3 02 =]
o1 [1o3 o3 op) [ o1 .S
O
D
H
Left Garside o3 T ng3 Eu FSD
normal form: o3 o103 o g
or ||Ooos| | I Lo10s P [ o1 2
[T &
Q
o
Right Garside M Tow0s [ 203
normal form: [T To103 03 g pre;
o1 || Liowos o3 || 02 [ 1ot

Figure 5.4 — Non-monotonic evolution of the Garside normal forms

We prove below that, for all integers i > 0, the sequence suf;(NF,(X}))xg=0 is almost
surely ultimately constant, i.e.

P[3k = 0,Ym = k,suf;(NF,(X})) = suf;(NF,(X,,))] = 1.

Definition 5.5 (Blocking permutation and blocking heap).

Let T be a permutation of the set {o1,...,0,}. We say that T is a blocking permutation if,
for allie {1,...,n— 1}, there exists an integer j € {i + 1,...,n} such that (7(i),7(j)) €
D, i.e. such that 7(i) - 7(j) is a left (or right) Garside word. We say that the heap
t:=7(1)...7(n) is the blocking heap associated with the permutation 7.

Observe that, since M™ is a connected heap monoid, there exists such blocking per-
mutations. For instance, if, by performing some depth-first exploration of the Coxeter
graph of M*, we denote by 7(i) the (n + 1 — i)-th generator of M™ that we uncover,
then 7 is a blocking permutation. In particular, for each generator o; of M™, there exists
a blocking permutation 7 such that 7(n) = o;, and there exists a blocking permutation 7
such that 7(1) = o;.

Lemma 5.6.
Let 7 be a blocking permutation with associated blocking heap t, and let a € M™ be some
heap. The heap T(n) is the rightmost letter of both words NF,(at) and NF,(at).
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Proof. Let i be some element i of {1,...,n — 1}, and let 0(z) be some element of {i +
1,...,n} such that 7(i) - 7(0(i)) is a left Garside word. We say that a factorisation
ai...Gx\a)+n of at into generators of M™ is good if max{j : a; = 7(6(:))} > max{j :
a; = 7(i)}. First, for each factorisation a; ...ay@) of a into generators of M™, the fac-
torisation a; ...ax@7(1)...7(n) of the heap at is good.

Second, let us assume that there exist two factorisations a; ... ax@)+n and by ... bxa)+n
of the heap at into generators of M™* and an integer I € {1,...,\(a) + n — 1} such that:

e the generators ay and a;,; commute, by = ayy; and by, = ay;

e we have a; = b; forall je{l,..., 1 —1,1+2,...,\(a) + n}.

It comes immediately that the former factorisation is good if and only if the latter factori-
sation is also good. Consequently, an immediate induction proves that each factorisation
of at into generators of M™ is good, which proves that 7(i) ¢ right(at).

Since the set right(at) cannot be empty, it follows that right(at) = {r(n)}. Moreover,
consider the words wy - ... - wy := NF,(at) and z; - ...z, := NF,(at). Since 7(n) =
Avight(at) = Tk =r Wi, >, 1, it follows that wy, =z = 7(n). |

Corollary 5.7.

Let 7 be a blocking permutation with associated blocking heap t, and let t* be the mirror
heap of t, i.e. t* := 7(n)7(n—1)...7(1). For all heaps a,b € M™, we have NF,(att*b) =
NF((at) . NFg(t*b)

Proof. Let us recall the notations a< b and a = b, which respectively mean that a is a
prefix of b, or that b is a suffix of a. Lemma 5.6 proves that NF,(at) = 7(n) and that
NF,(b*t) = 7(n), i.e. that 7(n) < NF,(t*b). Since 7(n) - 7(n) is a left Garside word,
it follows from Corollary 2.38 that NF,(at) - NF,(t*b) is a left Garside word, which
completes the proof. O

Theorem 5.8.

Let M™* be a heap monoid, and let (Xy)g=o be the left random walk on M™. For all
integers 1 = 0, the sequence (suf;(NF(Xy)))k=0 is almost surely ultimately constant.

Proof. Let 7 be a blocking permutation of M™. For all integers j > 0, we consider the
event Ej := {Vie {1,...,n},Yon4i = Yon(j+1)+1—i = 7(7)}. The family of events (E;);>0
is independent, and each event E; happens with probability at least (min u)?". Hence,
there almost surely exist infinitely many integers j > 0 such that £} holds.

Now, consider some integer j > 4 such that FE; holds: such an integer j almost
surely exists. Corollary 5.7 proves that NF,(X, ;1)) is a suffix of NF,(X}) for all
that suf;(NF,(X;)) = suf;(NF(X,;;+1))) whenever k& > 2n(j + 1), which completes
the proof. O
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Theorem 5.8 completes our picture of which prefixes and suffixes of the Garside normal
forms of (X}) have stabilisation properties (when M™ is an irreducible heap monoid with
at least 2 generators). We sum up these results in Fig. 5.9.

Convergence of the words
NF,(X,)im0 | NF, (X))o
prefix- X X
suffix- v v

Figure 5.9 — Convergence of the normal forms of the random walk in the heap monoid

5.1.2 Random Walk in Heap Groups

Having studied the convergence of random walks in heap monoid, we change our point
of view and study random walks in a heap group M. In particular, we restrict our
study to the case where the measure p is a probability measure whose range is equal to
{oi',..., 0!}, and we still denote by min u the positive constant min;<;<, (o). In
this context, we say that the left random on M with step-distribution p is a left random
walk with Artin steps.

The sequence suf;(NF,(Xy))r=0 is not non-decreasing (e.g. if Y; = Y; '), hence we
aim to proving convergence results for both families of sequences suf;(NF, (X}))r=0 and
suf;(NF;(X))r=0. We begin with an immediate result.

Lemma 5.10.

Let M be a heap group, let of be some generator of M, with e = +1, and let ); the set of
generators of M that are dependent of oy, i.e. ; = {o:7'} U {O'jil i # j and m;; = ©}.
Consider some heap a € M, as well as the word ay - ... - a, := NF,(a).

In addition, let us define cliques ap := 1 and ax41 := o5, and let u be the smallest integer
such that the clique a, contains one letter 0;41 that belongs to ;. We have

NF,(cia) = a1-... ay_1-(05Qy) - Qui1 - ... ag if 0, is a letter of ay;

= Ay ... Qu o (05Ay_1) @y ... a otherwise.

From Lemma 5.10 follows immediately a result analogous to the case of heap monoids,
whose proof is exactly analogous to the second part of the proof of Proposition 5.2.

Proposition 5.11.

Let M be a heap group with at least 2 generators and let (Xy)k=o be a left random walk
in M, with Artin steps. For all integers i = 1, the sequences pre,(INF¢(Xy))r=o and
pre;(NF,.(Xy))k=o0 are almost surely divergent.

In addition, the first part of Proposition 5.2 also has a variant in the case of heap
groups.
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Theorem 5.12.
Let M be a heap group and let (Xy)g=o0 be a left random walk in M, with Artin steps. For
all integers i = 0, the sequence suf;(NF,.(Xy))r=0 is almost surely ultimately constant.

Proof. Let i and j be two distinct elements of {1,. .., n} such that m; ; = co. The subgroup
M, j generated by {o;, 0,} is a 2-generator free monoid. In particular, let p; ; : M — M, ;
be the canonical projection, i.e. the group morphism such that p; ; : 0; = 03, p;j : 0 — 0;
and p;; : o, — oy if k ¢ {3, j}.

The random walk (X})g=o on M induces a random walk (p; ;(Xx))k=0 on M, ;. This
latter random walk must be transient [67, 88, 93], i.e. x(p;;(Xk)) — +o when k — +x0,
where x denotes the product length (i.e. the length of the shortest factorisation into
generators of M). Hence, consider the function X : X — min{x(p;;(x)) : m;; = 0}.
We have just proven that Xmin(Xx) — +o0 almost surely when k — +c0.

Moreover, for all heaps a € M, all the occurrences of the letters ;"' and U;_rl appearing
in the shortest factorisations of a must belong to pairwise distinct cliques of the word
NF,(a). Hence, for all pairs (7, j) such that m; ; = o0, at least xmin(a) letters of the word
NF,(a) are cliques where some letter O’iil or 0;—”1 appears. In particular, for all generators

o¢ of the group M, it follows from Lemma 5.10 that dgue(NF,(a), NF,(cfa)) < 2! Xmin(@),

Consequently, consider some integer I = 0. Since Xmin(Xx) — 400 almost surely, there
almost surely exists some integer K > 0 such that xmin(Xy) = I + 1 whenever k > K. It
means that deus(NF,(Xy), NF,(X}11)) < 217X <271 e that suf;(NF,(X})) =
suf ;(NF,(X;.1)), for all £ > K. This completes the proof. O

We will now use both Theorem 5.12 and a construction analogous to the above-
defined blocking heaps in order to prove that the sequence suf;(NF,(Xy))r=o almost
surely converges.

Lemma 5.13.
Let T be a blocking permutation, and let (e1,...,€,) and (ny,...,n,) be two elements of
{—1,1}" such that €, = n,. Consider the heaps

t:=7(1)%...7(n)" and t* :=7(n)"7(n — 1)™ 1. .. 7(1)™.

For all heaps a,b € M™ such that a <, at and t*b >, b, then 7(n)™ is the rightmost
letter of the words NF,(at) and NF,(at), 7(n) is also the leftmost letter of the words
NF,(t*b) and NF,(t*b), and NF,(att*b) = NF,(at) - NF,(t*b).

Proof. The proof is entirely analogous to the proofs of Lemma 5.6 and of Corollary 5.7.
U

Lemma 5.14.

Let M be a heap group and let (Xy)k=o be a left random walk in M, with Artin steps.
There exists an integer K = 0 such that the event € := {Vk > K,NF,(X}) =01} holds
with probability P[E] > 0.
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Proof. Let S*1\{1} be the set of non-empty cliques of M. Theorem 5.8 states that

P U (NF.(Xp)e=c}h| =1

L>0ceSE1\{1} k=L

This proves that there exists an integer L > 0 and a clique ¢ € S*¥!\{1} such that the
event Fr := {Vk > L,NF,(X}) = c} holds with probability P[F ] > 0.

Now, let 7 be a blocking permutation such that 7(n) = 1. Consider the heaps t :=
(1) ... 7(n)™, where ¢; := —1if 1 <i<n—1and 7(:) 7' <, ¢, and ¢; := 1 otherwise.
In addition, consider the events

Fi:={X, =t} and Fp := {Vk > n + L,NF (X, X ") =c}.
The events Fi, and F; are independent, so that P[F; n Fp] = P[F;|P[Fz] > 0.

Let us now assume that the event F; n JF, holds. For all £ > n+ L, we have X}, X <,
Xk, i.e. Xy =, X,,, and therefore Lemma 5.13 proves that NF,(X}) =0o;. Hence, choosing
K :=n+ L completes the proof. O

Lemma 5.15.
Let M be a heap group and let (Xg)r=0 be a left random walk in M, with Artin steps.
The set {k = 0: 01 < NF,(Xy)} is almost surely infinite.

Proof. Let 7 be a blocking permutation such that 7(n) = o1, and let € := (€1,...,¢€,) be
an element of {—1,1}". We denote by t* the heap 7(n)"7(n — 1) ...7(1). For all
tuples € € {1, —1}" and all integers K > 0, we denote by Ex . the event {Vj € {0,...,n —
1}, Yintj = 7(j + 1)9+1}. The event £k holds with probability P[€k | = (min p)" and
is independent from the random variables (Y%)r<xn or & (n+1)<k-

Then, for all K > 0, consider the tuple & = (ef ... €X), where & = —1 if
1 <i<n-—1andif 7(¢)"" € left(X, k). Moreover, if Ex x holds, then Lemma 5.13
proves that o1 < NF (X (g41),). It follows that Ploy < NF(Xxi1)n) | (Xi)o<k<rn] =
P[Ek x| (Xk)ock<in] = (min p)”. This proves that the set {K > 0: 01 < NF(Xky,)} is
almost surely infinite, which completes the proof. O

Theorem 5.16.
Let M be a heap group and let (Xy)g=o0 be a left random walk in M, with Artin steps. For
all integers i = 0, the sequence suf;(NF,(Xy))k=0 is almost surely ultimately constant.

Proof. Let us build an increasing sequence of random variables (73 )r=0 and (0;)r=o in
N u {+o} as follows. Let K be an integer such as defined in Lemma 5.14. We set 79 := 0
and, for all integers £ > 0 such that 7, < +00, we define (inductively) 0 := min{j >
i + K : 01 is not the rightmost letter of NF,(X;X_")} and 7441 := min{j > 6, : | X;]| >
i and 01<NF,(X,)}. By construction, the random variables 8, and 7, are stopping times,
the family (0 — 7k )r>0 is i.i.d, and Lemma 5.15 proves that P[7;,; < +0 | 8, < +0] = 1.
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Moreover, for all integers & > 0, the random walk (X;X_1);>, follows the same
distribution law as the random walk (X);so. Consequently, Lemma 5.14 proves that
Py = +o0 | 7x < +o0] = P[€] > 0, where & = {Vk > K,NF,(X}) = o01}. In particu-
lar; since the family (0y — 7% )rs>0 is i.i.d, there almost surely exists some integer k& such
that 7, < +o0 and 6, = +o0. For such an integer k, and for all integers j > 7, + K,
it follows immediately that NF,(X;) = NF,(X;X_!) - NFy(X,), and therefore that

suf;(NF,(X;)) = suf;(NF,(X,,)), which completes the proof. O

Proposition 5.11 and Theorems 5.12 and 5.16 are stated above in the context of left
random walks with Artin steps, i.e. whose steps are distributed according to a probability
measure y with range {oi"',..., 0!}, In fact, the proof of Proposition 5.11 holds as soon
as range(u) generates (positively) the heap group M, and the variants of the proofs of
Theorems 5.12 and 5.16 hold as soon as range(u) generates (positively) the heap group
M and p has a finite first moment, i.e. E,[|[NF,(X)|] < +o0.

Theorem 5.16 completes our picture of which prefixes and suffixes of the Garside
normal forms of (X}) have stabilisation properties, which we sum up in Fig. 5.17. Note
that, although some of the arguments that we used were different from the case of heap
monoids, the results that we obtain are entirely similar.

Convergence of the words
NFE(Xk)kzo NFT‘(X]{:)]CZO
prefix- X X
suffix- v v

Figure 5.17 — Convergence of the normal forms of the random walk in the heap group

5.2 Combinatorics of Garside Normal Forms

Having studied the stabilisation of Garside normal forms in the context of irreducible heap
monoids and groups, we aim now to prove similar results in the context of irreducible
Artin—Tits monoids of spherical type and groups. Hence, from this point on, we focus on
introducing and using original notions that will lead to the results of Chapter 5. Among
these notions are two key concepts, the bilateral Garside automaton and the blocking
braids.

Before going further, we need to recall some notation introduced in Section 2.3 and
introduce some additional notation. In what follows, let A™ be an Artin—Tits monoid,
generated by the elements o7y, ..., 0, (with n > 2, so as to avoid the cases of the monoids
{0} and Z=,), and whose Garside group W is finite and irreducible, i.e. follows the classi-
fication of Theorem 2.26. The monoid A™ is an Artin—Tits monoid of spherical type, and
call its elements braids. We also denote by A the group associated with A*, by 1 the unit
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element of A*, and by A the Garside element LCM, (074, ...,0,) = LCMs, (04,...,0,)
of AT,

In addition, for each set S < {o1,...,0,}, we denote by A¥ the Artin—Tits monoid
generated by S, and by Ws the associated Coxeter group. Since Wg is a subgroup of
W, and therefore is finite, the monoid A¥ is an Artin—Tits monoid of spherical type. We
denote by Ag the braid LCMc,(S) = LCM;, (95).

Finally, we denote by S the set of simple elements of AT, i.e. the set of divisors of A,
and we denote by S° the set of proper simple elements of A* | i.e. the set §° := S\{1, A}.

5.2.1 Connectedness of the Bilateral Garside Automaton

Let a be a proper simple element of A", Since 1 <y a <, A and A >, a >, 1, it follows
that & < left(a), right(a) < {o1,...,0,}, i.e. that both sets left(a) and right(a) are
proper subsets of {71, ..., 0,}. This gives rise to the notion of bilateral Garside automaton
of the monoid A", which is a variant of the left Garside acceptor automaton introduced
in Definition 2.42.

Definition 5.18 (Bilateral Garside automaton and paths).

Let A be an irreducible Artin—Tits monoid of spherical type, and let S° be the set
of its proper simple elements. The bilateral Garside automaton is defined as the non-
deterministic, finite-state automaton Ge,y 1= (A, V,0,V, V), with

alphabet A = S§°;
o set of states V = {right(a) : a€ A};

e transition function § with domain {(P,a) : left(a) = P} and such that ¢ : (P,a) —
right(a) if left(a) = P;

e set of initial states V';

e set of accepting states V.

A bilateral Garside path is a word by - ... - by with letters in S° such that right(b;) =
left(b; 1) for all i < k. We then say that b is a bilateral Garside path from left(by) to
right(b).

Note that each arc of G,, may have several labels. Proposition 2.59 proves that the
bilateral Garside paths are precisely the A-free words that are both left Garside words
and right Garside words (i.e. that are left Garside words, regardless of whether they are
read from left to right or from right to left, whence the adjective “bilateral”).

In addition, for each braid a € §°, we have a* € §° as well as left(a) = right(a*) and
right(a) = left(a*), where a* denotes the reversal of the braid a. Therefore, for every
arc (P, Q) in of Ggpy, the pair (Q), P) is also an arc of Gg,,, and the graph Gg,, can be seen
as non-directed. Examples of bilateral Garside automata are shown in Fig. 5.19 and by
Fig. 6.2, page 211.
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The left Garside acceptor automaton recognises the left Garside normal form, and
its mirror, in which the arcs are reversed, recognises the right Garside normal form.
Considering automata as labelled oriented graphs with marked initial and final states,
the bilateral Garside automaton is a subgraph of both these automata, from which the
state {01,...,0,} has been deleted.! Figure 5.19, which presents the bilateral Garside
automaton and the left Garside acceptor automaton associated with the monoid B},
where loops and labels have been omitted.

i ;
{o3) {02,003} {03} {02, 03}
] ¢ ¢ ] T
{02} {o1,03} {02} {o1,03} {o1,00,03}
1 ! ) 1 J
{o1} {01,009} {o1} {o1, 00}
T A
Bilateral Garside automaton Left Garside acceptor automaton

Figure 5.19 — Bilateral Garside automaton and left Garside acceptor automaton of the
monoid B}

We prove below that the graph Gg,, is connected. This result was left implicit in [11,
56|, where the following proof is used to show the connectedness of the left Garside
acceptor automaton.

Lemma 5.20.

Let S be a proper subset of {o1,...,0,} and let T be an element of {o1,...,0,}\S. In
addition, let ST :={o € S : o1 = 10} be the set of the elements of S that commute with
T.

If ST # S, then the braid b := T7Ag is a simple braid such that left(b) = {r} U S™ and
right(b) = 5.

Proof. Since T ¢ S = left(Ag), Lemma 2.16 proves that b € S.

It is clear that {7} U S™ < left(b) < {7} U S. Moreover, if o € S N left(b), let m be
the integer such that Ay, -y = [0, 7]™. We have 1[0, 7] = A,y <¢ b = TAg, whence
[o,7]™ ! <, Ag. Since 7 is not a factor of Ag, this proves that m = 2, i.e. that o € S”.
Hence, we have left(b) = {7} U S".

It is also clear that S < right(b) < {7} U S. Moreover, since left(b) < {7} U S, we
know that b is a proper divisor of Ay s, whence right(b) & {7} U S. This proves that
right(b) = 5. O

IThe systematic study of the monoids with at most 7 generators suggests that the bilateral Garside
automaton is ezactly the intersection or the left and right Garside acceptor automata, from which the
state {01, ...,0,} has been deleted.
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Proposition 5.21.

Let A* be an irreducible Artin—Tits monoid of spherical type, and let G,y be the bilateral
Garside automaton of A™. The graph Ggay is connected. Moreover, for all vertices P and
Q of Ggar, there exists a bilateral Garside path of length ® from P to @), where ® is the
diameter of Ggar.

Proof. Consider some set P € V, and consider the Coxeter diagram G of the Cox-
eter group W associated with the braid monoid A*, i.e. the graph with set of vertices
{o1,...,0,} and set of edges {(0,T) : 0T # To}. Since W is irreducible, the graph G must
be connected. In addition, we denote by dg(s,t) the distance between the nodes s and ¢
in G.

We identify hereafter P with a set of vertices of G. Let ¢(P) be the number of
connected components of P, and let d(P) := >, _p0g(01,5). We prove now that P is
connected to {o1} in Ggpy.

1. If d(P) = 0, then P = {01} is obviously connected to itself.

2. If ¢(P) = |P| and d(P) > 0, the set P is independent and contains some vertex
v # 01. Let sq, $1, ..., S, be a path in G such that sy = 01, s, = v and k = dg (01, v).
Since P is independent, the vertex s;_; does not belong to P. Hence, consider the
set @ = {sp_1} u{te P:dg(t,sk_1) = 2}.

Lemma 5.20 states that the simple braid b := s,_1Ap satisfies left(b) = @ and
right(b) = P. By construction, the set @ is independent, whence ¢(Q) = |Q)|.
Finally, observe that

d(P)—d(Q) = Z Lig(tsr)=10G (01, 1) =ba (01, k1) = 0g(01,v) =g (01, Sp—1) = 1.

teP

Hence, an immediate induction on d(P) shows that P is connected to {1} in Gga,.

3. If ¢(P) < |P|, then consider some connected component S of P with cardinality

|S| = 2, and 7 be some neighbour of S in G. In addition, let k£ and ¢ be the respective
cardinalities of the sets {s € P : dg(7,s) = 1} and {s € P : dg(1,s) = 1 and Vt €
P,0c(s,t) # 1}. Note that, since |S| = 2, we have k > ¢. In addition, consider the
set @ :={r}u{seP:dg(s,T) =2}
Lemma 5.20 states that the simple braid b := 7Ap satisfies left(b) = @ and
right(b) = P. Moreover, note that ¢(Q) = ¢(P) + 1 — ¢ and that |Q| = |P|+ 1 —k,
whence |Q]—¢(Q) < |P|—c¢(P). Hence, an immediate induction on |P|—¢(P) shows
that P is connected to {01} in Ggpy.

This proves that the bilateral Garside automaton Gy, is indeed connected. The last part

of Proposition 5.21 comes from the fact that, for each proper subset P of {oy,...,0,},
the braid Ap satisfies left(Ap) = right(Ap) = P, which shows that G,,, contains a loop
around the node P. O

The proof of Proposition 5.21 even provides us with the crude upper bound ® <
2(n? +n). In Chapter 6, we compute explicitly the value of the diameter ® for all Artin—
Tits monoids of spherical type A*. In particular, we show that we have in fact © < 4 in
all cases, which provides us an upper bound on D regardless of the value of n.
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5.2.2 Blocking patterns

Let us now define a notion of blocking pattern analogous to the above notion of blocking
heap, and that is a variant of the blocking braids introduced by Caruso and Wiest [26]:
Proposition 5.21 will be helpful for proving that blocking patterns actually exist. Note
that, in the literature of braids, the notion of “blocking” may have had several meanings,
depending on the context. For instance, our blocking braids are not related to the blocked-
braid groups of Maglia, Sabadini and Walters [73|, to the blocked punctures used by
Gonzalez-Meneses and Wiest in [59], nor to the separator braids of Fromentin [50].

They are, however, somehow related to barriers of Fromentin [52]. A barrier is, in
the context of dual braid monoids [15] and of the cycling normal form, a braid o meant
to prevent certain pseudo-commutations of the type Sa = a7y. Then, in [26], blocking
braids are meant to prevent similar pseudo-commutations, in the context of standard
braid monoids and of the (left) Garside normal form. Below, we modify this latter notion
of blocking braid, by preventing pseudo-commutations in both left and right Garside
normal forms.

Definition 5.22 (Blocking patterns).

Let us place ourselves in an irreducible Artin—Tits monoid of spherical type A+ with n
generators. Let w := wy - ... wy be a A-free, non empty left Garside word. If right(wy,)
has cardinality n — 1, then we say that w is a blockable word.

If w 1s a blockable word, we call w-blocking patterns the words w - X - ¢ where o s an
Artin generator of the monoid A* and where x is a bilateral Garside path of length ©
from right(wy) to {o}. We denote by By the set of all w- or ¢ (w)-blocking patterns.

Finally, we call blocking patterns all the w-blocking patterns, for all blockable words w.

Lemma 5.23.
Let p be a blocking pattern and let a,b € AT be positive braids such that ab is A-free
and that NF,(b) =p. We have |p| =D + 2 and NF,(ab) =sufp,,(p).

Proof. Let w be a blockable word such that p is a w-blocking pattern. It comes immedi-
ately that k = [w| + D + 1> 9 + 2.

Hence, consider the word q := sufg,;(p) and the braid u := abq™!. Since p is
a blocking pattern, the set rig_ht(p_g_Q) has cardinality n — 1. Moreover, A does not
divide ab, hence does not divide u either. It follows that right(p_p_5) < right(u) <
{o1,...,0,}, whence right(u) = right(p_5_2) = left(p_p_1). Therefore, Corollary 2.41
states that NF,(ab) = NF,(u) - NF,(q) = NF,(u) - q, which proves Lemma 5.23. O

Lemma 5.24.

Let a,b € A™ be positive braids such that ab is A-free and such that NF,(b) can be
factored into a product NFy(b) = by - p - by, where p is a blocking pattern. We have
NF,(ab) =b,. Similarly, if NF,.(b) can be factored into a product NF,.(b) = b, - p-b,,
where p is a blocking pattern, then NF,(ab) = b,. B
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Proof. Let X be the rightmost letter of NF,(ab;p), and let o be the rightmost letter of p.
Since ab is A-free, so is ab;p. Therefore, Lemma 5.23 proves that a,(ab;p) = o. Hence,
o = a,(ab;p) =, A >, 1. Since p is a blocking pattern, ¢ is an Artin generator, and thus
o = A. This proves that right(\) = right(c) 2 left(b,), and Corollary 2.38 then states
that NF,(ab;pbs) = NF,(ab;p) - by, which shows the first part of Lemma 5.24.

Then, let us assume that NF,(b) can be factored into a product NF,(b) = b, -p-b,.

Lemma 5.23 proves that NF,(ab;p) =sufgp1(p), hence that NF, (ab) =sufg,1(p) - b,,
which completes the proof. O

Corollary 5.25.

Let o be an Artin generator of an irreducible Artin—Tits monoid of spherical type AT,
and let b € A" be a positive braid such that NF,(b) can be factored into a product
NF,(b) = b, - p-b,, where p is a blocking pattern. We have NF,(ob) =>b,.

Proof. Since ¢ leaves the set of Artin generators invariant and since p is A-free (as

is every blocking pattern), we may assume, without loss of generality, that NF,(b) is
A-free.

Let A be the leftmost letter of b, -p. If oA = A, then NF,(ob) is obtained by dropping
the first letter of NF,(b), hence b, is a suffix of NF,(ob). If oA # A, then ob is A-free,
hence Lemma 5.24 applies and proves the result as well. O

Definition 5.26 (Flags).

Let A" be an irreducible Artin—Tits monoid of spherical type. Let w be a left Garside
word, let b € AT be a positive braid, and let by - ... b, = b_j ... - b_y be the left
Garside normal form of b. We call w-flags of the braid b the integers i € Z such that
W = b ... biyjw—1. We denote by F,(b) the set of all positive w-flags of b, and we
denote by Fy(b) the set of all negative w-flags of b. In addition, we denote by fy(b) the
cardinality of both sets F(b) and Fg(b).

We then extend the notion of flags to sets. If Q is a set of A-free left Garside words, and §2-
flag is a w-flag for some word w € Q. We define similarly the sets F§(b) = (Jyeq Fu (D)
and Fo(b) = Uyeq Fw(b), and we denote by fo(b) the cardinality of the sets Fi(b) and
F(b).

Lemma 5.27.
Let a,b € A™ be positive braids such that ab is A-free, and let p be a blocking pattern.
We have fp(a) < fp(ab) + D + 1 and fp(b) < fp(ab) + |p|.

Proof. We first prove that fy(a) < fp(ab) +© + 1. If fp(a) = 0, then the result holds
obviously. However, if f,(a) > 1, let us factor NF(a) into a product NF(a) = a, - p-a,
such that a, is as long as possible.

Let q := sufp1(p) be the suffix of p of length ® + 1. In addition, consider the braids
d := a;pq ' and e := ga,b. Since p is a blocking pattern, we know that left(p_p_;) has
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cardinality n — 2. Moreover, since ab is A-free, so is e, so that left(p_o_1) < left(e) <
{o1,...,0,}. Tt follows that left(e) = left(p_p_1) = right(p_o_»).

Since NF,(d) is obtained by removing the D +1 rightmost letters of a, -p, we know that
P_p_ is the rightmost letter of NF(d). Therefore, Corollary 2.41 states that NF,(ab) =
NF,(d) - NF,(e). It follows that f,(ab) > jp(d) = fp(aip) — (D + 1) = fp(a) — (D + 1),
by maximality of a;. ; ;

We prove now that f,(b) < fp(ab) + |p|. If fp(b) = 0, then again the result holds.
However, if f,(b) > 1, let us factor NFy(b) as a product NF,(b) = b, - p - b, such that
b, is as long as possible. Lemma 5.24 states that b, is a suffix of NF,(ab). Moreover,
b, is obtained by removing the |p| leftmost letters of p - b,. Hence, f,(ab) > fp(bs) >
fﬁ(pbg) —|pl = fg( ) — |p|, by maximality of b,. O

Lemma 5.28.
Let a,b e A" be positive braids such that ab is A-free. We have fp(ab) < fp(a) + fp(b) +

pl. - -

Proof. We proceed by induction on [NF,(b)|. First, if b = 1, then the result is obvious.
Henceforth, we assume that |[NF,(b)| > 1.

Let A be the leftmost letter of NF,(b). We factor NF,(a);) into a product a, - p - a,
such that a; is as long as possible. Consider the braid q := a;p. By maximality of a,
we have f,(q) = fp(a\y). Moreover, the rightmost letter of p is an Artin generator, let
us say o,. According to Lemma 5.23, we know that o, = a,(q) and that right(o,) =

right(q) = {o.}.

Now, assume that a; = 1. Then, 0, = a,.(q) = a.(a\,) =, Ay >, 1, and therefore
Ay = 0y is the rightmost letter of a; - p = NF o(aXy). Since N\, is also the leftmost
letter of NFy(b), Corollary 2.41 states that NF,(ab) = NF,(a) - NF,(b). It follows that

fo(ab) < fp(a) + fp(b) + [p].

Then, assume that, on the contrary, as # 1, and let p be the leftmost letter of
NF,(ap). It follows from the relations 5 < left(p) < left(ay) < right(c,) = {0,} that
left(p) = {o,} = right(q). Hence, Corollary 2.41 proves that a,(qaz) = «a.(as), and
consequently ay >, a,(as) = a,(qag) = a,(a\y) =, \». Therefore, as)\, ' belongs to A+,
and left(ag), ') < left(ay) < right(o,).

Again, Corollary 2.41 states that NFy(a) = NF,(qag)\, ') = NF,(q) - NFy(ag)\, '),
and therefore fp(aly) = fp(q) < fp( a). Moreover, note that NF,(\;'b) is a suffix of
NF;(b), and therefore that f5(A, 'b) < fp(b). By induction hypothesis, it follows that

fg(ab) = fg(a)\b)\b_lb) < fg(a)‘b) + fg()‘b_lb) + |E| < fg(a) + fg(b) + |B|

Proposition 5.29.
Consider an irreducible Artin—Tits monoid of spherical type AT. Let a,b € A" be two
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positive braids, and let w be a blockable word. We have

fs, (ab) < fp, (a) + fs, (b) + 2/S|°*' (2|w| + 3D + 3).

Proof. Let u be the largest integer such that ab > A". Lemma 2.52 states that there
exists positive braids a’,a”,b’,b” € A* such that a = a’a”, b = b’b” and a"b’ = A,
Therefore, {5, (ab) = fz, (A"¢}4 (a")b") = fz, (¥4 (a’)b"), and ox(a’)b” is A-free.

In addition, observe that each w-blocking pattern is a product w-p or ¢a(w)-p, where
Ip| = © + 1. Therefore, there exist at most 2|S|®*! w-blocking patterns. In addition, by
construction, the set B,, is closed under ¢a. Hence, Lemmas 5.27 and 5.28 prove that

s (@b) = fu, (64(a)D") = 3 fp(da@)b) < 3, (p(@a(@) + jo(b") + Ip])

PeBw PeEBw

< > (fpla'a’) + Fp(b'D") + D + 2/p| + 1)

pPEBw pPeBw
fBw (@) + fB,, (b) + |Bw|(2|lw| + 3D + 3)
5., (b) + 2|S[°T (2|w| + 3D + 3).
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5.3 Stabilisation of the Random Walk

5.3.1 First Results

Let p be a probability measure over the set {oy,...,0,}, finite support, such that the
real constant min p := u(o;) is positive.

Definition 5.30 (Left random walk).

Let (Yi)gso be i.i.d. random variables distributed with law p. The left random walk with
step-distribution p is the sequence X = (Xg)r=0 defined by Xo := 1 and Xyy1 = Vi Xy
for k=0

When the probability measure p is implicit from the context, we simply say that X is
a left random walk. In addition, since y is assumed to have its range equal to {0y, ..., 0,},
we may also reuse the terminology of Section 5.1 and say that X is a left random walk
with Artin steps.

Note that, here and in the sequel of Chapter 5, we always focus on the left random
walk, and not its dual right random walk, which is the random walk usually considered,
and which we mentioned in the introductory chapter of this thesis. The main reason
for focusing here on the left random walk rather than the right random walk is that
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Theorem 5.40 will provide us a convergence result for the left Garside normal form,
which is the usual Garside normal form. Of course, all the results mentioned below can
be instantaneously translated by exchanging the notions of left and right, hence imply
dual results about the right random walk.

First, like in the case of heap monoids, some convergence and divergence results come
quickly.

Proposition 5.31.

Let A be an irreducible Artin—Tits monoid of spherical type with at least 2 generators,
and let (Xg)k=0 be a left random walk in A™ with Artin steps. For all integers i > 1, the
sequences pre;(NF,(Xg))i=0 and suf;(NF,(Xy))i=0 is almost surely convergent, with
limit A -...- A, and the sequence and pre;(NF,.(Xy))k=o is almost surely divergent.

Proof. First, let A(A) be the Artin length of the Garside element A. For all integers
k = 0,if Yiiina)-1... Yy = A’ which happens with probability at least (min p) A
then it follows that pre;(NF,(X,,)) = suf;(NF,(X,,)) = A-...- A for all integers

m =k +i\(A).

Second, since the random walk (X,,).,>0 is transient, there almost surely exists some
integer M > 0 such that pre;(NF,(X})) # 1 whenever k > M. Consider some even inte-
ger k = M. The event &, := {Y}, <, pre;(NF,.(X))} n{3i, {Yk, Yei1} = {04, 0:41}} occurs
with probability at least (min )2, regardless of the values of (Y)ig(x x+13- Consequently,
with probability one, the events & hold for infinitely many integers k € {2,4,6,...}.
When & occurs, then NF,.(X;,0) = (Yii1Yx) - NF,.(X}), hence Y} is a left-divisor
of pre,(NF,(X})) but not of pre,(NF, (X o)), which proves that pre,(NF,(X})) #
pre;(NF, (X 2)). This completes the proof. O

For all integers ¢« > 1, it follows from Lemma 2.37, Proposition 2.49 and Corol-
lary 2.51 that the word pre;(NF,(Xx;1)) is a function of pre,(NF,(X})) and of Yi;.
This shows that the sequence pre;(NF,(X})) is a Markov chain. However, the sequences
suf;(NF,(X})) and pre,(INF, (X)) are not necessarily monotonous (even for i = 1) and
are not Markov chains, hence their behaviour is not so easy to capture.

Example 5.32.

In the braid monoid BJ, assume that the five first terms of (Y3)i=o are os, o1, 09,
o3 and o3, in this order. A direct computation shows that NF,(X,) = NF,.(X,) =
03010901, NFy(X5) = 0103 - 030901, and NF,(X5) = 03 - 03010901. Hence, neither
(suf; (NFy(Xy)))k=o0 nor (pre;(NF,.(Xy)))k=o is non-decreasing. In addition, neither are
they finite-state Markov chains.

The situation is illustrated in Fig. 5.33. As usual, braids, which we read from left to right,
are represented by braid diagrams, which we read from top to bottom. The Garside words
NF,(X;) and NF,.(X}) are represented by braid diagrams cut into several layers, each
layer representing one braid letter of the word NF,(X}) or NF,(X}) Hence, the braid
suf; (NF,(X})) is represented by the bottom layer of the left Garside normal form of Xy,
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and the braid pre,(NF, (X})) is represented by the top layer of the right Garside normal
form of Xj. Both these layers are represented over a gray background.

X, X5 X3 Xy X5
03
. 03 03
Chronological ] ) oy oo ff o
form: o1 o1 o1 o1 o,
IXI 09 | 02 | 02 09 op) g
e
o1 =
o
Left Garside Moy Z; Zﬁ e
normal form: E‘ o1 A |2 ff o) o2 | lsuf; &
XTo2 |02 E o1 o1 o1 e
g.
X103
Right Garside Mo, J gi’ J/ Zi’ Pre:
normal form: Moy o9 o9 02
E! S S S :
IXI 09 |02 o1 o1 | 01 :
Y

Figure 5.33 — Non-monotonic evolution of the Garside normal forms

5.3.2 Density of Garside Words

Below, we study the sequences (suf;(NF,(Xy)))r=0. We begin by introducing the addi-
tional integer A := (2D + 1)A(A). Furthermore, in what follows, we will often consider
words of the form NF,(d(a)), where a is some braid, and § is the natural projection
on the set {x € A*, A? does not divide x}. Hence, we will only write NF(a): NF} is a
variant of the left Garside normal form in the context of the quotient monoid A™/AZ.

Lemma 5.34.

Let A™ be an irreducible Artin—Tits monoid of spherical type, let b € AT be a positive
braid, and let w be a A-free left Garside word. There exists a braid a € AT of Artin
length A + \(w) such that w <t NF9(ab).

Proof. First, let z € {0, 1} be such that §(A*b) is A-free, and consider letters of the words
W =:wy ... w, and NF)(A*b) =: by - ... - b,. We define the sets P = right(w,) (or
P = {0y} if w is the empty word) and @ = left(b;) (or Q@ = {01} if 6(A*b) = 1).

According to Proposition 5.21, there exists bilateral Garside paths s and t of length ©,
respectively from P to {01} and from {o1} to Q. Since A(s) < DA(A) and \(t) < DA(AQ),
the integer y = A — A(s) — A(t) — zA(A) is non-negative.

Hence, consider the braid a = wso{tA*. We obviously have A(a) = A + A\(w), and
Corollary 2.41 proves that NF)(ab) = NF)(ad(b)) = w-s- (01)? - t - NF)(A*b), which
completes the proof. O
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Lemma 5.34 provides us with lower bounds on the probability of finding a given
Garside word in the left Garside normal form of a braid X,, when m is big enough.

Proposition 5.35.

Let A™ be an irreducible Artin—Tits monoid of spherical type with at least 2 generators,
and let (Xi)r=0 be a left random walk in At with Artin steps. Let w be a A-free left Gar-
side word and let m be an integer such that m = A+ \(w). We have P [E<l NF‘;(Xm)] =

)A+)\(

(min g , where min p denotes the positive real constant min; ju(o;).

Proof. Consider the event E := {w < NF(X,,)} and the integer j := m — A — A(w).
For every braid b € A*, Lemma 5.34 states that there exists a braid a suoh that A\(a) =
A + A(w) and w < NF)(ab). Therefore, we have

P[E | X; =b] > P[Y;1...Y; = a| X; = b] > (min )" ™),
whence P[E] > infpea+ P[E | X; = b] = (min p)A W), O

Theorem 5.36.
Let A™ be an irreducible Artin—Tits monoid of spherical type with at least 2 generators,
Let w be a A-free left Garside word, and let (Xi)r=o0 be a left random walk in A with
Artin steps. We have
E[fw (Xk)]
k

lim inf > 0.

k—o0

Proof. First, let X be the leftmost letter of w, or A = ¢ if w is empty. In addition, let x
be a bilateral Garside path from {o;} to left(\), and let y := x - w.

Let j and k be integers such that A + A(y) < j < k— A — 1, and let Z;; :=
Vi 1...Y;. Since X; and Z; are independent, so are the events EJ := {y < NF)(X;)}
and E} := {NF,.(6(Z;x)) = (o1)}. By construction, the random braids Z;; and Xj_;
follow the same law. Therefore, Proposition 5.35 states that P[E!] = (min p)**) and
that P[E]] > (min p)™*!, hence that P[E! A EJ] > (min )2 A®)+1

Let us assume in this paragraph that the event Ej N Ej holds. Let z; - ... 2z, be the
left Garside normal form of Z; ;, and let u > 0 be the integer such that Z;; = A2 8(Zj k).
It follows that NF)(Z; ) = Zpus1 - ... - 2, hence that o = a,.(6(Z;)) = 20 >, 1,
ie. z, = oy. Consequently, Corollary 2.41 applles to the braid 5(Xk) = 5(Z]k)6(X]),
which proves that NF)(X}) = NF)(Z;,) - NF)(X;), and therefore that —|NF)(X;)] is a
(negative) y-flag (and thus a w-flag) of Xj.

We enter now the second step of the proof. Let o; and o; be two generators such that
m;; # 2. The subgroup of A*/A? generated by o7 and 0,030, is isomorphic to a free
group Z * Z. The random walk in the group A*/A? is therefore transient [67, 88, 93], i.e.
there exists a real constant § < 1 such that P[3: > 1,6(X;) = 1] = 6.

Let ¢ be some integer such that ¢ > (2A + A(y) + 1) ln(lil(i;)“)
has ¢ returns in the random walk (X},) if the set {j > i : §(X;) = §(X;)} has cardinality

. We say that an integer ¢



186 5.3. Stabilisation of the Random Walk

q or more. Such an event happens with probability 9, which means that P[j € R,| = 6¢,
where R, is the set of integers ¢ € N with ¢ returns.

For all integers u > 0, consider the sets Z;, := Ei n Ej n {{INF)(X;)| = u} and

={j€{0,...,k} : j € Z;,}. For each j € J,, note that NF)(X;) = suf,(NFI(X})).
Hence, if the elements of 7, are j; < ... < j,, the integers j,..., j,—, must belong to
R,. This proves that |J,\R,| < ¢, and it follows that

k—A—1 k—A-1
J=A+A(y) J=A+A(y)
k—A—1 k—A-1
< , Al .
J=A+A(y) J=A+A(y)
k—A—1
< qly,,z., T Z Licr, NFS (x;)|=u"
J=A+X(y

Furthermore, note that £/ n Ej = UusoZjw and that —u € Fy, whenever | J; ;. Z;., is
satisfied. It follows that

k—A—-1

1
Z l—uEFi(Xk) = Z 1U]<k Zju = a Z Z 1Ij7u o ]'JeRq |NF (X5)|=u

u=0 u=0 uz0 \ j=A+A(y)

1 kA 1 kA

4 DI DIR N IR P B 5 Z i nmg — Lier,);
J=A+A(y) \u=0 u=0 =A+A(y)

hence that

B> S PN -Plic Al

J=A+A(Y)

: 2A+A(y)+1 _ pgq
S (k= 2A — A(y))mins) "
q q

Since ¢ > (2A + A\(y) + 1)1“(1?(?)“), it follows that

E X : 2A+A(y)+ q
lim inf T (X)) > (min 1) —0 > (.
k—o0 k’ q

Corollary 5.37.
Let A™ be an irreducible Artin—Tits monoid of spherical type with at least 2 generators,
and let (Xy)k=0 be a left random walk in A* with Artin steps. Let 2 be a set of A-free
left Garside words. We have
Effo(Xk)]
k

lim inf > 0.
k—oo
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5.3.3 Stabilisation in the Artin—Tits Monoid

Lemma 5.38.
Let A™ be an irreducible Artin—Tits monoid of spherical type with at least 2 generators.
Let w be a A-free left Garside word w. There ezists a blockable word z such that, for all

braids b € A", fg,(b) < 2fw(b).

Proof. 1f w is the empty word, then the blockable word z := ¢, ' A is just fine. Henceforth,

we assume that the word w = wy ... wy is not empty. Using Proposition 5.21, let x and
y be bilateral Garside paths of length D, respectively from right(éa(wy)) to left(w:)
and from right(wy) to {o1,...,0,_2}. The word z := ¢a(W)-x-w -y is a blockable word.

Then, let i be some B,-flag of b, and let p be some z- or ¢ (z)-blocking pattern such
that i is a p-flag. If p is a z-blocking pattern, then i + [w| + D is a w-flag; if p is a
¢ (z)-blocking pattern, then i is a w-flag. Consequently,

fBg(b) = Z 1ing£(b) < Z 1ieF§(b) + 1i+\ﬂ|+©eF§(b) < 22 1ieF§(b) = Qfm(b)~

120 =0 120

Theorem 5.39.

Let A™ be an irreducible Artin—Tits monoid of spherical type with at least 2 generators,
and let (Xg)k=0 be a left random walk in A™ with Artin steps. For each integer k = 0,
let s(k) be the largest common suffiz of all words NF,(X;) such that j = k. In addition,
let w be a A-free left Garside word. Then, liminf ¢ fw(s(k)) is almost surely a positive
constant.

Proof. According to Lemma 5.38, there exists a blockable word z such that fz,(b) <
2fw(b) for all positive braids be A*.

We consider now the random variables qy, := §5,(Xj) + 2|S[°*! + 2|z| + 3D + 3, for
all integers £ > 0. In addition, let S : (Yy,Y1,...) — (Y1,Y5,...) be the shift operator.
Proposition 5.29 states that g, < qi + g¢ 0 S*. Since S is measure-preserving, Kingman
ergodic sub-additive theorem states that % — liminfE [%] almost surely. Moreover,

Corollary 5.37 states that liminf E [fgl(kxk)] > 0, hence that liminf E [gkﬁ] > 0.

Now, consider the positive real constant # = liminfE [%f] In what follows, for all

integers k£ > 0, we denote by 6, the integer [59] We almost surely have 9 — 6, whence
the existence of some integer K > 0 such that q;, = 0, + 2|S[°! + 3|z| + 4D + 4, i.e.

f5,(Xk) = 0, + |2| + D + 1, for all integers k > K.

Then, consider integers k > m > K, and let u and v be respectively the 6,,-th and
(Om + |2 +© + 1)-th largest elements of Fg_(X}). Note that u > v+ [z| +© + 1, and that
|z| +© + 1 is the length of all z-blocking patterns. Therefore, we can factor NF,(X}) into
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//| —

a product NF,(X;) = a-p-a’-q-a”, where p and q are z-blocking patterns, |q-a

//| _

and [p-a’-q-a —.

Corollary 5.25 states that the word a’ - q - a” is a suffix of NF,(X,1), hence that
u is the 6,,-th smallest element of FBE(Xk+1)_~ An immediate induction proves then that
q-a” is a suffix of all words NF,(X}) for & > m. Therefore, q - a” is a suffix of s(k), and
2fw(s(k)) = f5,(s(k)) = fs,(qa”) = 6,,. Since this is true for all integers k > m > K, it

follows that 2fw(s(k)) = 6 > £6, hence that liminf +fw(s(k)) > £ > 0 almost surely. O

We derive the following result from Theorem 5.39.

Theorem 5.40.

Let A be an irreducible Artin—Tits monoid of spherical type with at least 2 generators,
and let (Xg)k=0 be a left random walk in At with Artin steps. Let i = 0 be an integer.
The sequence suf;(NF,(X))r=0 is almost surely ultimately constant, i.e., with probability
one, there exists an integer K = 0 such that suf;(NF,(X})) = suf;(NF,(Xg)) for all
k> K.

Proof. For each integer k > 0, let s(k) be the largest common suffix of all words NF,(X;)
such that j > k. Let £ be the empty word. According to Theorem 5.39, there almost surely
exists a real constant § > 0 such that liminf f.(s(k)) > 6. Since f.(s(k)) < [s(k)], this
proves that |s(k)| — +oo. O

Theorem 5.40 completes our picture of which prefixes and suffixes of the Garside
normal forms of (X}) have stabilisation properties, which we sum up in Fig. 5.41. Note
that, this time, the results that we obtain are not similar to those in the heap groups and
monoids, since the sequence of words NF,(X})r>o is almost surely prefix-convergent.

Convergence of the words
NF, (X))o | NF,(Xp)im0
prefix- v X
suffix- v v

Figure 5.41 — Convergence of the normal forms of the random walk in the braid monoid

5.3.4 From Artin—Tits Monoids to Groups

In Sections 5.3.1, 5.3.2 and 5.3.3, we considered random walks in the monoid AT, sup-
ported by a probability measure p over the set of generators. We aim now at translat-
ing those results in the context of random walks in the monoid A* (or the group A),
supported by any probability measure g with finite first moment, and whose support
generates the whole monoid (or the whole group).
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We begin with variants of Corollary 5.25 and of Theorem 5.40.

Corollary 5.42.

Let A" be an irreducible Artin—Tits monoid of spherical type with at least 2 generators. Let
w be a blockable word, let b,c € AT be two positive braids, and let k be the Artin length of
the braid b. Let us assume that we can write NF,(c) as a product a, ‘P 3y AP A,
where each sub-word p, is a blocking pattern. We have NF,(bc) =a,_ ;.

Proof. Corollary 5.25 implies Corollary 5.42 when k£ = 1. An immediate induction on k
completes the proof. O

Proposition 5.43.

Let A™ be an irreducible Artin—Tits monoid of spherical type with at least 2 generators.
Let p be a probability measure over A™ with finite first moment such that {oy,...,0,} <
supp(u), and let (Xi)r=o be the left random walk with step-distribution p. For all integers
i =1, the sequence (suf;(NF,(Xy)))rso0 is almost surely ultimately constant.

Proof. The proofs in Sections 5.2, 5.3.2 and Lemma 5.38 still apply. Using Corollary 5.42
instead of Corollary 5.25, we adapt the proof of Theorem 5.39 as follows.

Like in the proof of Theorem 5.39, we have % — @ for some real number ¢ > 0, and
have fixed some words w and z. We define now the real number \ := m and the
events £y = {A(Yy) = Ak}, for k > 0. Since Y, P[L}] < (1+ A7) EL[ANX)] < 400,
Borel-Cantelli theorem states that there almost surely exists some integer L > 0 such
that none of the events (£})g=r, holds.

Since % — @, there exists some integer K > L such that fz,(Xz) > 20, for all
integers k > K, where O, := [%k] + 2+ ® + 1. Consider integers k > m > K, and let
u and v be respectively the ©,,-th and 20;-th largest elements of Fy (X). Note that
uzv+0r v+ (+D+1D)Mk+1) = v+ (2 + D+ 1)(A(Y,) + 1) and that |z| + D + 1
is the length of all z-blocking patterns.

Since £ does not hold, we have A(Y;) < Ak, and we can therefore factor NF,(X}) into
a product NF,(X}) = a;°p,-as-.. 'a,\(Yk)+1'P/\(Yk)H@A(Yk)na where |PA Yi)+1 BAY) +2| =
—u, [P, 8y ... @(y,)42| = —v and each p_is a z-blocking pattern. Hence Corollary 5.42
states that E)\(Yk)-i-l ay(y;)42 15 a suffix of NF(Xj11), hence of all words NF,(X},) for

k = m. From this, we conclude that liminf {fs,(s(k)) = & and that liminf {fu(s(k)) >
% > 0 almost surely.

In particular, the case where w is the empty word implies Proposition 5.43. O

Theorem 5.44.

Let A™ be an irreducible Artin—Tits monoid of spherical type with at least 2 generators.
Let 11 be a probability measure over A with finite first moment such that supp(u) generates
A as a monoid, and let (Xy)k=o be the left random walk with step-distribution p. For all
integers i = 1, the sequence (suf;(INFy(Xy)))r=0 is almost surely ultimately constant.
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Proof. First, we leave the context of random walks in the monoid A" to focus on random
walks in the quotient monoid A+ /AZ. This step is straightforward: we just need to identify
the left Garside normal form of a positive braid b € A" with the left Garside normal

form of the braid 6(b).

Second, we consider probability measures p on AT/A? with finite moment and such
that supp(u) generates the whole monoid A*/A? Indeed, let K be a positive integer
such that each braid o; is a product of at most K elements of supp(u). Then, for each
integer @ € {1,...,n}, consider the stopping time 7; := min{k : Y, = o;}. We also
consider the stopping time 7 := min{K, 7,72, ...,T,_1} and the convolution power p*".
The probability measure ;*7 has a finite first moment and {074, ..., 0,} < supp(u*7), hence
Proposition 5.43 applies to the random walk supported by p*7 in the monoid AT/AZ2
Then, since 7 is a bounded stopping time and since p has a finite first moment, the
arguments used in the end of the proof Proposition 5.43 help us generalise Proposition 5.43
to the random walk supported by the distribution p itself.

Finally, and since A*/A? and A/A? are isomorphic groups, we step back from a ran-
dom walk in A*/A? to a random walk in A itself, and consider probability measures
on A such that p has a finite first moment and supp(u) is generates the monoid A itself.
Indeed, we just proved that arbitrarily long suffixes of NFg(X x) have a stabilisation prop-
erty. Since such suffixes are also suffixes of NF,(X}), we obtain precisely Theorem 5.44.
O

Variants of Theorem 5.44 also apply for different normal forms, e.g. the symmetric
Garside normal form. Indeed, for each integer £ > 0, let u; be the infimum of the braid
Xk, i.e. the smallest integer such that A~“* X} belongs to A*. According to [88], there
exists real constants § and «y (with v > 0), that depend on the distribution y, and such

&
that the limits % — § and NELXE)

. - — ~ almost surely hold.

If § > 0, then, almost surely, all but finitely many values of the random walk (X} )x=0
will be positive braids, i.e. belong to A™. In such a case, we only have to consider the
standard left Garside normal form on positive braids. However, if § < 0, then, almost
surely, infinitely many values of the random walk (X})g>o are not positive braids.

If —v <9 < 0, then, almost surely, all but finitely many of the braids X, have a non-
empty positive part, whose length almost surely grows at a rate 6 — . This proves that
the suffixes of NF:ym(Xk) have a stabilisation property. If 6 < —~, then, almost surely,
all but finitely many of the braids X} are negative, i.e inverses of positive braids, and
therefore have an empty positive part. Then, the words NFs_ym(X ) begin with prefixes of
the form A-...- A, whose length L; almost surely grows at a rate —y —§. These prefixes
are followed by subwords w, whose length grows at a positive rate, and such that qﬁi’“ (W)

has a stabilisation property.

Finally, if 6 = —~, then, almost surely, infinitely many of the braids X, have a
non-empty positive part, and infinitely many have an empty positive part. Therefore,
the suffixes of NF_, (X}) and the prefixes of NF_, (X}) certainly have no stabilisation

sym



Chapter 5. Random Walks in Braid Groups Converge 191

property, even up to applying the conjugation morphism ¢a.

5.3.5 Deleting Occurrences of A

Proposition 5.31 proves that, for all integers i > 1, both sequences pre,(INF,(Xx))i=o0
and suf;(NF, (X}))r=0 must almost surely converge towards the word A -...- A. Hence,
we might informally describe the situation by saying that, when studying the asymptotic
behaviour of the sequences pre;(NFy(X;))r=o and suf;(NF,.(X}))r=0, we are “blinded”
by the occurrences of A. Although counting these occurrences of A would provide some
relevant information about the sequences NF (X} )r>0 and NF,.(X})r>0, the presence of
A letters obfuscates all informations that might be contained in the leftmost part of the
words NF,(Xy) or in the rightmost part of NF, (X}). Consequently, it is tempting to
consider the words NF,(X}) from which occurrences of A have been deleted. This gives

rise to the notion of A-free Garside normal form, which is analogous to the words NF)
defined above.

Definition 5.45 (A-free Garside normal forms in the braid group A).

Let A™ be an Artin—Tits monoid of spherical type. Let a € A be a braid. There exists an
integer inf(a) € Z and a A-free, positive braid a € At such that a = aA™®) The A-free
left. Garside normal form of a is defined as the word NF2(a) := NF,(a), and the A-free
right Garside normal form of a is defined as the word NF2(a) := NF,.(a).

Considering the A-free Garside normal forms instead on the usual Garside normal
forms consists in moving from the group A to the quotient space (A)/A. Note that this
quotient space is itself a group if and only if A belongs to the centre of A. In this new
framework, the above study of the random walk in the braid group and monoid has direct
implications. For the sake of simplicity, we step back here to the case where p has range
{o1,...,0,}. Using the same process as in the above section, we might easily generalise
these results to the case where p has finite first moment.

Proposition 5.46.

Let A™ be an irreducible Artin—Tits monoid of spherical type with at least 2 generators,
and let (Xg)k=o0 be a left random walk in AT with Artin steps. For all integers i > 1, the
sequences pre;(NF2 (X)) i=o and pre;(NF2(X)))i=o are almost surely divergent.

Proof. Tt follows immediately from Proposition 5.35 that both sets €; := {k = 0 :
oy < NF2(Xp)} and Qy := {k = 0 : 0, <« NF2(X})} are almost surely infinite, which
proves that pre,(NF2 (X))o is almost surely divergent.

Furthermore, since pre,(NF2(X})) is a left-divisor of pre;(NF2(X})) for all k > 0,
it also follows that pre,(NF2(Xy)) = o1 when k € Q; and that pre,(NF2(X})) = oy
when k € €, which proves that pre;(NF2(X}))i=o is almost surely divergent too. O

Proposition 5.47.
Let A* be an irreducible Artin—Tits monoid of spherical type with at least 2 generators,
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and let (Xg)k=0 be a left random walk in AT with Artin steps. For all integers i > 1, the
sequences suf;(INF2 (X)) =0 and suf;(NF2(X,))iso are almost surely convergent.

Proof. First, since the random walk (X})z>o in the quotient group A/A? is transient,
we know that |NF2(X,)| — 4o almost surely. Moreover, if |[NF2(X,)| > i, then
suf;(NF2 (X)) = suf;(NF;(X})), hence the convergence of suf;(NF2 (X))r=o follows
from Theorem 5.40.

Second, Theorem 5.39 proves that f.(s(k)) — +oo almost surely, where £ denotes
the empty word. Consequently, it follows from the second part of Lemma 5.24 that the
sequence suf;(NF2(X}))g=o converges almost surely. O

Propositions 5.46 and 5.47 provide us with a different situation, which we sum up in
Fig. 5.48. Observe that this situation is different from that of standard Garside normal
forms, and analogous to that of heap monoids and groups.

Convergence of the words
NF (Xi)i=o | NF2(Xp)rs0
prefix- X X
suffix- v v

Figure 5.48 — Convergence of the A-free normal forms of the random walk in the braid
monoid

5.4 The Limit of the Random Walk

5.4.1 The Limit as a Markov Process

In what follows, we consider a probability measure p over the quotient group A*/AZ%
with finite first moment, and such that supp(u) generates (positively) the whole group
AT /A2 We will say that a left random walk X with step-distribution yu is a left random
walk with finite first moment on A + /A% Moreover, if supp(u) is finite, then we say that
X is a left random walk with bounded steps on AT /A?. In addition, we also consider the
stopping time 7 and the convolution power p*” introduced in the proof of Theorem 5.44,
such that {o1,...,0,} < supp(p*7).

Definition 5.49 (Stable limit).
Let A* be an irreducible Artin—Tits monoid of spherical type, and let X = (Xy)p=0 be
a left random walk with finite first moment on A /A?. We call stable limit of X the
left-infinite word lim(X) = ... - w_o - w_y such that

Vi>1,3j = 0,Vk = j,lim(X) = suf;(NF,(X})),

if such a word exists (which almost surely happens).
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Note that, following the proof of Theorem 5.44, the left-random walks associated with
the probability measures p and p*” almost surely have the same stable limit. Henceforth,
we assume that g = p*7, i.e. that {oy,...,0,} < supp(p).

In what follows, we will also consider “shifted” left-random walks associated with pu, of
the form (X (X,) ')e=x, where x is some non-negative integer. We denote such a random
walk by K(H), and denote by 75:”) the braid X (X,)™!. In particular, we have X = X

=)
and X = X .

Lemma 5.50.
Let A™ be an irreducible Artin—Tits monoid of spherical type, and let s and t be two

proper simple braids, i.e. two elements of S° = {x € A" : 1 <, x <, A}. There exists a
braid asy of Artin length A such that right(s) = left(asy) and NF,(ag) =>t.

Proof. According to Proposition 5.21, there exists bilateral Garside paths u and v of
length ©, respectively from right(s) to {0y} and from {oy} to left(t). Since A = (20 +
1)A(A), the integer y = A — A(u) — A(v) — A(t) is non-negative. Hence, the braid asy :=
uoivt is a braid of Artin length A(as¢) = A such that NF(as¢) = u- (01)? - v - t, which
completes the proof. O

Proposition 5.51.

Let A* be an irreducible Artin—Tits monoid of spherical type, and let X = (Xi)r=0 be a
left random walk with finite first moment on A™/A?. Let p be the step-distribution of X,
and let lim(X) be the stable limit of X. For all braids s € §°, we have P[lim(X) =>s] >
(min ).

Proof. Let t € §° be the rightmost letter of lim(X(A)), and let s € §° be an arbitrary
proper simple braid. If X = a;g, then lim(X) = lim(X(A)) -NFy(ats) =s. Since X, is
independent of the random walk X(A), hence of lim(X(A)), it follows that

Plim(X)=s] > > PLmX™) et Xy = age] = 3 Plim(X™Y) = t]P[X, = ag,]

teS°© teSe
> Z P[Iim(X(A)) > t](min ) = (min p)*.
teSe

Definition 5.52 (Stretched integer, suffix time, witness time and witness word).
Let A* be an irreducible Artin—Tits monoid of spherical type, and let X = (Xi)r=0 be a
left random walk with finite first moment on AT /A2,

We say that an integer k = 1 1is stretched in X if, for all integers 7 < k, the word
NFJ(X}) is not a suffiv of NF(X;). If, in addition, the word NF)(Xy) is a suffiv of
lim(X), then we say that k is a suffix time of X.



194 5.4. The Limit of the Random Walk

We call witness time of X each integer k that is stretched in X and such that lim(X) =
s - NF(X}), where s is the rightmost letter of lim(X). We also denote by Wx the set of
witness times for X, and by wy, the k-th smallest element of Wx (if [Wx| = k).

Finally, we call witness words of X the word lim(X) itself and the words NF(X,) such
that k is a witness time for X.

Proposition 5.53.

Let A* be an irreducible Artin—Tits monoid of spherical type, and let X = (Xi)r=0 be a
left random walk with finite first moment on AT /A?. Let s be an element of 8°, and let
x be the smallest witness word of X. We denote by Eg the event {lim(X) = s}.

The random variables (x | Es n {w; < +0}) and (im(X)x™! | BEs n {w; < +o0}) are
independent, and the random variables (Iim(X) | Es) and (lim(X)x ™! | Es n {w; < +o0})
are identically distributed.

The random variables ({w; — w1}is2 | Bs N {w1 < +0}) and (w1 | Es N {wy < +o0}) are
independent, and the random variables ({w;}is1 | Es) and ({w; —wi }is2 | Bs n{w < 4+0})
are identically distributed.

Proof. For all integers k > 0, the event Eg n {w; = k} holds if and only if:

e the braid s is the last letter of the word lim(f(k));
e we have both left(5(X})) € right(s) and NF(X;) =s;

e the integer k is stretched in X and, for all integers j € {1,...,k — 1} that are
stretched in X, the word s - NF)(X;) is not a suffix of s - NF)(X}).

Hence, the variable (X(wl) | Es n {w; < +00}) is independent of ((X;)o<j<w, | Bs N {wr <

+00}). Moreover, it also follows that (K(wl) | Es n {wy < +0}) follows the same law as
(X | E5). This completes the proof. O

It follows directly from Proposition 5.53 that the random variable lim(X) can be
described as a Markov process.

Definition 5.54 (Stable Markov process).
Let A" be an irreducible Artin—Tits monoid of spherical type, and let X = (Xi)r=0 be a
left random walk with finite first moment on A™*/A?.

Let us first choose a simple braid s € S° with probability s — P[lim(X) =s]. Then, for
each integer k = 1, we choose a (finite or infinite) braid word x,, with probability

P[x, is the smallest witness word of X | lim(X) = s].

Finally, we denote by x,, the product ... - X, - X,, where the product is infinite if every
word x;, is finite, or ends with the first infinite word x, we choose.

The random variable x,, is called the stable Markov process for the law .
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Corollary 5.55.

Let A™ be an irreducible Artin—Tits monoid of spherical type, and let X = (Xi)p=0 be
a left random walk with finite first moment on A™/A?. The stable limit lim(X) and the
stable Markov process x,, are identically distributed.

5.4.2 The Stable Markov Process is Infinite

We aim now at proving that the factorisation x,, = ... x, - x; of the stable Markov
process contains infinitely many factors of finite expected length.

Lemma 5.56.

Let A* be an irreducible Artin—Tits monoid of spherical type, and let X = (Xi)r=0 be a
left random walk with finite first moment on AT/A?. Let k be a suffix time of X, and let
k' be some integer such that k' > k. The integer k' is a suffix time of X if and only if

k' — k is a suffiz time of the shifted random walk x*

Proof. Since k is a suffix time of X, it follows that lim(X) = lim(x(k)) -NF)(X}).

Let us first assume that &’ is a suffix time of X. The word NFJ(X,) must be a suffix
of NF)(X}), hence we can factor NFS(Xy) as the product NF)(Xy) = NFZ(Y,(;C)) :

NFJ(X},), and therefore

lim(X™) - NF!(X,) = lim(X) = NF(X,,) = NFS(X W) - NF (X)),

which proves that NF) (7,(!?)) is a suffix of lim(i(k)).

In addition, consider some integer j € {k,...,k'} such that NF?} (Yg-k)) > NF) (7,(5))
Since

~—(k ——(k
NF}(X,) = NF}(X;") - NF}(X,) = NF}(X}))) - NF}(X,) = NF}(X,),
it follows that j = k’. This proves that k' — k is stretched in the random walk X(k), and

therefore is a suffix time of Y(k).

Conversely, let us assume that &' — k is a suffix time of the shifted random walk
X™. Since NFI(X\) is a suffix of im(X'"), it follows that NFS(X 1) - NFJ(X}) is a

left Garside word, and therefore that NF)(X) = NF‘Z(Y,(JT)) - NF)(X},) is a suffix of

lim(X) = im(X") - NFS(X},).

Moreover, consider some integer j € {0, ..., k'}. If j < k, then NFJ(X}) is not a suffix
of NFJ(X;), hence neither is NF)(X,). If k < j < ¥ and if NF)(X}) is a suffix of
NFJ(X;), then NF(X}) is a suffix of NF)(X;) too. Hence, we can factor NF)(X;) as
the product

—(k ~(k
NF2(X;) = NF)(X\)) . NFJ(X,) &= NF}(X) = NF)(Xy) - NFJ(Xy),
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and therefore NF‘g(Y,(f)) is a suffix of NF?(Y;IC)). It follows that j = k', which shows
that &' is a suffix time of X. O

Corollary 5.57.

Let A* be an irreducible Artin—Tits monoid of spherical type, and let X = (Xi)r=0 be a
left random walk with finite first moment on A*/A?. Let k be a witness time of X, and
let k' be some integer such that k' > k. The integer k' is a witness time of X if and only

if k' — k is a witness time of the shifted random walk x*

Proof. If k' is a witness time of X, then

lim(X™) - NFS(X,) = im(X) =s - NFJ(X,) = s - NFS (X)) NF (X)),

hence lim(X(k)) >S - NF‘E(Y,(CIT)), and &' —  is a witness time of X .

Conversely, if &' — k is a witness time of X(k), then NF) (7,(5)) > s, hence

lim(X) = im(X") - NF3(X,) =s - NFS(X ) - NFJ(X;) = s - NFJ(Xp),

and k' is a witness time of X. O

Corollary 5.58.
Let A" be an irreducible Artin—Tits monoid of spherical type, and let X = (Xi)r=0 be a
left random walk with finite first moment on A™*/A?.

Let us define wy, and let wi < wy < ... be the witness times of X. In addition, for all
integers k = 1, consider the word x, := NF‘;(YS‘:’“%)). The (finite or infinite product)

Xy - Xy 1S equal to im(X), and for each integer k = 1, the word x,, is the smallest

witness word of the shifted random walk X wy,_1.

Lemma 5.59.
For all braids a € AT and o € {o1,...,0,}, we have A(d(a)) — 2A(A) < A(d(a0)) <
A(0(a)) + 1 and A(d(a)) —2M(A) < A(d(ca)) < A(d(a)) + 1.

Proof. Consider the A-free braid b € A* and the integer z € {0, 1} such that d(a) = bAZ.
We define 7 := ¢4 (o), which yields the equality é(ac) = §(bTA?).

If br >, A, then b >, A7~!. Hence, defining ¢ := brA™!, we know that c is A-
free and that §(ac) = d(cA*™!), which proves that A(d(ac)) = A(c) = A(b) — A(A) >
A(6(a)) — 2A(A). However, if bt is A-free, then §(ac) = brA* and therefore we also
have A(d(ac)) = A(bTA*) = A(b) = A(d(a)) —2A(A). The converse inequality A(d(ac)) <
A(6(a)) + 1 is immediate.

An analogous argument shows that A(d(a)) — 2A(A) < A\(0(ca)) < A(d(a))+ 1. O
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Proposition 5.60.
Let A* be an irreducible Artin—Tits monoid of spherical type, and let X = (X )k=0 be a
left random walk with finite first moment on A*/A2.

For all braids s € §°, we have E[[Wx| | im(X) =s] = +00. Moreover, if X has bounded
steps, then liminfy_, o tE[[Wx 1 {0,...,k}| | lim(X) =s] > 0.

Proof Let k = 0 be some integer, and let Ej be the event {Vj € {0,..., k}, )\(5(7?))) >

MO(X j ))} Following Lemma 5.34, there exists a braid a of Artin length A+ 1 such that

(A . . . .
o1 < NF‘g(aX}E3 )). Let a_p_1...a_sa_1 be a factorisation of a into the Artin generators

g;.

Then, let t € S° be the last letter of the word NF?(aY,(fA)). Lemma 5.50 proves
that there exists some braids b and c of Artin length A such that left(b) < right(t),
NF,(b) =s, left(c) < right(s) and NF,(c)>o0y. Let b_ ...b_2b_jand c_5...c_sc_; be

respective factorisations of b and c into Artin generators.

Finally, consider the integer IT := A + 2 + 2(2A + 1)A\(A), as well as the events

F = ﬂ {Y =b_;_ 1} G = ﬂA?:(){YkJrAJri = bez‘fl};
H = ﬂlzl{Yk+2A+z = 01}3 I:= ﬂizl{Yk+H+2A+i = C—z‘} and
J o= {lim(X Yy gy

By construction, the events E,, F, G, H, I and J are independent. It follows, using
Proposition 5.51, that P[Ey n F n G n H n I~ J] = (min p)T3APE].

We prove now that, if the event £y n FF n G n H n I n J is satisfied, then k +

IT + 3A + 1 € Wx. Indeed, it follows from F' n G n H n I that NF?(Xk+H+3A+1) =
c- (o)t NFg(aYg\)) -b =s, where (1) denotes the word with II letters o) in a row.
Since left(c) < right(s) and since lim(X(HHHAH)) =s under the event J, it also follows

that lim(X) = Im(X ") NF (X pamsanst) =8 - NFO(Xmmians)-

Hence, it remains to prove that & + II + 3A + 1 is stretched in X. We do so by
showing that A(0(Xgimisat1)) > A(6(X;)) whenever 0 < j < k+ II+ 3A. We proceed by
distinguishing cases:

o if 0 < j <A, then AM(6(X;)) <j <A

o if A < j < A+ k, then Lemma 5.59 shows that A(§(X;)) < >\(5(7§-7A)) + A <

AO(X), ))
o if Atk <j<2A+k+1, then A(0(X;)) < MG(X™M)) + 24 + 1
o if 2A+k+1<j <IT+3A+k+1, then A(6(X;)) = (j—2A—k—1)+ A (6(Xor+k+1))-

In particular, note that A\(0(Xmisa+x+1)) > 0(X;) whenever 2A+k+1 < j <II+3A+k.



198 5.4. The Limit of the Random Walk

In addition, Lemma 5.59 proves that

AMO(Xgsaths1)) = AMO0(Xoagrs1)) F I+ A
> AGEM) F I+ A —202A + DAA) > AGXM) + 24 + 1,

and therefore that A(0(Xmisatxr1)) > 0(X;) if 0 < j < 2A + k + 1 too. This proves that
k is a witness time in X.

Moreover, remember that the group AT/A? contains a free subgroup and that the
N . (A

distribution g has a finite first moment. Hence, the random walk (§(X ,i )))k>0 has a

positive escape rate. Therefore, there exists positive real constants u and v such that the

event L := {¥k > 0,% < A(3(X}")) > uk} holds with probability v.

If L is true, then Zf:o 1g, > 2132@1)-

SEo1g = A where M := max{A(6(8)) : B € supp(u)}. This shows that SE L PIE] =

2112((51:}1), and that Y*  P[E;] = v if supp(p) is finite. Since

If, in addition, the set supp(u) is finite, then

E[Wx A {0, ..., 7+ 3A+ 1+ k} - Limxyes] = D P[E;nFAGAHANIAJ]

j<k

k
> (min M>H+3A+l Z H’D[Ej],
j=0

Proposition 5.60 follows. O

Theorem 5.61.

Let A* be an irreducible Artin—Tits monoid of spherical type, and let X = (Xi)r=0 be a
left random walk with finite first moment on A*/A2. The random walk X almost surely
has infinitely many witness times. Moreover, if X has bounded steps, then E[w;] < +o0
and E[|x,|] < +oo.

Proof. Consider some braid s € S§°, and let ps denote the probability Plw; = +o0 |
lim(X)>s]. If ps > 0, then it comes immediately that E[|[Wx| | im(X)=>s] = % < 4o,
in contradiction with Proposition 5.60. This proves that W is almost surely infinite.

We assume now that supp(u) is finite. Consider the generating function f : z —
E[z¥* | lim(X) = s]. According to Proposition 5.60, there exists an integer L > 0 and a
real number ¢ > 0 such that E[|[Wx n{0,...,k}| | lim(X) =s]| > gk for all k£ > L. Hence,
for all z € (0,1), we have

—1_1f(z> S —E |1+ Y e hm<X>>s]=1+E[Z Z”hm(X>>S]

i=0 i>1 JEWxX
L
z .
= 1+Zqzk=1+q1 , 1.e.
k=L “
qz"

(1—2)+qzt
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Since f is convex, it follows that f is continuous and differentiable at z = 1, with

ZL .
f(1) = Land f'(1) < ¢'(1), where g : 2 — 5575 It follows that E[w, | lim(X) =s] =
(1) <d) = % < +0, and therefore that E[w;] < +c0. Finally, observe that |x,| <
AMXy,) < Mwy, where M := max{\(3) : 5 € supp(u)}. It follows that E[|x;|] < 4o0. O

5.4.3 FErgodicity

Definition 5.62 (t-witness time and t-witness word).

Let A" be an irreducible Artin—Tits monoid of spherical type, and let X = (Xi)r=0 be a
left random walk with finite first moment on A*/A%. Consider some braid t € S°. We call
t-witness time of X each integer k that is a suffiz time in X and such that t < NF)(X}).
In addition, we denote by WY the set of t-witness times of X.

We also call t-witness words of X the word lim(X) itself and each word NF(X}) where
k is a t-witness time for X.

Lemma 5.63.

Let A" be an irreducible Artin—Tits monoid of spherical type, and let X = (Xi)r=0 be a
left random walk with finite first moment on A™/A?. Let k be a suffiz time in X, and let
k' be some integer such that k' > k. The integer k' is a t-witness time of X if and only

if k' — k is a t-witness time of X%

Proof. Lemma 5.56 indicates that k' is a suffix time in X if and only if &' — k is a suffix
time in X(k). Hence, if either ¥ e Wx or k' — k € Waew), we know that &’ is a suffix time
in X, that & — k is a suffix time in X and that t < NF/(X\) - NFJ(X,) = NF} (X)),
which proves that & is a t-witness time of X and that &' — k is a t-witness time of X ",
|

Proposition 5.64.

Let At be an irreducible Artin—Tits monoid of spherical type with n generators, and
let X = (Xp)r=0 be a left random walk with finite first moment on AT /A?. Moreover,
consider some braid t € §° and some set T < {1,...,n}. Let'y be the smallest t-witness
word of X, let s be the rightmost letter of lim(X), and let By be the event {T < right(s)}.

The word y is almost surely finite. In addition, the random variables (y | Er n {|y| <

+o0}) and (Im(X)y ™ | Er n {|y| < +o}) are independent, and the random variables
(Lm(X) | Eiege()) and Um(X)y ™" | Ep n {|y| < +o0}) are identically distributed.

Furthermore, if X has bounded steps, then E[|y|] < +co.
Proof. Let s € §° be some proper simple braid, and let ... - x, - x; be the factorisation

of lim(X) into witness words of X, i.e. into words x; := NF) (ngi_l)), where wy = 0 and
wp < we < ... are the witness times of X.
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We first prove that E[|y|] < +o0. If s # t, let a and b be shortest bilateral Garside
paths from right(s) to left(t) and from right(t) to left(s). They cannot contain the
letter s. With probability at least P[lim(X) = s](min x)*@P%) we have simultaneously
NF(Xxtbs)) =t -b-s, NFy(Xy(atbs)) =a-t-b-s, and lim(X)=>s-a-t-b-s. In that
case, it follows that x, =a-t-b-s=t-b-s=y.

However, if s = t, then, with probability at least P[lim(X) = s](min x)*®), we have
Xis) = s and lim(X) =>s-s, whence x; =s =y.

Hence, there exists a positive real number ¢ > 0 such that P[x, =y | lim(X) =s] > ¢.
Moreover, consider the random variable a := min{u : x, x1>y}. Foralli > 1, the event

{a =i | a = i} depends only on the shifted random walk X ), hence is independent
from the random variable (X;)o<j<w, ,- Therefore, the variable a is dominated by an
exponential law of parameter 1 — ¢, and therefore a is almost surely finite. Since each
word x; is almost surely finite, the word y itself is almost surely finite.

Moreover, if p has finite support, then Theorem 5.61 states that E[|x,|] < +o0, and
since Efa] < £, it follows that E[[y|] < E[x,| | a = 1]+ (E[a] = DE[[x,| | a > 1] < +<0.

Then, for all integers k > 1, let F} denote the event {k = min W%}. We just proved
that there almost surely exists some integer £k > 1 such that Fj holds. Moreover, the
event Ep n F}, holds if and only if:

e there exists some braid s € §° such that lim(i(k)) >s and right(s) 2 left(t);
e there exists some braid u € §° such that NF(X}) = u and right(u) 2 T;

e we have t < NF)(X},);

e the integer k is stretched in X;

e for all integers j € {1,...,k — 1} that are stretched in X, the word NF?(X]-) is not
a suffix of NFJ(X,).

and the random variables (lim(X) | Eje(t)) and (lim(X)x 1| Er n Fy) are identically
distributed. 0

Hence, the random variables (x | Er n F}) and (lim(X)x™! | Er n F},) are independent,

It follows directly from Proposition 5.64 that the random variable lim(X) can be
described as an alternative Markov process.

Definition 5.65 (Alternative stable Markov process).

Let A" be an irreducible Artin—Tits monoid of spherical type, and let X = (Xy)g=o be
a left random walk with finite first moment on AT/A?. Consider the braid to = 1, as
well as a sequence of braids (ty)g=1 chosen independently and uniformly at random in the
set §°. Then, for each integer k = 1, we choose a finite braid word y, with probability
P[Xk is the smallest t-witness word of im(X) | Eres(t, 1)]- Finally, we denote byy  the
product . . Y, Y, where the product is infinite if every word y, 18 finite, or ends with
the first mﬁmte word y, we choose.
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The random variable y, is called alternative stable Markov process for the law p.

Corollary 5.66.

Let A" be an irreducible Artin-Tits monoid of spherical type, and let X = (Xy)g=0 be
a left random walk with finite first moment on A* /A% The stable limit lim(X) and the
alternative stable Markov process y, are tdentically distributed.

Let G,° be the set of left-infinite A-free Garside words. The set G°, equipped with the
product topology, is a compact set. Let E be a Borel subset of G° that is shift-invariant,
i.e. such that F = {...-s3-85:... 83 -8y 81 € E}.

Theorem 5.67.

Let A* be an irreducible Artin—Tits monoid of spherical type, and let X = (Xi)r=0 be a
left random walk with bounded steps on At /A%, The stable limit lim(X) is ergodic, i.e.
Pllim(X) € E] € {0,1} for all shift-invariant Borel subsets E of G.

Proof. For all braids s € §°, let us denote by Wy the set {x : P[x is the smallest s-witness
word of lim(X)] > 0}. We also denote by W the set | J,.s- Ws, by p the positive constant
ﬁ, and by € the empty word. Then, consider the probabilistic graph I" whose
e state space is St := {(£,0,1)} U {(x,k,s) : s € S°,xe W,, 1 < k < |x|};

e initial state is (g,0,1);

e probabilistic transition function 7 : St x St — R is such that

T:((x,k,8),(y, 0, t)) — lifx=ys=tandl=k+1
— p P[y is the smallest t-witness word

of im(X) | Fiete(s)] if & = x| and £ = 1
— (0 otherwise.

Let S := (x®, k® s®), 4 be the sequence of states followed by an infinite run in I". By
construction, and due to Proposition 5.64, each state besides (g, 0, 1) is positive recurrent.
In addition, since o1 € W, , the graph T" is contains a loop around the state (o1, 1, 07)
with positive weight. Hence, I' is aperiodic, and the sequence S follows an ergodic law.

Moreover, let ¢ : WY +s G® be the function such that ¢ : (x@ k@ s@), g — ... -
x%m e a:(jl@) -m(j]l(l), where x(jc(i) denotes the k-th rightmost letter of the word x(.
The random variable ¢(S) also follows an ergodic law, and Corollary 5.66 proves that

lim(X) and ¢(S) follow the same law, which completes the proof. O

5.4.4 Consequences of Ergodicity

From this point on, we assume that the probability distribution p has a finite support,
i.e. we focus on left random walks with bounded steps. In particular, Theorem 5.67
applies. We prove now that all A-free left Garside words appear in the limit lim(X) with
a positive density, and that their rightmost occurrence cannot be very far from the right

end of lim(X).
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Proposition 5.68.

Let A* be an irreducible Artin—Tits monoid of spherical type, and let X = (Xp)r=0
be a left random walk with bounded steps on A*/A% Let a be a A-free left Garside
word, and let da(k) be the density of a factors among the k last letters of lim(X), i.e.
da(k) := [{b: lim(X)=a-b and |b| < k}|. There exists a positive real constant Dy > 0
such that da(k) — D, almost surely.

Proof. Let T" be the graph used in the proof of Theorem 5.67, and let 7 be the (unique)

invariant probability on I'. For each sequence of states S := (x', k", s")o<i<a € S{?‘H, we

denote by I1(S) theproducm( 0 KO SO TR 7((x7, K, 87), (x+1, kit1, s'+1)) and by o(S)
|a

the word =, - .. .-

where

2?5 - x' .. Since T' is an ergodic graph, it follows that da(k) — Da,

D,:= > TIS)>0.
S:p(S)=a

Proposition 5.69.

Let A" be an irreducible Artin—Tits monoid of spherical type, and let X = (Xy)r=o0 be
a left random walk with bounded steps on AT/A%. Let a be a A-free left Garside word,
and let 0, be the depth of the word a in the limit lim(X), i.e. 0, := min{|w| : a<w and
lim(X) =w}. We have E[0,] < +o0.

Proof. Let a_y-... - a_o-a_1 be the letters of the word a. Then, let us focus on the
braids (t;)i>o and words (y )i>1 chosen when bulldlng the alternative Markov process in
Definition 5.65. Finally, consider the set Ly :={k>0:tg = a1 and ty; =
a_; forallie{2,...,0}}.

Yieri =

The random variables 1;cr, are i.i.d. Bernoulli variables whose success probability is
a positive real constant p > 0. It follows that E[min L,| = ]13, hence that

E0a <E[lye-... ] |0€ La] + (E[min La] — DE[|ye - ... 11| | 0 ¢ La] < +00.

In addition, let us define here the notion of penetration distance, mentioned and
studied in [55, 56].

Definition 5.70 (Penetration distance).

Let A™ be an Artin—Tits monoid of spherical type, let w be a A-free (finite or left-infinite)
left Garside word, and let o be an Artin generator of A*. Consider the factorisations of
w into a product w = X -y such that either:

ex=candw=y;
e X is non-empty, y is finite and left(yo) < right(x_;);

e X is non-empty, y is finite and A divides yo.
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The penetration distance of the braid o in the word w, denoted by pd(w, o), is defined
as the smallest possible length of such a suffivy.

Then, we prove variants of [55, Conjecture 3.3|, when considering the distribution of
the stable limit.

Proposition 5.71.

Let A" be an irreducible Artin—Tits monoid of spherical type, and let X = (Xi)r=0 be a
left random walk with bounded steps on AT /A%. The expected penetration distance into
the stable limit of X is uniformly bounded, 1i.e.

Vs € §° E[pd(lim(X),s)] < +oo.

Proof. Let us denote by b the simple braid o;'A. We prove that pd(lim(X),s) < 0y,
Indeed, consider a factorisation of lim(X) into a product a-b - c.

If A divides bcs, it comes immediately that pd(lim(X),s) < |b - c|. However, if
bes is A-free, then {o9,...,0,} = left(b) < left(bcs) < {oy,...,0,}. It follows that
left(bcs) = left(b) < right(a_;), and that pd(lim(X),s) < |b - c|. By choosing the
suffix ¢ to be as small as possible, we complete the proof. O

Corollary 5.72.

Let A™ be an irreducible Artin—Tits monoid of spherical type, and let . be a probability
measure on AT whose range is finite and generates At as a monoid. In addition, let k be
a positive integer, and let i** be the k-th convolution power of . The expected penetration
distance into a braid B chosen according to u** is asymptotically dominated by k, i.e.

1
Vs e S°, EEu*k[pd(NF5<ﬁ), s)] — 0 when k — +0.

Proof. Let X = (X,)u>0 be the left random walk with step-distribution p: the braid Xy
is chosen according to the distribution p**. Moreover, for all k > 1 and s € S8°, consider
the function ¢f : X — tpd(NF;(X}),s). In addition, let s; be the longest common suffix
of NF,(X}) and of lim(X), and let M := max{|NF,(x)| : p(x) > 0}.

By construction of lim(X), we know that sy — 400 almost surely when k — +o0.
Moreover, if s > pd(lim(X),s) + 1, then pd(lim(X),s) = pd(NF,(Xy),s). It follows
that ¢5(X) is almost surely asymptotically equivalent to +pd(lim(X),s), and therefore
that ¢3(X) — 0 almost surely when k& — +o0. Since 0 < ¢} < M, the dominated
convergence theorem proves that tE[pd(NF,(X}),s)] = E[¢5(X)] — 0 when k — +o0,
which completes the proof. O

Note that Corollary 5.72 applies in particular when g is the uniform probability dis-
tribution on the set of generators {oy,...,0,}. Consequently, the expected cost Cj of
computing the Garside normal form of a braid of length %k, whose k factors have been
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chosen uniformly at random one after the other, is asymptotically dominated by k2.
However, instead of only showing that Cj = o(k?), we might have wished to prove that
Cr = O(k). A first possible step towards this result is Corollary 5.73.

Corollary 5.73.

Let A" be an irreducible Artin—Tits monoid of spherical type, and let X = (Xi)r=0 be a
left random walk with bounded steps on AT /A?. Let w; be the i-th smallest witness time
of X. If wy has a finite second moment, i.e. if Elw}] < +o0, then

sup sup E[pd(INF,(X}),s)] < +o0.

seS° k=1

Proof. Let b be the braid o7 !A, and let b-p_p-...-p_; = p be a b-blocking pattern. In
addition, let t be the rightmost letter of lim(X), let u be a bilateral Garside path of length
A that goes from right(p_;) to left(t), and let © denote the integer 2(A +1) = [p-u-t|.

Then, consider the left Garside words (z;);>1 such that NF)(X,,.) =2;-...-z,, and the
integers (; := wie — W(i—1)e, as well as the set P := {i=1:g2 >p-u- t} and the random
variable 6; := 1;cp.

By construction, the random variables (z;, (;, 0;)i>1 are i.i.d variables, and 6; is a non-
zero Bernoulli variable. In addition, since w; has a finite second moment, the random
variable (; = we has a finite second moment too.

Now, let us choose some integer k > 0, and let us define the integer M := max{\(f) :
S € supp(u)}. In addition, consider the smallest 1nteger u = 0 such that w4ne = k, as
well as the integer A, := [P n{1,...,u}| = >, Liep. For each integer i € P n {1,..., u},
the blocking pattern B is a subword of z;. Hence, we factor the word NFg(Xw@u) =

Z, ... % into a product a,-p-a,; -p-...-p-a, , where a, is as short as possible.

An immediate induction shows that, for all j < A,/M, the word a,,; -p-...-p-a,,

is a suffix of NF‘Z(X%GH). Consequently, if M{, < A\, and since 0 < k — wye < Cus1, it
follows that NFJ(X}) >p-a,,, and therefore that pd(Xj,s) < 0.

From this point on, we assume that M{, > \,. Let us define the real numbers U :=
[WJ and V = UE[QI] Moreover, since M{, = A, it follows that either u < U, or

MG, > V,or \y < V. If k> 2E[(3], then 4E[(;|U = k, hence direct computations show
that

UVar((y) < 4Var(¢i)

IP’[u < U] = P[wU@ ] [Cl -+ CU 2UE[C1]] UQE[C ] E[Cl]Qk )

UVar(6h) _ 16Var(6,)E [Cl]

PAy < V] < 2 AL
: EMZE[C?]  64M2E[CE|E[¢ ]
[M¢, > V] < D P[M¢, > V] =kP[MG > V] < Vz[cl] - E[[Hcll]]k [

v=1
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Moreover, we still know that pd(Xy,s) < A(Xx) < Mk. It follows that

E[pd(Xy,s)] < E[0p - Lae,<n,] + 2ME[Cr - Lromey] +

MEE [(]—u<U + Ly, <v + Iyesv)acusa, - 1k>21E[C1]]
< E[op] + 2ME[G] + MEE[1y<y - Lpsomie] +

MEE[1y, <v - Lrsogjey)] + MEE[1y¢,>v - Tisog(c]

< g+ s + HVEG)
16MVar(6,)E[¢] | 64M°E[(F]E[G ]?
E[6,] E[6:] ’
which completes the proof. O

5.4.5 The Stable Suffix Grows Quickly

Provided that both the sequences of words (NF3(X}))i=0 and (s(k))r=o tend to grow
at linear speed, and that each word s(k) is necessarily a suffix of the associated word
NFZ(X k), a natural question is that of comparing the growth speeds of both these families
of words. In particular, whereas it is known that NF(X}) ~ vk (almost surely and in L?)
for some positive constant v, we have only proved so far that there exists some positive
constants o and 3 such that liminf +[s(k)| > « and limsup +[s(k)| < § (almost surely
and in L1).

However, when p has finite support, the above results of Section 5.4 allow us to derive
much more precise results, which we state now.

Theorem 5.74.
Let At be an irreducible Artin—Tits monoid of spherical type, and let X = (Xg)r=0 be a
left random walk with bounded steps on AT /A%

For all integers k = 0, let s(k) be the largest common suffix of the words (X;);sg, i.e.

“©: . 2 y ‘§(k)|
the “invariant suffiz after k steps”. When k — +0, the sequence of ratios =+

towards v := lim £ |NF}(Xy)| almost surely and in L*.

CONvVeErges

Proof. First, recall that, as mentioned in Section 5.4.3, the constant v is well-defined and
positive. Then, consider some blocking pattern p, and let s € §° be some proper simple
braid. From now on, we assume that lim(X) =s, and implicitly condition all our events
by the fact that lim(X) = s.

We proved in Section 5.4.3 that there exists witness times w; < wy < ... such that
Elw; — w;—1] < 400, where wy := 0, and such that each word NFg(Y(wH)) contains an

w;
occurrence of p. In addition, we even proved that the random variables (w; — w;_1) are

iid.
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Now, consider some real constant € € (0,1) and some positive integer I, and let &;
denote the event {Vi > I,w; —w; 1 < ei}. Since the variables (w; — w; 1) are i.i.d. L!
random variables, it follows that lim P[€;] — 1 when I — +0, and therefore there almost
surely exists some integer I > 1 such that £; holds.

In addition, consider some integer i > I, some integer k € {w;,..., w1}, and 7 :=
|(1 —e¢)i]. If & holds, then

NF)(X}) = NF)(X,i—1) = NF)(X,, ),

which proves that s(w;) = NF}(X,, ). Since some event & almost surely holds, it indeed
follows that
|s(wi)]

e

INF(Xo,)]

almost surely when ¢ — +00. Moreover, when ¢ — 40, we almost surely have w; ~ iE[w,],
and therefore [NF)(X,, )| ~ ynE[w:] and lim inf ‘i(—tl)' > 7.

lim inf

Then, if k is an integer, and if kK — 400, let ¢ := max{j : ¥ > w;}. On the one hand,

we have &:)' > ‘i(—il)' On the other hand, we have |§(kk)‘ < |NF§k(Xk)I — . It follows that

Is(k)| ~ vk almost surely.

In addition, since the random variables s(k) take values inside the closed interval
[0,1], the dominated convergence theorem even proves that E[s(k)] — v when k — +o0,
which completes the proof. O

In particular, since [NFy(X},)| > |s(k)|, it comes immediately that lim sup 1[s(k)| < 7.
Consequently, Theorem 5.74 can be rephrased by saying that, asymptotically, the stable
suffixes s(k) grow as fast as possible.

5.5 Experimental Data in the Braid Monoid B

We provide now some experimental data obtained for the random walk with distribution
w uniform over the set of generators ¥, := {01,...,0,_1}, when 4 <n < 7.

For each value of n, we perform the following experiment. We simulate the start of
100000 independent random walks, by drawing the first 12000 values of (Y% )x=0 at random.
For each of them, and each integer k € {1,...,10000}, we approximate the “invariant
suffix” s(k) to be the common suffix of the words NF(X;)r<j<12000. Figure 5.75 presents

mean values of the ratio r,(k) := #, where k ranges from 1 to 10000.

Observe that, if Theorems 5.36 and 5.40 provide a lower bound r, on the value of
liminfy_, o 1, (k). For n > 4, this lower bound must be smaller than (min z)?* < (n —
1)~9(n=1) < 3.107°2. Hence, there is still a huge margin between the above experimental
approximations of r, and the only theoretical lower bound r,, that we computed so far.
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................ .
v ............................... rS(ka)
o1s b
0.16
0.14 "
0.12
0.1 - -

2 1 ; , )

Figure 5.75 — Estimating r, (k) — experimental data for n € {4,5,6,7}

Theorem 5.74 means exactly that the random variables d(k) := w must
converge towards 0. Nevertheless, the above-mentioned experiments, which provided us
with Fig. 5.75, indicate that d(5000) ~ 0.119 in By, whereas r4(5000) ~ 0.214. Hence,
the convergence of d(k) towards 0 is blatantly slow, and this suggests that computing
the value of v with great precision is to be a difficult task.

While performing the above experiment, we also collected some statistical data about
the invariant suffix. Let s be the pointwise limit of the suffixes s(k), and let s_; denote
the j-th rightmost letter of s. Figure 5.76 indicates approximate values of:

e the “typical cardinality” of right sets of the letters of s, i.e.

¢ := lim E[jright(s_,)[];

" Jj—+w
e the “typical cardinality” of left sets of the letters of s, i.e.

.1 .
C, = jETwE[\left(§_])\].
These values were obtained by approximating s to be s(10000), then c] to be the mean
value of |right(s_)| when 50 < j < 100, and ¢, to be the mean value of [left(s_;)| when
50 < j < 100. Since the letters of s must all satisfy the relation left(s_;) < right(s_; ,),

it comes with no surprise that ¢/, < c”.

Furthermore, since the stable limit s of the random walk was shown to be a Markov
process on an infinite state space, we might hope to show that the sequence (s_;);>1 is
also a Markov process or a reversed Markov process, where s_; denotes the i-th rightmost
letter of the word s. However, experimental data tend to disprove this hypothesis. We
checked the values of s_;,...,s_5 for 1500000000 random walks, approximated by taking
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n| c | c

4 11.04 1 1.00
51162128
6| 2.10 | 1.60
71251 1.89

Figure 5.76 — Some characteristics about the invariant suffix

the 200 first values of (Y} )r=0. According to Fig. 5.75, such an approximation is sufficient
to ensure with a reasonably small margin of error that we indeed obtained the values of
S 1,-.-,8_5). We found that:

o Pls , = 0301 | s_; = 03] = 0.0973 £ 0.0001 and P[s_; = 0301 | s_4 = 01] =
0.0954 £ 0.0001;

e Pls , =01 | sy = 0901] = 04984 +0.0001 and P[s_, = 01 | s 5 = 0901] =
0.5633 £+ 0.0001.

The values 0.0973 and 0.0954 are clearly separated by our error margin of £0.0001, which
indicates with absolute certainty that P[s_, = 0901 |81 = 03] # P[s_5 = 0901 | s, =
01]. Likewise, our experiments makes certain that P[s | = 01 | 8_5 = 0901 # P[s_, =
o1 | s_5 = o901]. However, proving that (s_;);>1 is neither a Markov process nor a
reversed Markov process seems out of reach for now, although our experiments definitely
show that this is the direction towards which we should aim.
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Chapter 6

The Diameter of the Bilateral Garside
Automaton

Résumé

Nous procédons ici a I’étude détaillée et systématique du diameétre du graphe de Garside
bilatére des groupes d’Artin—Tits de type sphérique irréductibles. Le diamétre du graphe
de Garside bilatére intervient explicitement dans le calcul d’'une borne inférieure sur la
vitesse de convergence des marches aléatoires étudiées dans le chapitre 5.

Nous considérons séparément les différents types de groupes de Coxeter associés aux
groupes d’Artin—Tits de type sphérique irréductibles; et calculons a chaque fois le dia-
métre du graphe de Garside bilatére associé, dont nous montrons en particulier qu’il est
nécessairement compris entre 1 et 4. Cette étude est directe dans le cas des familles in-
finies de groupes de Coxeter de type A,, B,, D,, et a 'aide de 'ordinateur dans le cas
des familles finies de groupes de Coxeter exceptionnels.

Abstract

We perform here a detailed and systematic study of the diameter of the bilateral Garside
automaton of irreducible Artin—Tits groups of spherical type. This diameter is used ex-
plicitly for deriving lower bounds on the speed of convergence of random walks studied
in Chapter 5.

We treat separately the different types of Coxeter groups associated with irreducible
Artin—Tits groups of spherical type; and compute for each of them the diameter of the
bilateral Garside automaton which we show to belong to the interval {1,2,3,4}. This
study was performed directly for infinite families of Coxeter groups of type A,, B,, D,,
and with the help of computers for finite families of exceptional Coxeter groups.
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In Chapter 5, Proposition 5.21 consists in proving that the bilateral Garside automa-
ton Gg,, of an irreducible Artin-Tits monoid of spherical type A* with n generators is
connected, and shows that this diameter cannot be greater than 2(n? + n). Since this
diameter is later used for deriving lower bounds on the speed of convergence of random
walks, it is meaningful to look for better upper bounds, or even for exact values of the
diameter of Ggp,.

Consequently, and using the classification of finite irreducible Coxeter groups provided
in Theorem 2.26, we proceed to a disjunction of cases, according to the type of the Coxeter
group W associated with the Artin—Tits monoid A*. Below, we mimic the study of [56],
in which upper bounds on the diameter of the essential part of the left Garside acceptor
automaton are provided. However, here, we provide exact evaluations of the diameter of
Ggar, and do not provide only upper bounds on this diameter.

Before proceeding to a detailed study for each family of Coxeter groups, we first prove
a combinatorial property satisfied by the bilateral Garside automaton, and that we will
use several times later on.

Lemma 6.1.

Let A" be an irreducible Artin—Tits monoid of spherical type with generators oy,...,0,,
and let Ggar be the bilateral Garside automaton of A™. Let P and @) be two proper subsets
of {o1,...,0,}, and let P := {o1,...,0,\P and Q := {o1,...,0,}\Q be their comple-
ments. In addition, let M : AT — A™ be an isomorphism of monoids. The pair (P, Q) is
an arc of Gear if and only if (pa(P), Q) is an arc of Gear, if and only if (M(P), M(Q)) is

an arc of Ggar-

Proof. Let us first assume that (P, Q) is an arc of Gg,,. Consider some braid a € S°
such that P = left(a) and Q = right(a). Since M is an isomorphism of monoids, M
induces a permutation of the sets {oy,...,0,} and S°. It follows that M (a) € S°, that
left(M(a)) = M(P) and that right(M(a)) = M(Q). Hence, (M(P), M(Q)) is an arc of
Ggar-

In addition, following Lemma 2.16, the braid aAg is a simple braid, where Ay :=
LCM,(Q). Hence, consider the braid da(a) such that A = ada(a). Since ada(a) is
simple, it follows that @ n left(da(a)) = &. Moreover, since aAz <, A = ada(a), we

have Q < left(da(a)), and therefore left(da(a)) = Q.

Similarly, we have right(da(a)) = left(d%(a)). Since 03 = ¢a, this means that
right(da(a)) = ¢a(P), hence that (@, pa(P)) and (¢pa(P), Q) are arcs of Gy

Finally, since M induces a permutation of {74, ..., 0,} and since (P, Q) — (¢a(P), Q)
is an involution, Lemma 6.1 follows. |
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6.1 Case W = A,

Let us begin with the case where the Coxeter group of the monoid AT is of type A,,
i.e. At = B,,;. Figure 6.2 presents the bilateral Garside automata of the monoids B
and B7 (the first graph was also represented in Fig. 5.19). For the sake of readability, we
omit labelling the edges and representing loops or multiple edges.

4-clique 6-clique 4-clique
{0-4} {01702} {0-270-3} {0-370-4} {02703704}
{03} {02703} {03} u - i i {01,0'3,(74}
\ \ Bipartite graph Kjs 4
{o2} {01,03} {2} | —] | {o1,09,04}
| |
o] oo ot ||tz ior 2uflioe 0ulf || | [{or 70,05

Automaton Gy, of By Automaton Gy, of By

Figure 6.2 — Bilateral Garside automata of the monoids B} and BZ

Observe that the bilateral Garside automata of the braid monoids Bf and B; have
respective diameters 3 and 4. Henceforth, let Gy, be the bilateral Garside automaton of
the braid monoid B;". We prove below that the diameter of G, is bounded (uniformly
in n), by using repeatedly Proposition 2.29.

Lemma 6.3.

Let Ggar be the bilateral Garside automaton of the braid monoid B):. Let P and Q be two
proper subsets of {1,...,n— 1}. If |P| = |Q)|, then the sets {o; : i € P} and {o; : i € Q}
are neighbours in Ggar.

Proof. We prove by induction over n that some permutation ¢ € &,, satisfies d~o(¢) = P
and d=o (") = Q for all subsets P and Q of {1,...,n—1} (including ¢&f and {1, ... ,n—1})
such that |P| = |@|. Note that P and @ play symmetric roles.

If n = 2, the result is vacuously true, and if n = 3, it is still immediate. If n = 4 or
n = 5, then Fig. 6.2 proves the result. Henceforth, we assume that n > 6.

o Ifn—1¢ PuQ, then P,Q < {1,...,n—2} and, by induction hypothesis, some per-
mutation § € &,,_; satisfies d=o(f) = P and d=o(07!) = Q. Hence, the permutation
p € &, such that p:i+— 0(:) if 1 <i<n—1and ¢:n— n satisfies d-o(¢) = P
and d-o(p 1) = Q.

e Since P and @) play symmetric roles, it remains to treat the case where n — 1 € Q).

Then, P # ¢, so we can consider the integer p := min P. Note that p — 1 <
n—1—|P| =n—1-]Q|, hence the set R := {1,...,n — 1}\@ has at least p — 1
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elements. Let r; denote the i-th smallest element of R, for i < p — 1, and set
R :={ri:1<i<p-—1}.
In addition, set S := {1,...,n — 1}\R~. Observe that R~ < R < {1,...,n — 1},
whereby |S| = n—p, and let s; denote the i-th smallest element of S, fori < n—1—p.
Finally, set Q* := {ie {1,...,n—p—1} : 5, € Q} and P+ :={ie{l,...,n—p—
1} : p+ i € P}. By induction hypothesis, some permutation 6 € &,,_, satisfies
d-o(f) = P* and d-o(#~!) = Q*. Hence, one checks easily that the permutation
¢ € G, such that
pri—rifl<i<p-—1

pr——n

i — Spii—p) fp+1<i<n
satisfies d=g(p) = P and d=o(¢™!) = Q.

Lemma 6.4.

Let Ggar be the bilateral Garside automaton of the braid monoid B} . Let P := (2Z+ 1) n
{1,...,n—1} and P’ := {o; : i € P}. For each integer k € {1,...,n — 1}, there exists a
neighbour Q of P in Ggar such that |Q| = k.

Proof. Let m := |n/2]|. We treat two cases separately, depending on whether £ > m or
k< m.

o Ifm<k<n-—1,let {:=n—1—Fk and consider the permutation 6 € &,, such that
O:i—2m+1—-0)ifl<i<m
200—m)—1lifm+1<i<m+/{
2n+L—i)+1ifm+/l+1<i<n
One checks easily that d=o(0) = {1,...,m,m+¢+1,...,n—1}, whence |d~o(8)| = k,
and that d-o(0~!) = P.

o If 1 < k < m, consider the permutation # € &,, such that
0:i— 21if 1 <i<m
2m+k—i)+1ifm+1<i<m+k
20 —m)—1lifm+k+1<i<n
One checks easily that d~¢(0) = {m,...,m+ k— 1}, whence |d>¢(0)| = k, and that
d-o(671) = P.

Lemma 6.5.
Let Ggar be the bilateral Garside automaton of the braid monoid B. If n = 5, then the
sets {o1} and {01, ...,0,_2} are at distance at least 4 from each other in Ggp;.

Proof. Let a be some element of {1,...,n— 1} and let ¢ € &,, be some permutation such
that d-o(¢) = {a}. We have ¢(1) < ¢(2) < ... <¢(a) and Y(a+ 1) <¢(a+2) <...<
Y (n). Hence, let j be an element of d-q(p71).
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Ifj Y(i) for some i < a, then 1 < 71(j+1) <i <
(1 (j+1)) < (i) = j, which is impossible. Similarly, lf] =
then n > ¢¥(j) > ¢ = a + 1, and therefore j = ¥ (v (5))
impossible. This shows that neither {¢(i) : 1 < i < a} nor {9
intersects d~o(™!). It follows that |d=o(0~")| < min{n — a, a}

a, and therefore j + 1 =
(i)—1 for some i = a+1,
> (i) = j + 1, which is
(i) —1l:a+1<i<n}
<|[n

/2]

Moreover, let ¢ € &,, be some permutation such that d-o(¢) = {1,...,n — 2}. We
have (1) > ¥(2) > ... > ¢(n — 1), so that, like in the above case, {1(i) —1:1 < i <
n —2} € d=o(071), and therefore that |d=o(¢ )| = n — 2.

In particular, in Gy, each neighbour of {0y} has cardinality 1, and each node at dis-

tance 2 from {0} has cardinality at most |n/2]. However, each neighbour of {071, ..., 0, 2}
has cardinality n — 2 > |n/2|. Hence, {1} and {oy,...,0,_2} are at distance at least 4
from each other. O

Proposition 6.6.
If n =5, then the bilateral Garside automaton Gy, of the braid monoid B; has diameter
4.

Proof. Consider the set P := (2Z + 1) n {1,...,n — 1}. Combining Lemmas 6.3 and 6.4
proves that the eccentricity of {o; : i € P} in Gg,, is at most 2 (i.e. no node of Gg,, is at
distance more than 2 from {o; : i € P}), from which it follows that the diameter of Ggp,
is at most 4. Then, Lemma 6.5 proves that this diameter is at least 4, which completes
the proof. O

6.2 Case W =5,

We focus now on the bilateral Garside automaton Gg,, of the monoid A* whose Coxeter
group W is of type B,,. Figure 6.8 represents Ggoy when n = 3 and n = 4, where the
labeling of the edges has been omitted and loops or multiple edges are not represented.

The bilateral Garside automaton of the monoid A™ has diameter 3 when the Coxeter
group associated with A is either W = Bs or W = B,. Henceforth, let Gg,, be the bilateral
Garside automaton of the monoid A, whose Coxeter group is B,,. We prove below that
the diameter of Gy, is bounded (uniformly in n), by using repeatedly Proposition 2.31.

Lemma 6.7.

Let A" be an Artin—Tits monoid of spherical type with Coxeter group B, and let G,y be
the bilateral automaton of A*. Let P and Q be two proper subsets of {0,...,n — 1}. If
|P| = |Q|, then the sets {o; :i— 1€ P} and {0, : i — 1 € Q} are neighbours in Ggp;.

Proof. We prove that some permutation ¢ € &F satisfies d>o(¢) = P and dxo(¢ ') = Q
for all subsets P and @ of {0,...,n — 1} (including ¢ and {0,...,n — 1}) such that

1Pl =1Ql
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4-clique 6-clique 4-clique
[
{04} {03704} {02703} {01702} {01702703}
| |
{03} {o1,00} {o3} 1 {01,02,04}
— | = [ \
{02} {02,03} {02} ‘ ’ ‘ ‘ {01,03704}
| |
{o1} {o1,03} {o1} {o1, 04}| [{o1, o3}| {02, 04} {02, 03, 04}
T—— N T —
Automaton Gg,, of A* (n = 3) Automaton Ggoy of AT (n = 4)

Figure 6.8 — Bilateral Garside automata of A* (when W = B; and W = By)

Indeed, let p; < ... < pg be the elements of the set {i : 1 <i < n,i— 1€ P}, where
k = |P|, and let p; < ... < P,_; be the elements of the set {i : 1 <i < n,i—1¢ P}.
Similarly, let ¢; < ... < gx be the elements of the set {i : 1 <i < n,i— 1€ Q}, and let
Gy < ... <7, be the elements of the set {i : 1 <i < n,i—1¢ Q}. One checks easily
that the permutation ¢ € & such that

pipi— —qif 1 <i<k
satisfies d>o(p) = P and d=o(¢™') = Q. 0

Lemma 6.9.

Let A* be an Artin-Tits monoid of spherical type with Cozeter group B, and let Ggay be
the bilateral automaton of A*. Consider the set P := (2Z+ 1) n{1,...,n—1}. For each
integer k € {1,...,n — 1}, there exists a neighbour Q of the set {o; : i —1 € P} in Ggu
such that |Q| = k.

Proof. Let m := [n/2]. We treat two cases separately, depending on whether k > n — 2
ork=mn-—1.

o If £ < n—2, then Lemma 6.4 already proves that there exists a permutation p € G,
such that |d=o(p)| = k and d-o(¢~!) = P. Hence, the permutation 6 € &} such
that 0 : i — (i) if i > 1 satisfies |d>o(0)| = k and d=o(67') = P.

e If k = n — 1, consider the permutation 6 € &} such that
0:i—1-21if1<i<m
2(m —i)ifm+1<i<n.
One checks easily that d>¢(6) = {0,...,m—1,m+1,...,n—1}, whence |d>o(0)| = k,
and that dso(0~') = P

Lemma 6.10.
Let At be an Artin-Tits monoid of spherical type with Cozeter group B, and let Gga
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be the bilateral automaton of A*. If n = 5, then the sets {o,} and {o1,...,0,-1} are at
distance at least 4 from each other in Gga,.

Proof. Let a be some element of {0,...,n — 1} and let ¢ € &F be some permutation
such that d>o(¢) = {a}. In addition, let k be the cardinality of the set {j € {0,...,n} :
»7H(j) < 0}. We have 0 = ¢(0) < ... < ¢(a) and (a+1) < ... < YPla+k) <0 <
va+rk+1)<...<y(n).

Hence, let j be an element of d>o(¢"!). Let k and ¢ be non-negative integers such
that j = (k) and j + 1 = £¢(£).

o If )7 1(j) <0, then 0 > (k) = —j > —(j+1) = (), hence a+1 <l < k < a+k.
It follows that ¢ ='(j) = —k < —¢ = ¢~*(j + 1), which is impossible. Therefore, we
have ¥~ 1(k) = 0, i.e. j = (k).

e Ifk <aand (f) = j+1,thena >k = j) > (j+1) = >0, hence
j = (k) > ¥({) = j + 1, which is impossible. Therefore, if & < a, we have
Y+ 1) <.

o If{ >a+k+1, then ¢(¢) >0, hence n > k > ¢ > a~+1 and ¥(k) = j. This implies
that j = ¥ (k) > ¢(¢) = j + 1, which is impossible. Therefore, we have ¢ < a + k.

This shows that neither the set {j € {0,...,n — 1} : ¥71(j) < 0or (0 < ¥71(j) <
aand 0 < ¥~ '(j+1))} nor theset {j €{0,...,n—1} :a+r+1 < |[¢p~1(j+1)|} intersects
dxo(¢7).

Moreover, the set {j € {0,...,n} : ¥7(j) < a} is of cardinality a + 1 + &, hence
{j€{0,....,n—=1}: 71 (j) <0or (0< ¥ !(j) <aand 0 <~'(j+1))} is of cardinality
at least max{x — 1,a}. In addition, the set {j € {0,...,n—1}:a+r+1 <Y (5 +1)|}
is of course of cardinality n — a — k. This shows that

ldso(¥™Y)| < min{n+1—k,n—a,a+k} <n-—a, whence
_ +1—k)+(n—a)+(a+k) 2n+1

d 1 < (7’L _ '

[d=o(y 7)) 3 ;

In particular, it follows that the neighbours of {¢,} in G,,, are all of cardinality 1

and, using Lemma 6.1, that the neighbours of {oy,...,0,_1} are all of cardinality n — 1.
Moreover, each node at distance 2 from {0, } has cardinality at most |(2n+1)/3] < n—2.
Hence, {0,} and {oy,...,0,_1} are at distance at least 4 from each other. O

Proposition 6.11.
For each integer n = 5, the bilateral Garside automaton Gg, of the monoid A™ with
Coxeter group B,, has diameter 4.

Proof. Consider the set P := (2Z + 1) n {1,...,n — 1}. Combining Lemmas 6.7 and 6.9
proves that the eccentricity of {o; : i — 1 € P} in Gg,, is at most 2, from which it follows
that the diameter of Gg,, is at most 4. Then, Lemma 6.10 proves that this diameter is at
least 4, which completes the proof. |
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6.3 Case W =D,

We focus here on the bilateral Garside automaton Gy, of the monoid A* whose Coxeter
group W is of type D,,. Figure 6.12 presents Gy, when n = 4, where the labelling of the
edges has been omitted and loops or multiple edges are not represented.

4-clique 6-clique 4-clique
{f4} {<7J1>‘72} {02, 03} {03{4} {01,(72,0—3}
{03} a - ‘ ‘ {o1,09,04}
{02} {o1,03,04}
o1 || [0 ool [oroa)] || [romon)

Automaton Gy, of AT (n = 4)

Figure 6.12 — Bilateral Garside automaton of A* (when W = D)

Let D,, be the Coxeter group associated with A. Figure 6.12 shows that the diameter
of Ggar is 3 when n = 4. Brute-force computations show that the graphs Gy, (not shown in
Fig. 6.12) have respective diameters 3, 4 and 4 when n = 5, 6 and 7. Henceforth, let Ggp,
be the bilateral Garside automaton of the monoid A™, whose Coxeter group is D,,. We
prove below that the diameter of Gy, is bounded (uniformly in n), by using repeatedly
Proposition 2.33.

Lemma 6.13.

Let A" be an Artin-Tits monoid of spherical type with Coxeter group D,,, and let Gga, be
the bilateral automaton of A*. Let P and Q be two proper subsets of {0,...,n — 1}. If
|P| = |Q|, then the sets {o; :i— 1€ P} and {0; : i — 1 € Q} are neighbours in Gy, .

Proof. We prove that some permutation ¢ € &1 satisfies diy (¢) = P and dy (¢71) = Q
for all subsets P and @ of {0,...,n — 1} such that |P| = |Q|. Note that P and @ play
symmetric roles.

Let 1 be the transposition (0 < 1), and let M : AT — A* be the isomorphism of
monoids such that M : 0,1 = 0y()41. Since ¢a induces an isomorphism of the Coxeter
graph of D,,, we know that either ¢ = M or ¢ = Id. Hence, in both cases, there exists
an integer € € {0, 1} such that ¢ = M*.

Consequently, Lemma 6.1 proves that, if there exists a permutation ¢ € &+ such
that diy () = P and dy, (¢7') = Q, there also exist permutations y, v € St such that
diw (1) = Y(P), diw (™) = ¥(Q), diw(v) = ¥<(P), diw(r™!) = Q. We proceed now to a

disjunction of cases.
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e [f0¢ P u(Q, then Lemma 6.3 proves that there exists a permutation 6 € &,, such
that d-(f) = P and d-¢(0~!) = Q. Hence, the permutation ¢ € & such that
11— 0(i) if i = 1 satisfies dw(¢) = P and diy (1) = Q.

o If1¢ PuQ, then we just proved that there exists a permutation § € G * such that
diy (0) = ¥(P) and diy (07') = ¥(Q). Consequently, there also exists a permutation
€ & such that di(p) = P and di (¢71) = Q.

e If0e Pn (@, since P and @ play symmetric roles, we assume that 1 € P. It follows
that 0 ¢ P U ¢(P) U Q, hence that 0 ¢ ¥<(P) u Q. Hence, we just proved that
there exists a permutation § € & F such that di,(0) = P and d(07!) = Q.

Consequently, there also exists a permutation ¢ € &1+ such that dg,(p) = P and
duw(p7!) = Q.

e If 1 € PN (@, then we just proved that there exists a permutation 6 € &, such that
diy () = ¥(P) and diy (07') = ¥(Q). Consequently, there also exists a permutation
€ & such that di(p) = P and di (¢71) = Q.

Therefore, we can focus on the case where 0 and 1 both belong to the symmetric
difference PAQ = (P\Q) u (Q\P). Since P and ) play symmetric roles, we assume
henceforth that 0 € P\@Q and that either 1 € P\Q or 1 € Q\P.

In addition, let k be the cardinality of both sets P and ). Then, let p; < ... < pg
be the elements of the set {i : 1 < i < n,i —1 € P} and let p; < ... < P, be the
elements of the set {i: 1 <i < n,i—1¢ P}. Likewise, let ¢g; < ... < g be the elements
of theset {i : 1 <i<mn,i—1€@Q}andlet g < ... < G, be the elements of the set
{i:1<i<n,i—1¢Q}.

o If 1 e P\Q or if k € 2Z, then one checks easily that the permutation ¢ € &'* such
that
p:lr— (—1)k+1CI1
pi— —¢; if 2 <
p,—q; it 1 <1
satisfies diy () = P and diy (1) = Q.

o If 1e Q\P and k = 1, then P = {0} and () = {1}, hence the permutation p € &}
such that ¢ = (1 » =3 - =1 - =3 — 1)(2 < —2) satisfies di(¢) = P and
dtW(Soil) =Q.

e If 1 e Q\P, ke2Z+ 1 and k > 3, then one checks easily that the permutation
¢ € &+ such that

1< k
<n-k.

<p:p1'—>—§2,2'—>—Q17ﬁ2'—’1
pi— —q;if2<1<k
pi— g if3<i<n—k.
satisfies diyw () = P and diy (7 !) = Q.

Lemma 6.14.
Let A" be an Artin-Tits monoid of spherical type with Cozeter group D,,, and let G,y be
the bilateral automaton of A*. Consider the set P := (2Z+ 1) n{l,...,n—1}. For each
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integer k € {1,...,n — 1}, there exists a neighbour Q of the set {o; : i —1 € P} in Gy
such that |Q| = k.

Proof. Let m := |n/2|. We treat two cases separately, depending on whether k > n — 2
ork=mn-—1.

e If £ < n—2, then Lemma 6.4 already proves that there exists a permutation ¢ € G,
such that |d=o(¢)| = k and d-o(¢~!) = P. Hence, the permutation § € G+ such
that 6 : i — (i) if 1 > 1 satisfies |d (0)| = k and dg, (071) = P.

o If k =n — 1, consider the permutation § € & such that
f:1— (—1)"+12
1— =21 2<i<m
i—2n—i)+1lifm+1<i<n.
One checks easily that d>¢(6) = {0,...,m—1,m+1,...,n—1}, whence |d>o(0)| = k,
and that dso(0~') = P

Lemma 6.15.

Let A* be an Artin-Tits monoid of spherical type with Coxeter group D,, and let Gga
be the bilateral automaton of A*. If n = 8, then the sets {o,} and {o1,...,0,_1} are at
distance at least 4 from each other in Ggyy.

Proof. Let a be some element of {1,...,n — 1} and let ¢ € &* be some permutation
such that dgy (@) = {a}. In addition, let x be the cardinality of the set {j € {a+1,...,n}:
©71(j) < 0}. We have —¢(2) < (1) < 0(2) < ... < @(a), pla+1) < ... < pla+k) <
O<gpla+r+1)<...<p(n),and (—1)"p(1) > 0.

Hence, let j be a positive element of di, (™ !). Let k and ¢ be non-negative integers
such that j = (k) and j + 1 = +p(0).

o If o7 1(j) < —1, then 0 > @(k) = —j > —(j + 1) = p(¢). Hence, either £ = 1 and
a+1<k<a+r,ora+1 </l <k<a+ k. Inboth cases, we have / < k,
hence p~!(j) = —k < —¢ = ¢~ !(j + 1), which is impossible. Therefore, we have
i) =~

e Ifk<aand o !(j+1) >0, then o '(j) > o (j +1) = £ > 0. Hence, ¢~ '(j) = k
and a > k > ¢ > 0, and thus j = p(k) > ¢(¢) = j + 1, which is impossible.
Therefore, if k < a, we have o' (j + 1) < 0.

o If{>a+r+1, then p(¢) >0, hencen >k > ¢ > a+1and p(k) = j. This implies
that j = ¢(k) > ¢(¢) = j + 1, which is impossible. Therefore, we have ¢ < a + k.

This shows that neither the set {j € {1,...,n—1}: p7}(j) < =1 or (-1 < ¢71(j) <
aand 0 < o (j+1))} northeset {je{l,...,n—1}:a+k+1< e 1(j+1)} intersects
d=o(p ™).

Theset {j e {l,...,n—1}: o (j) < } is of cardlnahty at least a +r —1, hence {j €
{1,....n—=1}:p(j) < —lor (-1 < ¢ '(j) <aand 0 < p '(j + 1))} is of cardinality
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at least max{x —1,a—2}. In addition, theset {j € {1,....,.n—1}:a+xk+1 < o }(j+1)}
is of cardinality at least n — a — k — 1. This shows that

(™) < min{n+1—-kn+2—-aa+r+1}
n+l—r)+n+2—a)+(a+r+1) 2n+4

- 1.
3 3 <n

<

Moreover, let ¢ be the permutation (0 < 1), and let M : ;11 — 0y(;)+1 be the induced
automorphism of monoid of A™. If p € &}* is a permutation such that dy(p) = {0},
then Lemma 6.1 proves that there exists a permutation § € &, " such that diy(0) = {1}
and di (07') = ¥ (diw (™)), whence |diy (1) <n — 1.

Now, let us investigate the possible values of di, (¢ ™!) when diy () = {n — 1}. Two
cases are possible.

1. There exists an integer k € {2,...,n} such that ¢ : 1 — +1, p:i — i if 2 <1 <k,
p:1—1+1ifk <7 <nandyp:n— +k In this case, one checks easily that
diw (7)) = {0,1} (if k = 2 and p(n) = —k), diw(p™!) = {k — 1} (if 3 < k and
o(n) = —k) or d (1) = {k} (if p(n) = k, and therefore 2 < k <n — 1).

2. Wehave p : 1 — £2, o :i—1+1if2<i<nand p:n— +1. In this case, one
checks easily that de, (¢™1) = {0} (if p(n) = —1) or diw (™) = {1} (if p(n) = 1).

It follows that the neighbours of {0,,} in Gg,y are {01, 02} and sets of cardinality 1.

Finally, let us investigate the possible values of dy (¢ ™!) when di,(¢) = {0,1}. We
mimic here the study of the case dy (@) = {a} with 1 <a<n—1. Let be {2,...,n} be
the integer such that |p(1)] < |p(2)] and ¢(2) <... < (b)) <0< pb+1) <...<@(n).
In addition, let j be a positive element of dy, (¢ !), and let k& and ¢ be non-negative
integers such that j = +¢(k) and j + 1 = +p(¢). It comes quickly that o~!(j +1) < b
and that ¢*(j) = —1, hence that |de(¢ ™) < min{b+ 1,n+1—b} <22 <n —2.

Using Lemma 6.1, it follows that the neighbours of {01, ..., 0,1} are {03, ...,0,} and
sets of cardinality n — 1, and that the neighbours or {03, ..., 0,} have cardinality at least
3. Consequently, the nodes at distance 2 of {0,} are sets of cardinality at most n — 2,
excluding the set {o3,...,0,}. This proves that {0, } and {oy,...,0,_1} are at distance
at least 4 from each other. O

Proposition 6.16.
For each integer n > 8, the bilateral Garside automaton Gg. of the monoid A™ with
Cozeter group D,, has diameter 4.

Proof. Consider the set P := (2Z+1)n{1,...,n—1}. Combining Lemmas 6.13 and 6.14
proves that the eccentricity of {o; : i — 1 € P} in Gg,, is at most 2, from which it follows
that the diameter of Gg,, is at most 4. Then, Lemma 6.15 proves that this diameter is at
least 4, which completes the proof. O
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7-clique 10-clique 7-clique
{04} /N {03,004} 7\ {02,03,04}
{03} {0—270—4} {0—170370—4}

{01704} {02703}
{0-2} {01703} {01702704}
{o1} [—Ao2, 03} W{Q,Uz} {01,02,03}
Automaton Gy, of AT (W = I1(a)) Automaton Gg,, of AT (W = Fy)
KT 11-clique
Hoclique | 105 ] [fos.oa)

{04} {o1, 2} o1, o3}|| |01, 02,03}
{0-3} {0-170-270-4}

{03} ><{01>(72} {02} {02,03,04}

{02} {o1,03} {02, 04}| {01, 03}
{o1} {09, 03} {o1}||{o1, 03, 04}
Automaton Gy, of A (W = Hj) Automaton Gy, of A* (W = H,)

Figure 6.17 — Bilateral Garside automata of A" (when W = I1(a), W = Fyand W = H,,)

6.4 Exceptional Cases

Having treated the cases where the Coxeter group W of the monoid A* is of type A,,
B, or D,,, we already know that there exists an upper bound for the diameters of all
bilateral Garside automata of all Artin—Tits monoids of spherical type. However, we

push our analysis further, and compute the exact value of this diameter when W is of
type E,, Fy, H, or Iy(a).

Figure 6.17 presents the bilateral Garside automata of the monoid A* when W =
Iy(a), Fy and H,,, where the labelling of the edges has been omitted and loops or multiple
edges are not represented. It shows that the graphs G,,, have respective diameters 1, 2
and 2 when W = I(a), Fy and H,. Brute-force computations show that the graph Gga,
(not shown in Fig. 6.17) has diameter 3 when W = Fj.

While plain brute force, by computing the order <, on the group W, is easy to carry
when W = Es, Fy, Hs, Hy or I(a), it is not so when W = E; or W = FEg. Indeed,
these two groups have rather large cardinalities (respectively 2903040 and 696729600),
and storing data about all the elements of W raises space issues.



Chapter 6. The Diameter of the Bilateral Garside Automaton 221

let Ly := {1}, Ly :={0y,...,0n,} and k =1
let left(o;) := {o;} and right(o;) := {0;}
let Gy, be the graph whose nodes are subsets of {0y, ...,0,} and without arcs
while L, # ¢ do
let Lk+1 = @
for each element a of Lj and each generator o; such that neither ac; Land ao;
was created do

create a new element b and add it to Ly,
for each generator o; such that a >, A{gmj}ai’ l'do

let c;:=a (A{Uiﬂj}gi_l)il (A{Uu%’}gj_l)

store the relation cjo; = b

add the elements of left(c;) to left(b), and add o; to right(b)

end
add the arcs (left(b), right(b)) and (left(b), right(b)) to Ggar
end

for each element d of L;_5 do
delete the element d, the sets left(d) and right(d), and all the
multiplication relations of the form do; = e

end

let C be the connected component of {0y} in G,
display the cardinality of C and the diameter of C
k:=k+1

end

output: the diameter of C

Algorithm 6.18: Computing the diameter of G, when W = E; or Ejg

If W = FE;, we alleviate this problem by using Algorithm 6.18. Indeed, instead of
storing simultaneously the sets left(a) and right(a) and the relations of the type ac; = b
for all the elements a and b of W, we do so only for elements of sets U?:o L;_.;, where Ly,
is the set of simple braids of Artin length k. Such sets are of cardinality at most 521120
(for k£ = 30), which is much smaller than the 2903040 elements of E- itself.

However, if W = Fg, this refined approach fails, because even the sets L; have huge
cardinalities. Nevertheless, a partial execution of Algorithm 6.18 up to the Artin length
k = 13 already proves that the bilateral graph contains some connected subgraph C such
that |C| = 254, and such that C has diameter 3. Hence, each node of G, belongs to C,
and since C is a subgraph of Gg,,, the graph Gi,, itself must have diameter at most 3.
Therefore, it remains to prove that Gy, has diameter at least 3, which we do by showing
that the vertices {os} and {0y, ..., 07} have no common neighbour in Gg,,.

Generating all the elements a of W such that left(a) = {os} seems to be difficult if
we follow the tracks of Algorithm 6.18. Hence, we take a geometric point of view. Indeed,
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W is isomorphic to the group O(Rg) of isometries of the set

Rg := {(61,...,68)6(2Z)8ZZG?ZS}U{(el,...,eg)GZSZH6i=1}.

i=1

Note that each element e of the set Rg has an Euclidian norm |e| = 8. Then, consider

the primitive roots r1, ..., rs, all of which belong to the set R®, and the positive vector
p, defined as
ry 1 1 1 1 1 1 1 1
) -2 2 0 O 0 O 0 0
rs o -2 2 0 0 0 0 O
ry 0 0 -2 =2 0 0 0 O
r; | = 0 0 0 2 =2 0 0 0
rg 0 0 0 0 2 -2 0 0
r; 0o 0 0 0 0 2 -2 0
rs 0 0 o 0 0 0 2 =2
p 12 —11 -10 9 8 7 6 5
In addition, consider the associated reflections s; : z — z— 1 (z-1;)r;, fori € {1,...,8}.
We have r; - r; = 0 if m;; = 2 and r; - r; = —5|r;| |r;| if m; ; = 3. Therefore, there exists
an (unique) isomorphism of groups ¢ : W — O(Rg) such that ¢ : 0; — s;. Furthermore,
we check easily that r; - p > 0 for all i € {1,...,8}, whence the name “positive” given to

the vector p. In addition, let us prove that e - p # 0 for all e € Pg.

Let (eq,...,es) and (p1,...,ps) be the respective entries of e and p. First, if we
have e € (2Z)% and Y0, e? = 8, then two entries of e are non-zero. Since no two
entries of p have the same absolute value, it follows that e - p # 0. Second, if e €
{(61, ...,e8) EZE: H?:l e; = 1}, Since Hle e;pi < 0, the vector (e1ps,...,esps) has an
odd number of negative entries, and therefore not as many positive entries as negative
entries. Hence, we have |e-p| >5+4+6+7+ 8 +9 — 10 — 11 — 12 = 2. This proves that
p-e # 0 for all e € Rg.

Then, we use a direct characterisation of the left and right sets [62, page 14].

Lemma 6.19.
Let W be the Cozeter group of type Eg. Let a be an element of W, let p(a) be its image
in O(Rg). In addition, letry, ..., rg be elements of Rg, with associated reflections s;, such

that the mapping ¢ : 0; — s; induces an isomorphism of groups between W and O(Ry).
Finally, let p be some vector such that r;-p > 0 for allie {1,...,8} ande-p # 0 for
all e € Rg. We have

left(a) = {0, : p - p(a)(r;) < 0} and right(a) = {0, : p- v(a) ' (r;) < 0}.

Hence, we generate inductively the set of isometries ¢« € O(Rg) such that {og} = {0; :
p - ¢(r;) < 0}, by choosing step by step the possible values of ¢(r;) for i € {1,...,8}. In
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practice, this generation is very efficient, and the set of isometries considered has a small
cardinality. Then, for each such isometry, it is easy to compute the set {o; : p-¢~!(r;) < 0}.
Thereby, we obtain the set ¥ := {P : ({0}, P) is an arc of Gg,,}. Moreover, note that
(P,{01,...,07}) is an arc of G, if and only if P € ¥. Our computation of 3 proves that
this never happens, which completes the proof that the graph G, has diameter 3 when
W is of type Es.

This concludes our systematic analysis of the diameter of the bilateral Garside au-
tomaton.

Theorem 6.20.
Let A™ be an irreducible Artin—Tits monoid with finite Cozeter type. Let W be the Coxeter
group associated with A™, and let Ggoy be the bilateral Garside automaton of A™. The
diameter of the graph Ggay 1s:

e © =11 W= Iy(a) (witha > 3);

e D=2 ZfW = F4, H3 or H4,'

e ©=3if W= A3, By, By, Dy or E,, (with6 <n <8);

e O =4ifW=A, (withn=>4), B, (withn>=5) or D, (withn > 6).
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Chapter 7

Building Uniform Measures on Braids

Résumé

Nous introduisons et étudions une nouvelle notion de mesure probabilité multiplicative
sur les mots finis et infinis dans les monoides d’Artin—Tits de type FC irréductibles.
Nous classifions et paramétrisons les mesures de probabilité multiplicatives, en particulier
la sous-famille des mesures uniformes. Nous construisons les mesures multiplicatives et
uniformes en termes de processus de Markov et de forme normale de Garside. Nous
prouvons également que les mesures de probabilité uniformes usuelles sur les sphéres,
dans les monoides d’Artin—Tits de type FC, convergent vers notre notion de mesure de
probabilité uniforme (au sens faible). Enfin, nous montrons comment utiliser les graphes
pondérés conditionnés pour en appliquer des théorémes centraux limites aux mesures
uniformes sur les sphéres dans les monoides d’Artin—Tits de type FC.

Le contenu de ce chapitre provient d’un travail en cours de rédaction, en collaboration
avec Samy Abbes, Sébastien Gouézel et Jean Mairesse.

Abstract

We introduce and study the new notion of multiplicative probability distributions on
finite and infinite words in irreducible Artin—Tits monoids of FC type. We classify and
parametrise multiplicative probability distributions, with a special emphasis on the sub-
family of uniform distributions. We provide explicit constructions of multiplicative and
uniform distributions in terms of Markov processes and of Garside normal form. We also
prove that “standard” uniform probability distributions on spheres in Artin—Tits monoids
of FC type converge weakly toward our notion of uniform probability distribution. Finally,
we show how to use the framework of conditioned weighted graphs to derive central limit
theorems for distributions on spheres in Artin—Tits monoids of FC type.

The content of this chapter is the result of a paper in progress, written in collaboration
with Samy Abbes, Sébastien Gouézel and Jean Mairesse.
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Chapter 7 is devoted to the construction of uniform measures on Artin—Tits monoids
of FC type. Such uniform measures have already been studied for heap monoids [2],
and we develop here analogous arguments in the context of Artin—Tits monoids of FC
type. Positive heaps can be represented by their Cartier-Foata normal form. The Cartier-
Foata normal form is regular, hence there exists a (minimal) automaton that recognises
this normal form. Consequently, we may identify positive heaps with finite paths in this
minimal automaton.

This identification between positive heaps and finite paths led to the construction of
uniform measures [2|, which are similar to the Parry measure [72, 79| and to the Patterson-
Sullivan measure [65, 81, 87|. The Parry measure is the measure of maximal entropy of
a sofic subshift, and the Patterson-Sullivan measure is also a uniform measure on the
border at infinity of some geometric groups, whose proof of existence is not constructive
in general.

The identification between positive elements and finite paths in an automaton A that
recognises the left Garside normal form is easily extended to all Artin—Tits monoids
of FC type. However, in the case of irreducible Artin—Tits groups of spherical type,
the automaton A is not strongly connected, which prevents using directly the Perron-
Frobenius theory [85] and complicates things. Hence, this chapter consists mainly in
proving that the automaton A is strongly connected for all irreducible Artin—Tits monoids
of FC type that are not Artin—Tits monoid of spherical type, and in showing how to
generalise the work of [2] to irreducible Artin—Tits monoids of spherical type.

Our construction of the uniform measure on Artin—Tits monoids of FC type, which we
identify with a weak limit of uniform measures on spheres of finite radius, leads to a wide
range of convergence results, for instance on the leftmost letter of left Garside normal
words of braids chosen uniformly at random among the set of braids of length k. Moreover,
we also extend results of Hennion and Hervé [61] to the framework of Artin—Tits monoids
of spherical type, and derive finer convergence results about Garside-additive functions
and additive functions in Artin—Tits monoids of FC type, including central limit theorems.

Most notions presented in Chapter 7 are borrowed from the above-mentioned litera-
ture [61, 65, 72, 79, 81, 85, 87| and adapted to the framework of Artin—Tits monoids of FC
type. This leads to proving some important, original results (Propositions 7.62 and 7.85,
and Theorems 7.39 and 7.84).

7.1 Uniform Measures on Artin—Tits Monoids of FC
Type

We study here an Artin-Tits monoid of FC type A1 generated by n > 2 generators
O1,...,0,, with smallest two-way Garside family S. In Section 7.1.3, we focus most specif-
ically on irreducible Artin—Tits monoids of FC type, i.e. monoids that are not an abelian
product of Artin—Tits monoids.
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7.1.1 Algebraic Generating Function and Mobius Transforms

In Chapter 4, we considered the geometric generating functions of braid monoids. Here,
we focus on their most standard, algebraic counterpart. Henceforth, we will only refer to
the generating function of an Artin-Tits monoid A* (which will mostly have FC type),
the word algebraic being left implicit.

Definition 7.1 (Algebraic generating function and Mobius polynomial).
Let A" be an Artin—Tits monoid. The algebraic generating function of the monoid A™
is defined as the function Ga : 2 — Y, A+ @) where X is the length function on A*.

The Mébius polynomial of A* is defined by Ha : 2 — > ;cp(— DIARD “where P denotes
the set {I < {o1,...,0,} : LCMg,(I) exists} and A; := LCM¢,(I) for all I € P.

Standard results [4, 21| outline the link between the generating function and the
Mobius polynomial of A*.

Proposition 7.2.
Let At be an Artin—Tits monoid. The generating function Ga and the Mobius polynomial
Ha of the monoid A* are inverses of each other, i.e. Ga(z)Ha(2) =

Proof. A direct computation, using the change of variable b := Aja, shows that

Ga(z)Ha(z) = D) D (=M@ — 3 ATl A

acA+t IeP acA+ IeP
Il (b
= X B = St =
beAt Icleft(b beA+t

Efficient algorithms allow us to compute recursively the Mobius polynomial when A*
is a (reducible or not) Artin—Tits monoid of spherical type (see [21] in the case of braid
monoids and [5] in the general case).

Proposition 7.3.

Let A* be an Artin-Tits monoid. If AT is a direct product of two non-trivial Artin—Tits
monoids B* and C*, then Ha(z) = Hp(2)Hc(2). In addition, if the Coxeter group W
of AT is irreducible, several cases are possible, according to the classification of Theo-
rem 2.26, and are enumerated below.

o If W is of type A,, let H an(2) be the Mdobius polynomial of A*, and let us define
the polynomials Ha_1(2) = Ha (z) = 1. We have

n

ﬂa,n(z) = Z(_1>kzk(k+l)/2ﬂa,n—k—1(2)'

k=0
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o If W is of type By, let Hyn(2) be the Mébius polynomial of A*, and let us define
the polynomial Hpo(z) = 1. We have

2

an Z k: kk+1 /QH b k—l(z) + (—1)”2” )
=0

o If W is of type D, let Han(z) be the Mobius polynomial of AT, and let us define
the polynomial Haa(2) =1 — 2z + 22. We have

n—3
ﬂdn _ Z(_l)k(k-&-l)ﬂﬁd n—k—l(z) + (_1)n (z(n—Q)(n—l)/Q _ 9,(n=1)n/2 + Z(n—l)n) )
k=0
o [f W is of exceptional type, then Ha(z) is as presented in Fig. 7.4, according to the
type of W.

W Ha(z)

Es | 1—62+1022—102* +525 425 +327 + 4210 - 2211 4 212 215 9,20 4 ;36
1—72z+4+1522 =523 — 162 +122° — 325 + 827 — 328 — 329 + 6219 — 5211 +
L12 3,15 L 16 _ 9,20 L 9,21 | 30 | .36 _ .63

1 — 8242122 — 1423 — 212* +282° — 725 41227 — 828 — 102° + 10210 —
Fy 12210 4 7212 42218 — 214 3,15 4 9,16 9,20 4 G221 _ 222 ;23 _ 28 4

530 4 .36 _ .37 42 63 | 120

Eq

Fy | 1—42+322422% — 24 —2294 2%

Hy |1—=32+224+234+2°-2P

Hy |1 —42+32%2+223 — 24+ 25 — 220 — 215 4 260
La) | 1 =22+ 2°

Figure 7.4 — Computing Md&bius polynomials in irreducible Artin—Tits monoids

Proof. The computation of Ha(z) when W is of exceptional case can be performed by
brute-force. Hence, we focus on the case where W is of type A,: the cases where W is of
type B,, or D,, are analogous.

If W is of type A,, for each set I € P, let k(I) be the largest integer such that
{Ont1-k(1):---,0n} S 1, and let us denote by J the set I\{o,11-k(1), - - -, 0n}. In addition,
for all ¢ < n, let 77 = 2toon1-it The set J must belong to Pk([), hence A; =

-----

Hon(z) = Z( 1)H1MAD :Zzlk(f) L (—HA@n

IeP i=0 IeP
n

|J|+i2)\(AJ)+i(i+l)/2 _ Z(_1)121(2+1)/2 Z (_1)|J‘Z)\(AJ)
7) i=0 JeP;

| I
M: s
M

@
Il
=}

( 1>izi(i+1)/2ﬂa,n—l—i(2)-



Chapter 7. Building Uniform Measures on Braids 229

In addition, the radius of convergence of the generating function Ga(z) enjoys many
properties, such as the following one, which we will then rephrase in a stronger form in
Corollary 7.56.

Proposition 7.5.

Let A* be an irreducible Artin—Tits monoid with n = 2 generators. Let pa be the radius
of convergence of the generating function Ga(z). The real number pa belongs to the half-
open interval [1/n,2/3) and is a root of the Mébius polynomial Ha of minimal modulus,
i.e. |p| = pa for all roots p of Ha.

Proof. First, let BT be the free monoid with n generators. The monoid A™ is a quotient
monoid of B*, and the monoid Zz is a quotient monoid of A*, whence pg < pa < pz_,,
where pa, pp and pz_, are the respective radii of convergence of the generating functions
Ga(2), Ga(z) and Gz_,(z). Since Gg(z) = = and Gz_,(2) = 1=, it follows that 1 =
PB < PA <Pz = L.

The equality Ga(2)Ha(z) = 1 holds on the open (complex) disk of convergence of
Ga(z), which means that we have Ha(z) # 0 whenever |z| < pa and that Ga(z) is the
rational fraction Ha(z)™'. Since the terms of the generating function Ga(z) are non-
negative, it follows that pa = sup{z € R>q : G(z) < +00}, and therefore that pa is a pole
of Ga, i.e. a root of Ha. Hence, pa is a root of Ha of minimal modulus.

Finally, the monoid A* must contain some 2-generator irreducible submonoid, which
we call C* and The monoid C7 is either a dihedral monoid with Coxeter group I»(a)
for some a = 3, or a free monoid, with Coxeter group I»(a) for a = +c0. Again, we have
pa < pc, where pc is the radius of convergence of Go(2), i.e. a root of He(z) of minimal
modulus. Since Hc(0) = 1 and

2 4 /2\° 4 2\° 1
Vo124 (2) <124 (2) ==
fe (3) 3+(3) 3+(3) 27

it follows that pc < %, which completes the proof. O

Moreover, (algebraic) generating functions and Mobius polynomials extend easily to
the framework of valuations, i.e. monoid morphisms from A* to C\{0}.

Definition 7.6 (Valuation).
Let A* be an Artin—Tits monoid with n generators. Let (1;)1<i<n be a collection of complex

numbers. We call valuation of parameters (r;) the (unique) multiplicative function r :
At — C such that r(o;) =7; for allie {1,... ,n}.

If each number r; is a non-negative real number, we say that r is non-negative. If each
number r; is positive, we even say that r is positive.
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Henceforth, we identify each valuation r : A* — C with the collection (ry,...,r,).
Note that functions x — 2*®) which appear implicitly in the definitions of the generating
function and of the Mobius polynomial of AT, are specific valuations. Hence, we denote
them by 2%, so that z* : x — z*®), In particular, multiplying the tuple (r1,...,7,) by a
constant # amounts to multiplying the valuation 7 by the valuation 6*.

In addition, we decide to focus only on positive valuations. Indeed, if r; = 0 for
some i € {1,...,n}, studying the valuation r on the monoid A* amounts to studying its
restriction to the submonoid generated by {o; : i # j}. If A* is a braid monoid B;}, then
the braid relations 0;0,410; = 0,110,041 imply that r;r;,1(r; 1 —r;) = 0. Since r; > 0 for
all 7, we must have r; = ... =r,.

In general, we must have r; = r; whenever m, ; is odd, due the relation [o;0;]"™ =
[0;0:]™ . Hence, let G be the Coxeter graph of the monoid A", and consider the subgraph
G! obtained by deleting all the edges (i, ) of G such that m;; € 2Z. The equality r; = r;
must hold whenever i and j belong to the same connected component of G!, and may
not hold if 7 and j belong to distinct connected component of G1.

For instance, we must have ry = ... = r,, if A" is an Artin—Tits monoid with Coxeter
group of type A,, D, E,, H, or I (a) with a odd. On the contrary, if the Coxeter group
of A* is of type B, then we only have ry = r3 = ... = r,, but the equality r; = ry does
not necessarily hold. Likewise, if AT is a heap monoid, then the graphs G and G' are
equal, and therefore we may choose 71, ..., r, independently.

This discussion leads to the notion of valuation manifold, whose elements are the
tuples (71, ...,7,) associated with some positive valuation r : A* — C.

Definition 7.7 (Valuation manifold).
Let At be an Artin-Tits monoid with n generators. The valuation manifold of AT is
defined as the set

Va = {(r1,....r) € (0,40)" : Vi, j € {1,...,n},mi,; € 2Z + 1 = r; = r;}.

Definition 7.8 (Multivariate generating function and Mébius polynomial).

Let A™ be an Artin—Tits monoid. The multivariate algebraic generating function of the
monoid A" is defined as the function Ga : r — Y, _a+7(a), where r : AT — C is a
valuation.

The multivariate Mobius polynomial of A* is defined by Ha : v — > ;p(—1)1Ir(Af).

These are indeed generalisations of the standard generating function and Mobius
polynomial, through the identification Ga(2) = Ga(2") and Ha(z) = Ha(z}). Further-

more, let C,...,C, be the connected components of the graph G! defined above, and
let ti,...,t; be the elements of R™ such that t; := (licc,)1<i<n for all j € {1,... k}.
The valuation manifold is the cone generated positively by the family tq,..., t, i.e.

VA:{$1t1+...+$ktk2O<$1,...,$k}.

In particular, when restricting our study to positive valuations, we can identify each
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valuation r with the tuple (z1, ..., xy) such that (r,...,7r,) = Z§:1 x;t;. Hence, we may
view Ga and Ha as actual multivariate functions, with (positive) variables (z1, ..., ).

Proposition 7.9.
Let At be an Artin-Tits monoid. The multivariate generating function Ga and the
multivariate Mébius polynomial Ha of the monoid A" are inverses of each other, i.e.

Ga(r)Ha(r) = 1.

Proof. A direct computation, using the change of variable b := Aja, shows that

Ga(rHa(r) = > Y (=1l = > D (=)l (Aa)

acAt IeP acAt IeP
= Z Z m ) = Z ]_left(b):@?"(b) = 1
beAt ICleft(b) beA+

Proposition 7.9 has the flavour of inclusion-exclusion principles. Pushing further to-
wards this direction naturally leads to the notion of Mébius transform of functions [83, 86].

Definition 7.10 (Mobius transform and inverse Mobius transform).
Consider some function f : At — C. We define the Mobius transform of f as the

function Mf : x — 3, o (=) f(xA7).

In addition, if f is L', i.e. if Diaca+ |f(@)] < 400, then we define the inverse M&bius
transform of f as the function Mf :x— 3 5+ f(Xy).

Proposition 7.11.
Let A™ be an Artin-Tits monoid and let f : AT — C be an 2 function. The Mdbius
transform M is also an L' function, and we have M(Mf) = M(Mf) = f.

Proof. First, since Mf is a finite sum of L' functions, it is also an L! function. Hence,
for all a € AT, and using the changes of variables ¢ := bA; and d := A;b, we have

MMf)(@) = > >(-1)"f(abA;) = > Z —1)Mlf(ac)

beA+ IeP ceA+ Icright(c
= Z 1right(c)=®f(ac) = f(a> and
ceAt
M(M/f)(a) = > D (-D)farmb)= > > (=) f(ad)
beA+ [€P deA+ ICleft(d)
= Z Liett(a)-z f(ad) = f(a).
deA+
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One shortcoming of the above-defined Mébius transform is that its inverse is only
defined on L' functions. Hence, in the specific case of monoids of FC type, we introduce a
variant of Mobius transforms, which involves the modified length x|, := |[NF,(x)|+ 1x-1
and modified functions f; : x — 1jx|,<rf(x). The corrective term 1y_; in the definition
of |x|, is meant to provide the equivalence ||x||, =1 < x € S.

Definition 7.12 (Graded Mobius transform and inverse graded Mobius transform).

Let A™* be an Artin—Tits monoid of FC type and let f : At — C be a function. We define
the graded Mé&bius transform of f as the function M, f : x — (M f|x|, )(x), and we define
the inverse graded Mobius transform of f as the function M., f : x (MfoHW)(X), where
M and M are the (standard) Mobius transform and inverse Mdbius transform in the
sense of Definition 7.10.

Proposition 7.13.
Let A* be an Artin—Tits monoid of FC type. The graded Mdébius transform M., and the
inverse graded Mobius transform M., are inverse (linear) bijections of the set {f : AT —

C}.

Proof. Let f: ATt +— C be a function, let a be some element of A*, and let k& be some
integer.

We first show that (M., f)r = M, (fi) and (M, f)r = M, (fx). Indeed, we have

(M, fi)(@) = (M(fi)ja),) (@) = Mfjap,)(@) = (M, f)(a) = (M, f)(a) if a], < &;
(M, fi)(a) = (M(fi)ja),)(@) = (Mfi)(a) = 0 = (M, f)r(a) if [a], > k;
(M, fi)(@) = (M(fx)ja),)(a) = (Mfla),)(a) = (M,f)(a) = (M, f)x(a) if |a], < k;
(M, fi)(@) = (M(fi)ja),)(a) = (Mfi)(a) = 0 = (M, f)i(a) if |a], > k.

In addition, a — ||a|, is non-decreasing for the ordering <, i.e. |all, < |abl|, for all
a,be A*. It follows that

(M,(M, f))(a) = (M(M,[)ja,)(@) = (M(M, flap,))(@) = D (M, fia,)(ab)

beAt

= D) (M(fjap,)jabl,)(@b) = Y (Mfja),)(ab)

beAt beAt

= (M(Mfjaj,))(@) = fjal,(a) = f(a) and
(M, (M, f))(a) = (M(M,f)ja,)(@) = (M(M, fiay,))(@) = > (=DM, fia),)(ad)

IeP

= DDV flap,)jaan,) @A) = (=D (Mfja), ) (@A)

IeP IeP

= (M(Mfja),))(@) = flaj,(a) = f(a).
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7.1.2 Extended Artin—Tits Monoid and Finite Measures

We wish to embed A* into a compact metric space A ina way that would also preserve
the partial order <,. A standard construction for this is performed into the framework of
projective systems [17].

Definition & Proposition 7.14 (Extended Artin-Tits monoid).
Let A" be an Artin—Tits monoid of FC type. Consider the sets €y, for k =0, and maps
Okm @ Q= Q, form =k =0, defined by:

O = {xeA":|x| <kl

Opm @ X ab(x),
where of : x — LCMg,({y € S* : y <, x}).

We have Oy = Idq, and Oy, 0 0 = Okp for all k < m < n. Hence, we say that the
families (Q)k=0 and (Okm)m=k=0 form a projective system.

We call extended Artin—Tits monoid the projective limit

K+ = {(sz)k20 € HQk . Vk:,m = O,m > k= Qkym(xm) = Xk} .

k=0

We equip the set A" with the partial order, which we denote by <,, inherited from the
product partial order on [],_,Q, and with a collection of order-preserving mappings

Op.o : AT > Qp such that Oy (Xpn)m=0 > X

Lemma 7.15. o
Let AT be an Artin—Tits monoid of FC type. The mapping ¢ : AT — Al defined by

x> (af(x))k=0 s an embedding of the ordered set A* into A"

Proof. Consider two elements x and y of A*, and let k := max{|x/|, ly[}. Since x = af(x)
and y = af(y), it follows that

X<y = (Vm=0,07"(x) <0 o' (y)) = 1(x) <¢ o(y);

Ux) < uly) = af(x) <cagy) = x<¢y.

This completes the proof. O

Definition 7.16 (Finite and infinite elements).

We identify henceforth the Artin—Tits monoid of FC type A with its embedding t(A™)
into the set A . Hence, we call finite elements of A" the elements of AT, and infinite
elements of A the elements of the set OA* = K+\A+.

From this first definition follow already some properties on the ordered set (A+, <y).
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Lemma 7.17.

Let At be an Artin—Tits monoid of FC type. The set KJr, equipped with the order <y,
is a complete lower semilattice, i.e. arbitrary non-empty subsets of A" admit a largest
common divisor. Furthermore, each subset of A" that has some common multiple has a
least common multiple.

Proof. Let S be some non-empty subset of A", We first show that S admits a largest
common divisor. Indeed, each set (), is a finite lower semilattice, hence is a complete
lower semilattice. Hence, consider the sequence (x;)x>o such that x; = GCDg, (k. (95)).
For all integers ¢ > k > 0, we have

Qkx(Xg) = GCDée (Qk[ o Qg,oo(S)) = GCDge (Qk@C(S)) = Xk,
hence (x;)r=0 belongs to A" Tt follows immediately that (xx)r=0 = GCDg,(S).

Consequently, the set S also admits a least common multiple, which is
LCM.,(S) := GCD.,({Ce A" :¥xe S, x <, (}).

O

In particular, if A™ is an Artin—Tits monoid of spherical type, then A isa complete
lattice. We also extend the notion of left Garside normal form to the extended Artin—Tits
monoid A .

Definition 7.18 (Extended Garside normal form).
Let A* be an Artin—Tits monoid of FC type. For each integer k = 1, consider the k-th
extension mapping Oy, : A AT which we define by Oy, : X — 01 0(X) 10r.0(X).

We call extended Garside normal form of x, and denote by NF{ (x), the right-infinite
word ©1(x) - Oz(x) - ...

Proposition 7.19.
Let x be an element of an Artin-Tits monoid of FC type A*. The (extended) Garside
words NF,(x) and NF} (x) satisfy the relation NFj(x) = NFy(x)-1-1-...

Proof. Let us write down the letters of the words NF,(x) and NF{ (x), e.g. NF/(x) = 21 -
...z and NF} (x) = z1-29-. .., where k = |x|. For all integers i > 1, Corollary 2.51 proves
that z1 ... Tmingrs) = 21 ... 2. Hence, an immediate induction on 7 proves Proposition 7.19.
|

Corollary 7.20.
Let A be an Artin—Tits monoid of FC type and let A" be the associated extended Artin—
Tits monoid of FC type. The extended Garside normal form z — NF{ (z) is injective.

Furthermore, the extended Garside words are the right-infinite words z = zy-z3-. .. whose
letters belong to S and satisfy the relations z; — z;1q for all @ = 1. In addition, z is the
extended Garside normal form of a finite element if and only if there exists some integer
k =1 such that z; = 1 for all i = k, and in this case we have z = NF} (21 ... z5_1).
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Proof. Tt comes immediately that the extended normal form is injective, i.e. that

NF}(x) = NF;/(y) @ x =Y.

Then, Lemma 2.40 and Proposition 7.19 prove that the extended Garside normal
forms of finite elements of A are words Z:= 21+ %y -...such that z; — 29 — ... such
that z;, = 1 for some integer k£ > 1, and it comes immediately that z = NF (21 ... 25-1).

Moreover, for all elements x = (xj)x=0 of A and all integers k = 0, we have ||x;| < k
and therefore Proposition 7.19 proves that ©1(x)-...-O(x)-1-... = NF}(x;), hence that
©1(x) — ... —> Ox(x). Since x must be infinite, it follows immediately that O(x) # 1
for all &k > 1.

Finally, if z := z1-25-... is a right-infinite word such that z; — 2o — ... and z;, # 1
for all k£ = 1, then Corollary 2.51 proves that the sequence (Xj)k=0, where x := 21 ... 2,
is an element of A . This element cannot belong to AT itself, hence it belongs to A,
which completes the proof. O

Hence, the extended Garside normal form NF} : A"~ {z1-29-...€ S¥ : Vi >
1,2z; —> 241} is a bijection. It maps finite elements to the words that contain the letter
1, and infinite elements to the words that do not contain the letter 1. In addition, the
set {NF}(z):z e A"} embeds naturally as a subset of the product set % := {(z;);>1 :
Vi = 1,z; € S}, equipped with the product topology, i.e. the coarsest topology for which
the mappings (zx)r>1 — 2¢ are continuous, for all integers ¢ > 1.

It is natural to look for a topology on A" such that NF; would be a homeomorphism,

and therefore we focus on the projective topology [17]. In addition, we provide A" with
the associated Borel o-algebra, and dA™* with the induced o-algebra.

Definition 7.21 (Projective topology on K+).
Let At be an Artin-Tits monoid of FC type. Since each set Q) = {x € A" : |z|| < k}
is finite, let us equip it with the discrete topology (i.e. the topology in which all sets are

open,).

The projective topology on the projective limit A" is the coarsest topology for which the
mappings O o AT Q. are continuous.

Proposition 7.22.
Let At be an Artin-Tits monoid of FC type. The extended Garside normal form NF :

A {NF(z):z€ K+} is a homeomorphism.

Proof. By definition, the product topology on {NF{(() : ¢ € K+} is generated by the
open sets By(k,a) := {z : z; = a}, for all integers £k > 1 and all strong elements
a € S. Likewise, the projective topology on A s generated by the open sets B,(k,b) :=
{(x;)i=0 : X = b}, for all integers k£ > 0 and all elements b of .
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Hence, let k& be some integer, let a be some strong element of A™, and let b be some
element of €2;. In addition, let z1 - 25 - ... be the extended Garside normal form of b. The
direct image of B,(k, b) by NF¥ is the open subset (), B1(4, z;) of {NF¥((): C e K+}.
Conversely, the inverse image of %B1(k, a) by NF} is the open subset | o, 2) B2(k, b) of
A", where the set Qy(a) is defined as Qy(a) := {be Q : b = a4~ !(b)a}. This completes
the proof. O

Definition 7.23 (Elementary cylinders).

Let A™ be an Artin-Tits monoid of FC type. For each finite element x € AT, we call
full elementary cylinder the set | x := {y € A x < y} and elementary cylinder the
set 1 x := () x) n dA™. In addition, for each (finite or not) element 'y € A", we call
downward elementary cylinder the set | y := {z € Az <, v}

Proposition 7.24.

Let A be an Artin—Tits monoid of FC type. The set A isa metric, compact set, and
the set OA™ is a closed subset of A" In addition, consider some elements x € A™ and
y € A" The sets {x} and 1 x are both open and closed in K+, the set || y is closed in
K+, and the set 1 x is both open and closed in OA™.

Proof. First, observe that all projective limits of finite sets are metric, compact sets
(see [17] for details). Alternatively, this result also follows from the fact that {INF}(z) :

Z € K+} is a closed subset of the metric, compact set S“.

Then, consider two elements X := (Xx)g=0 and Y := (yx)i=0 of A" Recall that
X <, Y if and only if x;, <, yi for all £ > 0. Equivalently, if X belongs to A™, we have
X< YeX<g, Yix|-

Moreover, by construction, each set By(k, b), where b € €, is both open and closed
in A" Hence, let x be an element of A*. The set f x = U By (|x[,y) is both

open and closed in K+, and therefore the set 1 x = ({} x) n dA™ is both open and closed
in 0A™. Furthermore, the singleton set {x} =f x\J;_, 1 (x0;) is itself open and closed

. =t
in A .

YEQ x| x<ey

Finally, the sets K+\ I ¢ =Uea+xgye T x and AT = [J, o+ {x} are unions of open

sets, hence are open subsets of A" Tt follows that their respective complements | ¢ and
OA™ are closed subsets of A O

Elementary cylinders will play a crucial role in the subsequent parts of this chapter.
In addition, they are closely related to the closed and open balls B4 (k,b) := {(x;)i>0 :
XE = b}

Proposition 7.25.
Let A* be an Artin—Tits monoid of FC type, let v be a finite measure on K+, and let
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f: AT — C be the function such that f : x — v({ x). For all finite elements x € A*, we
have v(Bs(||x], x)) = (M, f)(x).

In particular, the measure v is entirely determined by the values f(x), for x € A*.

Proof. Consider the function g : x — v(Bs(]x[,,x)). The full elementary cylinder f x
is the disjoint union of the sets By(|x|,,xy) for all the elements y € A" such that

|Ixy| < [x],, i.e. such that |xy|, = ||x][,. It follows that f(x) = (M,g)(x), and therefore
that g = M. f.

Moreover, since the open sets & and B (||x[|,,x), for x € A", form a m-system (i.e.
a family closed under finite intersection) and generate the projective topology on A™,
it follows that v is entirely determined by the values v(Bs(|x[,,x)), for x € A*, and
therefore by f. O

Bifinite domains [1, 82| provide us with an alternative proof of Proposition 7.25.

Definition & Proposition 7.26 (Bifinite domain and Lawson topology).

Let A" be an Artin—Tits monoid of FC type. Consider the sets Qy, the maps Oy : 2y —
Q, as well as the natural embeddings Oy : QU — Q, for £ = k = 0. Recall that A" was
defined as the projective limit of the projective system (Q)k=0, (Oke)e=k=0-

Forl =k =0, both maps 0y, and Uy, are order-preserving (for the order <;). In addition,
we have Oy 40V = Idg,, and V40 6y <, Idg,. Hence, we say that the pair (0x e, Vy.r)
s a projection-embedding pair, and we say that A" is a bifinite domain.

Finally, let us define the Lawson topology on A" as the topology generated by the open
sets | x, forxe A*, and K+\ V¢, forCe AT

Proposition 7.27.

Let At be an Artin—Tits monoid of FC type. The projective topology and the Lawson
topology coincide on A" In addition, every finite Borel measure on A" s entirely de-
termined by its values on the collection of full elementary cylinders, and every finite
Borel measure on 0A™ is entirely determined by its values on the collection of elementary
cylinders.

Proof. Proposition 7.27 follows from general topological results about bifinite domains.
More precisely, the first part of Proposition 7.27 follows directly from [1, Theorem 1],
while the second part follows from [1, Theorem 2. O

7.1.3 Uniform Measures on Extended Monoids

Definition 7.28 (Uniform measure).
Let A" be an Artin-Tits monoid of FC type, and let r : AT — C be some non-negative
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valuation. We call uniform measure of parameter r on A a probability measure v, on
A" such that ¥x e At v (1 x) = r(x). If v is positive, then we say that v, is positive.

Moreover, if r is of the form ¢* for some non-negative real number q (i.e. if v : x — ¢*(x)),
then we say that v, is the uniform measure of parameter ¢ and also denote it by v,.

Finally, if v, is a uniform measure such that v.(A*) = 0, then we say that v, is a
Bernoulli measure.

Observe that, since r is multiplicative, so is the associated uniform measure, i.e. v,.({
(xy)) = v.( x)v.(1 y). Conversely, if v is a multiplicative measure on K+, then the
function x — v(ff x) is a non-negative valuation which is entirely determined by the
values v; 1= v({ ;).

Aiming to characterise uniform measures, we mention now two uniqueness and exis-
tence results.

Lemma 7.29.
Let At be an Artin-Tits monoid of FC type and let r : AT — C be some positive
valuation. The uniform measure v, of parameter r is unique, if it exists. Moreover, for

all x € A, we have v, ({x}) = Ha(r)r(x).

Proof. Let us assume that there exist uniform measures p, and v, of parameter r. We
have . (ff x) = r(x) = v,.(f x) for all x e A", and therefore Proposition 7.25 shows that

Ly = Uy
Then, the inclusion-exclusion principle shows that

vr({x}) = 2 (=DM (f (xA) = YL (=DMr(x)r(Ar) = Ha(r)r(x),

IeP IeP

which completes the proof. O

Definition 7.30 (Convergence manifold and limit convergence manifold).

Let A" be an Artin—Tits monoid of FC type with n generators and let Va be the valuation
manifold of A*. The convergence manifold and the limit convergence manifold of A™
are defined as the sets

Ra :={(r1,...,7n) € Va : Ga(r) < +0} and RY := 0Ra N Va.

By extension, and identifying the valuation r with the tuple T := (r1,...,7,), we will
also write r € Ra and r € R} as shorthand notations for T € R and T € RY.

For all tuples X := (x1,...,2,) and ¥ := (y1,...,y,) of real numbers, let us write
<yifVie{l,....n},x; <y, and X < yif Vi € {1,...,n},2; < y;. In addition,
z is a real number, we extend the relations < and < by identifying z with the tuple
= (z,...,2),le.wewrite X< 2, X<z z2z<yand 2 <yifX<2z 2<% z<Yyand
< y respectively.

SNSRIV
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Lemma 7.31.
Let A" be an Artin-Tits monoid of FC type. Consider two elements q and T of the
valuation manifold Vo of AT. If q belongs to Ra and if T < q, then T belongs to Ra.

Proof. Let g and r be the valuations associated with the tuples q and r. For all x € AT,
we necessarily have 0 < r(x) < ¢(x). Since the series Ga (¢q) converges, so does the series
Ga(r), i.e. 7 € Ra. O

Lemma 7.32.

Let A™ be an irreducible Artin—Tits monoid of FC type with at least 2 generators. Let pa
be the smallest positive root of the Mébius polynomial Ha, and let T be some element of
Va. IfT < pa, thenT € Ra, and if T € Ra, thenT < 1.

Proof. Without loss of generality, we assume that 71 = max{ry,...,r,}. First, if r; < pa,
then Ga(r1) = Ga(r}) converges, i.e. (ry,...,r1) € Ra, hence Lemma 7.31 proves that
T e Ra. Second, if r1 = 1, then Ga(r) = >, 7(0F) = D7t = +o0. O

Proposition 7.33.

Let A™ be an irreducible Artin—Tits monoid of FC type with at least 2 generators, and
let T be some element of the valuation manifold Vo of A*t. There exists a positive real
number () such that, for all z > 0, aT € Ry < 1 < ¢(T) and 2T € Ry < v = ¢(T).
Furthermore, the mapping ¢ : T — (T) is continuous.

Proof. Without loss of generality, let us first assume that max{ry,...,r,} = 1, and con-
sider the set R := {z € (0, +0) : 2T € Ra}. Lemma 7.32 proves that (0,pa) € R < (0,1).
Now, let r be the valuation associated with the tuple T, and consider the functions
Ga : 7 — Ga(a?) and Hp : 2 — Ha(2z?r). Since Hp is a polynomial and since the
equality Ga(x)Ha(xz) = 1 holds when z € R, it follows that G is the rational function
Hj,'. Consequently, if (F) denotes the smallest positive root of Hpa, i.e. the smallest
positive pole of G, we have R = (0, (7)), and ()T € RY.

Then, consider some x > ©(T), and consider a sequence q',q?, ... of elements of
Va that converges towards zT. Since a2t > ¢(T)T, there exists some k£ > 0 such that
q" > ¢(T)T. Since p(T)T ¢ Ra, Lemma 7.31 proves that ¥ ¢ Ra. This proves that no
sequence of elements of R converges towards aT, i.e. that ot ¢ RQ. It follows, for all
r € (0,+m), that 2T € Ra < 7 < ¢(T) and 7 € R4 < 1 = ¢(7).

Finally, let us prove that ¢ is continuous, and consider some element T := (rq,...,r,)
of Va. Then, consider some real number £ € (0,1/2), and some element q of Vs such
that |r; — ¢;| < er; for all i € {1,...,n}. It follows that ¢(F)F < £24q, and therefore

1—¢
Lemma 7.31 proves that ¢(q) < 7-¢(T). Moreover, since (1 —&)r; < g;, it follows that

ri — qi| < $5=q;, and therefore that ¢(T) < 7=2¢(q). This proves that ¢ : T — ¢(T) is

continuous. 0
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Corollary 7.34.

Let A™ be an irreducible Artin—Tits monoid of FC type with at least 2 generators. The
limit convergence manifold of A is homeomorphic to an open simplex of dimension
dim(Va) — 1, and the convergence manifold of A* is homeomorphic to an open ball of
dimension dim(Va).

More precisely, the convergence manifold of A" is the connected component of the man-
ifold {t € Vs : Ha(T) > 0} whose boundary (in R™) contains the point (0,...,0).

Proof. Consider the sets V! := {T € Vao : T < 1} and V] 1= V' nVa = {T € Va :
max{ry,...,r,} = 1}, Wh1ch are respectively homeomorphic to an open ball of dimension
dim(VA) and to an open simplex of dimension dim(Va) — 1. We claim that the mapping
® : T — p(T)T induces a homeomorphism from V} to R4 . First, Proposition 7.33 proves
that {®(r)} = RA n{zr : x € (0,+00)} for all T € V4. It follows that ® induces a bijection
from V} to RY.

Moreover, Proposition 7.33 also proves that ® is continuous, and Lemma 7.32 proves
that pa < o(t) < 1 for all T € V. In addition, for each element T of Vy, let ¥(T) :=
max{ry,...,7,}. The mapping ¥ : T — ¢(7)"'T induces a mapping from R4 to Vi,
which is the inverse bijection of ®. Moreover, we know that v and v~! are continuous
on Va, so that ¥ is continuous too. Consequently, the mapping ® = ¥U~! is indeed a
homeomorphism from V} to R}.

In addition, it follows immediately that the mapping T — 4 (r)®(T) induces a bijection
from V3! to Ra. Since both this mapping and its inverse are continuous, it follows that
Ra is homeomorphic with V5!, i.e. with an open ball of dimension dim(V,). Finally, let
C be the connected component of the manifold {r¥ € V, : Ha(r) > 0} whose boundary
(in R™) contains the point (0, ...,0). We mentioned in the proof of Proposition 7.33 that
Ha > 0 on Ra. Since Ra is connected and non-empty (because R4 is homeomorphic
to a ball), it follows that R4 is a non-empty subset of C. Moreover, we also mentioned
that Ha = 0 on R‘z, which proves that 0RA N C = F. It follows that Ra = C, which
completes the proof. O

In what follows, for all positive valuations r : At — C, we denote by ¢(r) the unique
positive real number such that the valuation ¢(r)*r : x — ¢(r)*®r(x) belongs to Ry
and we denote by ®(r) the valuation p(r)*r

Theorem 7.35.
Let A* be an irreducible Artin—Tits monoid of FC type with at least 2 generators, and
let v : AT +— C be a valuation. If r € Ra, then there exists a (unique) uniform measure

v, of parameter r on K+, whose support is A*. If r € Ry, then there exists a (unique)
uniform measure v, of parameter r on K+, whose support is contained into OA™.

Proof. If r € Ra, then the generating function Ga (r) is (absolutely) convergent, and the
equality Ga (r)Ha(r) = 1 holds in the field of real numbers. It follows that Ha(r) > 0,
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and therefore that the measure v, such that v,({x}) = Ha(r)r(x) and v,.(0A*) = 0 is
well-defined. Hence, consider some finite braid x € A™. Since the support of v, is AT, we
have

vt x) = Y wllxy}) = Y, re)r(y)Ha(r) = r(x)Ga(r)Ha(r) = r(x),

yeAT yeAT

which proves that v, is uniform with parameter r.

Then, if 7 € R, let (¢);>1 be a sequence of valuations in R such that qi — 1y, for

all ke {1,...,n}. Proposition 7.24 proves that A" is metric and compact, and therefore
we may assume that the sequence (v,;) converges weakly, towards a limit that we call v,.

Let x € A" be some finite braid. Proposition 7.24 also states that { x is both open
and closed in K+, and therefore § x has an empty topological boundary. Hence, the
Portemanteau theorem [12| implies that lim;_, v, (1 x) = v,-(1 x). This proves that

v (1 %) = lim ¢’(x) = r(x),

which means that v, is uniform with parameter » and completes the proof. |

In addition, if A™ is an Artin—Tits monoid of spherical type (i.e. if the lower semilattice
A" admits a supremum), then there also exists a uniform measure v, associated with the
valuation r : x ~— 1. This measure degenerate, and is the Dirac measure at A¥ = (AF);=0.
It coincides with the naive limit of the random walk on the monoid A™, such as studied
in Chapter 5.

Henceforth, we cast aside both the case of the valuation r : x — 14—, which leads to
the uniform measure v, = 1, and the valuation r : x — 1, which leads to the uniform
measure v, = 0a« when AT is an Artin—Tits monoid of spherical type

Conversely, let us prove that the above-constructed uniform measures are the only
existing uniform measures. In order to do so, we need to use Perron-Frobenius theory
(see [85, Chapter 1] for details).

Definition 7.36 (Positive matrix and primitive matrix).
Let M be a real square matriz. If all the entries of M are non-negative real numbers, we
say that M is non-negative. If they are positive real numbers, we say that M is positive.

Moreover, if M is a non-negative matrixz such that, for some integer k = 0, the matrices
(M*) 4=y are all positive, then we say that M is primitive.

Theorem 7.37 (Perron).
Let M be a primitive matriz. There exists a positive real number p, one row vector 1 with
positive entries, and one column vector r with positive entries, such that:

e p is a simple eigenvalue of M, for the left eigenvector 1 and the right eigenvector r
(iiee.1-M=pland M -r=pr);
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o for all eigenvalues \ of M, if p # X, then |p| > |A|;

e cach left eigenvector of M with non-negative entries is a (positive) multiple of 1,
and each right eigenvector of M with non-negative entries is a (positive) multiple

of r.

We say that p is the Perron eigenvalue of M, and that 1 and r are Perron eigenvectors

of M.

In addition, if 1 and r are normalised so that 1-r = 1, then, for all row vectors g and
column vectors h with non-negative entries, the equivalence relations

ME~pfr 1 g MF ~ pfg-r - 1; M* - h~pf'r-1-h andg- M* -h ~ p*(g-r)(1-h)

hold when k — +co. Furthermore, the spectrum of the matric N := M —r -1 is {0} U
sp(M)\{p}-

Finally, for all matrices N such that both N and M — N are non-negative, and for all
eigenvalues A of N, we have

o if p# A, then |p| > |A|; o if p= M\, then M = N.

Aiming to apply Theorem 7.37 to combinatorially meaningful matrices, we first prove
some strong connexity results.

Definition 7.38 (Essential left Garside acceptor graph).

Let A™ be an irreducible Artin—Tits monoid of FC type with at least 2 generators. Let
S be the smallest two-way Garside family of AT. We call essential elements of A" the
elements of the set € := S\{1, A} if AT is an Artin-Tits monoid of spherical type, or
& = S\{1} otherwise (i.e. if A does not exist), and call essential Garside set the set £
itself.

We also call essential left Garside acceptor graph the oriented labelled graph Qé‘;ft =
(V, E) defined by

V = {right(a) : a € £},
E={(P,Q)eV xV :3Jae& left(a) € P and right(a) = Q},

and such that each essential element a € € labels the edges (P, Q) such that left(a) < P
and right(a) = Q.

Theorem 7.39.

Let A be an irreducible Artin—Tits monoid of FC type with at least 2 generators, and let
Qé';‘;t be the essential left Garside acceptor graph of A™. The paths in g;gft are precisely
the A-free left Garside words if A is an Artin—Tits monoid of spherical type, or the left
Garside words otherwise. Furthermore, the graph gégft 18 strongly connected and contains
loops and, if A" is not an Artin-Tits monoid of spherical type, it contains the state

{(71, ce ,O'n}.
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Proof. First, if A* is an Artin—Tits monoid of spherical type, observe that g;gft is the
oriented labelled graph induced by the left Garside acceptor automaton, from which the
node {1, ...,0,} has been deleted. Hence, the paths in (]é‘;ft are precisely the A-free left
Garside words. Furthermore, the bilateral Garside automaton Gg,,, which we introduced
in Definition 5.18, is obtained by deleting edges from Qéeait. Since Proposition 5.21 states
that Gga, is strongly connected and contains loops, so must gé‘;ft be connected and contain
loops.

We focus henceforth on the case where A" is not an Artin—Tits monoid of spherical

type, i.e. when its Coxeter diagram contains an edge O=0. Once again, G'°f is the oriented

gar
labelled graph induced by the left Garside acceptor automaton, hence the paths in gégﬁt
are precisely the left Garside words. It remains to show that g;gﬁt contains some loop and
is strongly connected, which we do by proving that {oy,...,0,} is a vertex of G that

gar
is accessible from each vertex of gg;ﬁt.

Let G be the Coxeter diagram of the monoid A™, and let us denote by dg the distance
in the graph G, by using either edges C=0O or O—O. Henceforth, since we must handle
both the essential left Garside acceptor graph (V) E) and the Coxeter diagram G, the
word “vertex” will always refer to vertices of G. Furthermore, for avoiding too heavy
notations, we will identify the sets A € {1,...,n} with {0, : a € A}.

In addition, for all sets S < {1,...,n}, we will denote by S“=° the set {i € {1,...,n} :
dj € S,m;; = oo}, i.e. the set of vertices that are linked to S via an edge =0, and by
SO the set of vertices accessible from S via edges O=O (including the vertices of S),
i.e. the smallest set T such that S u T < T. Similarly, we will denote by S“© the set
{ie{l,...,n}:35€S,m,; >3}, ie. the set of vertices that are linked to S via an edge
O-0, and by SO°" the set of vertices accessible from S via edges O-O (including the
vertices of S), i.e. the smallest set T such that S v T°° < T.

We already note that, if S is O=O-independent, then there exists a strong element
Ag, whence left(Ag) = S and right(Ag) = S U S°©. Now, let P < {1,...,n} be an
element of V. Since P = right(a) for some non-trivial element a, we already know that
P is not empty.

First, if P ¢ P%°%, consider some vertices i € P and j € {1,...,n}\P such that
m;; = oo. Then, let P be a maximal C=O-independent subset of P such that i € P.
We have left(A5) = P < P and right(As) = P U P opPu {7}. Consequently, an
immediate induction shows that the set P“©" is accessible from P in Qé‘;ﬁt. In particular,

the set PO is accessible from itself in géift in one step, which means that it belongs to
a loop.

Note that this part of the proof already implies Theorem 7.39 in the case of irreducible
heap monoids.

Second, if P < P9°% let X be a maximal connected C=O-independent subset of G
such that @ & X n P < X. Observe that | X| > 2. Moreover, since G contains some edge
O=0, the set X cannot contain all the vertices of G, hence it contains some element x
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that is linked to some edge O=0, i.e. such that x € (X°=°)~=.

Let BT be the submonoid of A" generated by the set {o; : i € X}. According to
Proposition 5.21, there exists a sequence of simple braids by,...,b, in BT such that
left(b;) € X n P, b, — ... — b, and right(b,) = X\{z}.

Then, let b, := 0, 'Ax and b, 5 := Axo,!. Note that b, is the “mirror” of b, 1,
i.e. is obtained by reversing the order of the factors of b, ;. In addition, let y be some
neighbour of z in X. Since m,, > 3 and [o,0,]"*v = Ay <o Ax = 0;byq1, it follows
that o, is a factor of b,,1, and also of b, ». Hence, we have b, — b, 1 — b, 2 and
right(b,,2) 2 X°° u X\{z}.

Now, observe that {j : dg(X,j) = 1} = X©©. Then, let P be a maximal O=0-
independent subset of {j € P : dg(j, X) = 2}. Since Ay commutes with by, ..., b, 9, the
elements Apby,..., Apb, 2 are strong elements such that

o left(Asby) = P uleft(b;) < P;
o Asby — ... — Agpby,9;
e right(Asb, 2) = P U P Uright(b,,2) 2 P U X0 U X\{z}.
It follows that both sets @) := right(Azb,,») and Q" are accessible from P in Gleft

gar

and that P U X € Q U {z} € Q U (XZ©)o° < Q. Consequently, an immediate
induction shows that the set P9°" is accessible from P in Guett,

Hence, let S be the smallest subset of G such that P < § = S0 = §9°% The two

above points show that S is accessible from P in Qé‘;ﬁt. Moreover, by construction, S is

a union of maximal connected components of G. Since G itself is connected, it follows

that S = {oy,...,0,}, which completes the proof. O

Definition 7.40 (Garside matrix and expanded Garside matrix).

Let At be an irreducible Artin—Tits monoid of FC type with at least 2 generators, with
two-way Garside family S and essential Garside set £. In addition, let r : AT — C be
a positive valuation. We call Garside matrix of parameter r the matric M := (Mxy),
indexed by pairs of braids x,y € £, and defined by My y = 1xy7(y).

We also call expanded Garside matrix of parameter r the matriz N := (N(ix),(jy)), where
x,y € S\{1}, 1 <i < A(x) and 1 < j < ANy), and defined by
N(i,x),(j,y) =1 ifX =yandi+1=j
r(y) ifx —y,i=Ax) and j =1

= 0 otherwise.

Finally, we call essential Garside matrix of parameter r the restriction of N to indices
(1,x) such that x € £.

In particular, if A* is not an Artin—Tits monoid of spherical type, then its expanded
Garside matrices and its essential Garside matrices are identical. The expanded Garside
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matrix and the essential Garside matrix are analogous to constructions already used
successfully for the analysis of heaps [71].

Lemma 7.41.

Let A™ be an irreducible Artin—Tits monoid of FC type with at least 2 generators, and let
r: AT — C be a positive valuation. The Garside matrixz of parameter r and the essential
Garside matriz of parameter r are primitive.

Proof. The non-negativity of these two matrices is immediate, and their primitiveness
follows from Theorem 7.39. In particular, since the essential Garside graph of A™ is
connected and contains loops, let © be its diameter. It comes immediately that, between
any two states of the graph, there exists a path of length exactly 20 + 1. O

Definition 7.42 (Successor Garside set).

Consider some element x of an Artin—Tits monoid of FC type At. We call successor
Garside set of x, and denote by S(x), the set {y € S : Oy, (x) — y}, i.c. the set {1} if
x=1, or{yeS:NF,(xy) =NF,(x) y}ifx#1.

Lemma 7.43.
Let At be an Artin—Tits monoid of FC type, let f : AT — C be a valuation, and let

g:X > Y so0 My f)(y). For allx € A™, we have (M, f)(x) = f(x)g(x).

Proof. First, if x = 1, then S(x) = {1} and f(1) = 1, whence the equality (M, f)(1) =
f(1)g(1). Henceforth, we assume that x is non-trivial, and denote by x; - ... -z be the
left Garside normal form of x, with k& = |x| = |x],.

Consider the two functions F, G : 2{71+-9n} s C defined by
F:Am Y Lpnacgy (D" F(AL) and G A= Y Lgere(y)cay (M £)(y).

IeP yeS

We first prove that F' = G. Indeed, for each I € P and for each y € S, we have [ <
left(y) < A; <,;y, whence

FIAD) = (ML (ML ))AD = Y Lyi=1la,<y M) = D) Licter) (M f)(y);

yeA+ yeS

F(A) = Z Z 1{ImA:@}1I§left(Y)(_1)| (M, f)(y Z Lieseyyca(M, f)(y) = G(A).

yeS IeP yeS

According to Lemma 2.99, for all elements A, we have |[xA;| < k < right(z;) N1 =
&3. Since f is multiplicative, it follows that

(M, f)(x) = (Mfi)(x) = Z(—l)mlnxmugkf(XAf) = f(x)F(right(z;)) and that

IeP
g<X> = Z ( ’Yf Z 11eft )Cright(zy) ( ’Yf)( ) (rlght(.%'k))
yeS(x) yes

which completes the proof. O
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Proposition 7.44.

Let A* be an irreducible Artin—Tits monoid of FC type with at least 2 generators, let
r: At — C be a positive valuation associated with a uniform measure v, of parameter
r such that v.(A*") = 0, and let M be the Garside matriz of parameter r. The Perron
eigenvalue of M is 1, and the right Perron eigenvectors of M are multiples of the vector

g = (8x)xee such that gx 1= g(x), where g :x — > g (M,7)(y).

Proof. We first prove that g is non-zero and has non-negative entries. Recall that the
relation M,r = rg holds on S. Therefore, for all x € &, Proposition 7.25 shows that
gx = g(x) = r(x)(M,r)(x) = r(x)v,(B2(1,x)) > 0. In addition, if g is zero, then we
have (M,r)(x) = 0 for all x € £, and therefore

L= 7(1) = (M,(M,r))(1) = (M,r)(1) + (M,7)(A)
= Vr(%g(li)) + Vr(%Q(]_,A)) =1,({1}) + . ( A) = r(A) if A exists, or
1 = r(1) = (M,(M,r))(1) = (M,r)(1) = 1,.(B2(1,1)) = v, ({1}) = 0 otherwise.

This proves that A exists, and that 7(A) = 1. Since we must have 0 < r; < 1 for all
i€ {l,...,n}, it follows that r is the constant valuation x — 1, which we decided above
to cast aside.

Therefore, we have proven that g is non-zero, and we focus on proving that M -g = g.
Proposition 7.25 shows that ¢g(1) = (M,r)(1) = v,(82(1,1)) = v.({1}) = 0. It follows
that

= 3 Larely) = Y r@ely) = Y (Myr)(y) = 9(x) = g

yeS(x) yeS(x) yeS(x)

Proposition 7.45.

Let A" be an irreducible Artin—Tits monoid of FC type with at least 2 generators, and let
r: AT — C be a positive valuation associated with a uniform measure v, of parameter r.
The valuation r belongs to the set Ra U RY.

Proof. Consider the tuple T := (rq,...,r,) and let us assume, for the sake of contradiction,
that T ¢ Ra U RY, i.e. that o(T) < 1, where ¢ was defined in Proposition 7.33.

First, Lemma 7.29 proves that v, ({x}) = Ha(r)r(x) for all x e A*. This proves that
Ha(r) = 0. Moreover, if Ha(r) > 0, then

L=v,(1 1) = v, (T) = Ha(r) X r(x)
xeT
for all finite sets T < A™. It follows that the series >, _,. r(x) is convergent, i.e. that

T € Ra, which is false.

Hence, we know that Ha(r) = 0 and that v,.(A™) = 0, i.e. that v, is concentrated
at infinity. Then, Proposition 7.44 proves that both the Garside matrices M and N,
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with respective parameters r and W(r) = ¢(r)* r, are primitive matrices with Perron
eigenvalue 1. Since p(r)*® r(x) < r(x) for all x e A*\{1}, it follows that M # N, and
that both N and M — N are non-negative, which contradicts Theorem 7.37. Therefore,
our initial assumption was false, which proves Proposition 7.45. O

Adding Theorem 7.35 and Proposition 7.45, we obtain the following result.

Theorem 7.46.
Let A" be an irreducible Artin—Tits monoid of FC type with at least 2 generators. The
positive uniform measures on A" are:

e the measures v, with support equal to A™, with parameter r € Ra, that are defined
by vy {x} — Ha(r)r(x) for allx e A*;
e the measures v, with support in OA™Y, with parameter r € R4 ;

e the Dirac measure at A%, with parameter 1, if At is an Artin-Tits monoid of
spherical type.

Whenever we consider below a function f with domain in A" and a probability
measure  on A, we denote by f(p) the distribution of the random variable f(x) when
x is drawn at random according to the measure u. If (fy)r=0 is a random process, we will
also denote by (fr(1))k=0 the distribution of the random variable (fx(X))r=0 when x is
drawn at random according to the measure pu.

A remarkable feature of uniform measures v, is that the process (O (v;))r=1 of exten-
sion mappings, which we introduced in Definition 7.18, is realised by a Markov chain.

Definition 7.47 (Markov Garside matrix).
Let At be an irreducible Artin—Tits monoid of FC type with at least 2 generators, let v,
be a positive uniform measure on A", and let r : AT — C be the parameter of v,. In

addition, let us denote by € the set S (if r € Ra) or S\{1} (if r € R ).

The Markov Garside matrix of r is the matric P = (P,y), where u,v € €, which is

defined by

. M, r)(v
Pl,v = 11=v (qu # pA); and Pu,v = ]-VES(u)T(u)( u )( )

Wifu;él.

Theorem 7.48.

Let A™ be an irreducible Artin—Tits monoid of FC type with at least 2 generators. Let
r: At — C be a positive valuation, with r € Ra U RS, and let x be an extended braid
chosen according to the uniform measure v,.

The process (O(v,.) k=1 is a Markov chain that takes its values in €. Its initial distribution
coincides with M,r on €, and its transition matriz is the Markov Garside matriz of r.

Proof. We first show that (M,r)(x) > 0 for all x € &. Indeed:
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o if r € Ra, then Proposition 7.25 and Lemma 7.29 indicate that (M,r)(x) =
vr(Bo(1,%)) = v.({x}) = Ha(r)r(x) > 0;

o if r € RY, then Theorem 7.37, Lemma 7.43 and Proposition 7.44 indicate that
g(x) > 0, where g is the function, defined in Lemma 7.43, such that (M,r)(x) =
r(x)g(x).

Hence, (M, r)(x) > 0, and the Markov Garside matrix of r is well-defined.

If r € Ry, then we know that v,(0; = 1) < v,.(A*) = 0 for all k > 0, hence the
random variable ©j, indeed takes its values in €. Now, consider some tuple (z1,...,xy)
of elements of . We prove now that the real numbers 0 := v,.(0; = z1,...,0) = x}) and
8 = (Myr)(21) Py 2y - - - Py, 2, are equal.

First, observe that we can focus on the case where 1 — ... — x;. Indeed, in
the contrary case, we have § = ¢’ = 0. Now, consider the element x = z;25...25. By
construction, we have ©;(x) = x;, hence § = v, (00 = x) = 1,(Ba(k,x)) = (M,r)(x).
Moreover, note that |x| < & if x; = 1 (and therefore r € R ), and that |x|| = k if 2, # 1.
It follows that

d = v ({x}) = Ha(r)r(x) = (M,r)(1) r(x)
= r(x)r(xwfl(MvT)(:Ck) if HXH < k;
) (X)g(x) =r(x) > (Mr)(y)
yeS(zk)

r(x)r ()~ (M) () if x| = .

—~
»
SN~—
Il
=<

Moreover, note that

k-1
§ = (M, r)(z1) Hr(aji)%

This proves that (O)g>1 is indeed a Markov chain with the specified initial distribution
and transition matrix. d

= r(x)r(xr) " (Myr) (z) = 6.

In particular, Theorem 7.48 leads to a characterisation of Ry in terms of polynomial
inequalities, thanks to the notion of Mébius valuation.

Definition 7.49 (Md&bius valuation).
Let A™ be an Artin—Tits monoid of FC type, and let r : AT — C be a valuation. We say
that v is Mobius if (M,r)(1) = 0 and (M,r)(x) > 0 for all x € S\{1}.

Proposition 7.50.

Let AT be an irreducible Artin—Tits monoid of FC type with at least 2 generators, and
letr: AT — C be a positive valuation. The valuation r is Mobius if and only if it belongs
to R4

Proof. First, if r € R4, then the uniform measure v, of parameter r satisfies v,(A*) = 0.
Then, let g : x = >} () (M,7)(y). Proposition 7.44 proves that (M,r)(x) = r(x)g(x) >
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0 for all x € £. Hence, it remains to prove that (M,r)(1) = 0 and that (M,r)(A) > 0if A"
is an Artin—Tits monoid of spherical type. The first equality comes from Proposition 7.25,
which proves that (M,r)(A) = v,.(B2(1,1)) = v, ({1}) < v, (A*) = 0, and the second is
due to the fact that (M,7)(A) = r(A) > 0. Hence, if 7 € RS, it follows that r is Mobius.

Conversely, if r is M6bius, let us build a Bernoulli measure p with parameter r, using
the recipe provided by Theorem 7.48. Consider the matrix P = (Pxy ), where x,y € S\{1},
that is defined by

(M,7)(y)

(M) (%)
Note that, since r is Mobius, the matrix P is well-defined. Furthermore, for all x € S\{1},
and since r is Mobius, we also have

Y Py = e 2 Ly (Myn)(y)

Pyry = 14 ,yr(x)

yes\(1) (Myr)() Sy
= e 2 ™M) = R ey~ b

which proves that P is a stochastic matrix.

In addition, let ¢ be the measure on S\{1} such that ¢ : x — (M,7)(x). Since A" is
the disjoint union of the open balls By(1,x) for x € S and since ¢(1) = 0, it follows that

(VL)) = u(8) = Y ulx) = (ML0)(1) = (1) = 1,

x€eS

which means that ¢ is a probability distribution.

Hence, consider the Markov chain (Xj)x>1 of non-trivial strong elements (i.e. elements
of S\{1}) with initial distribution ¢ and with transition matrix P. Due to Proposition 7.22,
which states that A ' is homeomorphic to NF}’ (K+), there exists a probability measure
pon A" such that p: S — P[X; - Xy - ... € NF}/(9)]. It immediately follows that
w(A*) = P[3k = 1 : Xj = 1] = 0, hence that p is supported by dA*. Hence, consider
the function s : A" — C such that s : x — pu(f x) = p(1 x). It remains to prove that
r=s.

First, observe that 0 = p({1}) = w(B2(1,1)) = (M,s)(1). Then, consider some
non-trivial element x of A™", with left Garside normal form x; - ... x,. Let F : A —
Yiep Liznazgy (=D)Mlr(Af). Since 21 — ... —> xy, and due to the relation (M, r)(x) =
r(x)F(right(x))) demonstrated in the proof of Lemma 7.43, it follows that

(M,r)(x) = r(x)F(rlg—ht(xk)) =r(ry...xp-1) - (Myr)(2)

= r)(x k_lr T (Mr)(@is1) = (x T
- (M’Y )( 1) ];1[ ( Z) (Mw)(xl) ( 1)gpivi:xi+1

= P[X; =m1,..., X = xx] = p(Ba(k,x)) = (M,9)(x).

This means that M,r = M, s, and therefore that r = s, which completes the proof. O
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Furthermore, while Corollary 7.34 proves that R% is homeomorphic to an open sim-
plex for all Artin—Tits monoids of FC type A, its proof refers to a homeomorphism ¢
whose expression is not simple in general, since it involves looking for roots of polynomi-
als of arbitrary degree. However, if A1 is a heap monoid, then these polynomials have
degree at most 1 in each of their variables, which leads to simple parametrisations of the
convergence manifold and of the limit convergence manifold.

Theorem 7.51.

Let A™ be an irreducible heap monoid with n = 2 generators. There exists rational func-

tions fi,..., fan_1 such that each function f; has i variables, is positive (and has no pole)
n (0,1)!, and such that the manifolds Ra and Ry are given by the equations

Ra = {(z1, filz1)re, ..o, fulwy, o v 1)wn) 10 <21y < 1
Ri:{($1,f1($1)9€27---afn(xly-- y Tp— 1) ) 0<$1,~--7$n—1<1and$n:1}-

Proof. We prove the first part of Theorem 7.51, i.e. the equation about R4, by induction
on n. First, the result is immediate for n = 1. Then if n > 2, consider the set N := {i :

1 <i<n—1andm, #0}. Forall sets S < {1,...,n—1}, let A% denote the submonoid
of A" generated by {o; : ¢ € S}. We may view the Mébius polynomial of A+ as the

polynomial Hg(z1, ..., 2, 1) = Ha(z],...,27) in n — 1 variables, where x7 := 1265@

For all tuples (x1,...,2,) € Ra, both series Ga(x1,...,2,) and Ga(z7,...,27) are

convergent, which proves that (z;);cs € Rag, hence that Hg(xq,...,2z,-1) > 0. Moreover,
it comes immediately that Ha = H, . n—1y — 2, Hny. Now, consider rational functions
fi,y---, fu_1, such that each function f; has i variables, is positive and has no pole on
(0, 1) and such that the convergence manifold of A}, (omo1) 18

yeees Tl

Ragny =W Yn1) 10 <2y, @ < 1,

where y; := fi_1(z1,...,x;—1)x; for all i € {1,...,n — 1}. Then, we define
H{l,...,nfl}(yla . ayn—l)
w(T1, .0 ) =
f ( ' 1) HN(yla"'7yn—1)
and y, = fo(z1,...,2p_1)Tp

When 0 < zy,...,2,1 < 1, we proved above that Hy,  ,-13(y1,...,Un—1) and
Hn (Y1, - -, Yn_1) are well-defined and positive. This proves that f, has no pole inside
the set (0,1)"', on which it is positive.

We know that Ha(y1,...,¥,) > 0 when 0 < zy,...,2,1 and z, = 0. Hence, it
follows from Corollary 7.34 that the set {(y1,...,yn) : 0 < z1,...,2, < 1} is a subset

of Ra. Furthermore, since Ra,, ., = {(y1,- -, Yn-1) : 0 < x9,...,xp1 < 1}, we
know that Ra < {(yl,...,yn) 0 < m,...,2,-1 < land 0 < z,}. Finally, when 0 <
T1,...,Tnq < 1, observe that Ha(yi,...,yn) > 0 < x, < 1. Hence, it follows that
Ra ={(y1,---,yn) : 0 < mq,...,x, < 1}, which completes our induction and proves the

first part of Theorem 7.51.
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It remains to prove that R4 = {(y1,...,¥n) : 0 < z1,..., 7,1 < 1 and z,, = 1}. First,
it is clear that

Ry 2 {(Wi,....yn):0<zy,...,29_1 < 1andz, = 1};

< {(v1,---,¥n) 0 <zy,...,2, <1and max{zy,...,z,} = 1}.

Hence, consider some tuple (71, ...,x,) such that (yi,...,9,) € R%, and let us assume
that x; = 1 for some integer ¢« < n — 1, which we assume to be minimal. In addition, let
y : AT — C be the Mdbius valuation such that y; = y(o;), and let v, be the associated
Bernoulli measure.

It follows immediately that H; (y1,---,Yn) = 0, which proves, using an inclusion-
exclusion formula, that v, <U§=1 i aj> = 1-1y,({1}) = 1. However, y is M&bius, which
means that v,(B2(1,0,)) = (M,y)(0,) > 0, although B4(1,0,) N U;'=1 1 0; = . This

contradiction proves that our assumption was false, which completes the proof. O

7.1.4 Uniform Measures on Spheres

We relate now the above-defined uniform measures with standard uniform measures on
finite “spheres” of the form {x € A" : A\(x) = k}, i.e. on elements conditioned by their
Artin length.

Definition 7.52 (Uniform distribution on spheres).

Let A* be an Artin—Tits monoid of FC type. For each integer k = 0, let A*(k) denote
the set of elements of AT whose length is k, i.e. AT (k) := {x € AT : \(x) = k}. In
addition, let r : AT — C be a positive valuation. We define the uniform distribution
of parameter r on AT (k) as the probability distribution py on A" such that: Mg @ X —

r(x)

1xeA+(k)zyeA+—(k)r(y)'

Lemma 7.53.

Consider some real number p, as well as some real sequence (uy,)n=0 Such that u, ~ p
whenn — +00. In addition, let £ be some non-negative integer, and let fo : 2 — D, Et2F.
Finally, consider the sequence (v,)nso defined by v, := Y _ (n—k)‘uy and the generating

function U(z) defined by U : z — >, o un2™.
o [fp>1, then v, ~ p"fi(p) when n — +w0;

o Ifp>0, then U(z) ~ 1—_1pz when z — p~t (with 0 < 2 < p~1).

V22

Proof. Let € be a positive real number, and let x be some integer such that (1 —¢)p" <
u, < (14 ¢)p™ whenever n > k. In addition, let A := Y7 |ug|. If p > 1, it comes
immediately that

n—k

p o < (L4e) ) KpF+ Ap" — (1+¢) fulp)
k=0

> (1-9) 3 K™ — Ap™ = (1= <) flp)
k=0
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when n — +o00. Choosing € to be arbitrarily small, it comes that v, ~ p"f,(p) when
n — +0o0.

Moreover, when 0 < z < p~!, we also have

(1—p2)U(z) < (T+e)(p2)"+(1—p2)A—>1+¢
> (1—e)(p2)"—(1—p2)A>1-c¢

when z — p~!. Choosing € to be arbitrarily small, it comes that U(z) ~ 1,7 when

z—p t(with0<z<p™). O

Corollary 7.54.
Consider some real number p, some integer £ = 0, as well as some real sequence (Uy)n>0
such that u, ~ p™ when n — +00. In addition, consider the sequence (v,)n=o defined by

Uy, 1= ,lf:/gj EUp—ar. If p > 1, then v, ~ p"fo(p®) when n — +oo.
Proof. Let t be some element of the set {0,...,a — 1}. Consider the sequences (u,) and

(0,) defined by U, := p~*usyan and T, := p ¢, qn. [t comes immediately that @, ~ p™
and that v, = >,;_,(n — k)"ux. Hence, Lemma 7.53 proves that v, ~ p" f,(p®), i.e. that
Vgran ~ P fo(p®). Since this relation holds for all t, Corollary 7.54 follows. O

Proposition 7.55.

Let A™ be an irreducible Artin—Tits monoid of FC type with at least 2 generators. Let
r: AT — C be a valuation in Ry, and let M be the essential Garside matriz of A*
of parameter r. The Perron eigenvalue of M is 1. In addition, consider the polynomial
Ha,: 2 Ha(2 ). We have Dixeat () T(X) = —m when k — +o0.

Proof. Let us denote by B* the set of A-free braids (if A* is an Artin—Tits monoid of
spherical type) or of elements of AT (if A™ is not an Artin—Tits monoid of spherical
type). In addition, let us denote by B* (k) the set A*(k) n B*. Finally, for all finite sets
S < A", we denote by r(S5) the sum Y _¢7(x).

First, let us assume that A" is an Artin—Tits monoid of spherical type, and consider
the function I : AT — Z- x B* such that I : x — (inf(x), A~ ™®x), where we recall
that inf(x) := max{k : A* < x}. The function I induces a bijection from AT (k) to the
set {(i,y) € Zso x BT : k =iA(A) + A(y)}, which proves the equalities

A@)
r(AT(R) = >, r(A)T(BY (k= AA)));
(1= (=*r)(A)) (Z T(A+(k))zk) = D (B (k)"
k=0 k=0

Since 1 is the smallest positive pole and the radius of convergence of the rational series
Gay iz Hap(2)™' = D or(AT(k))2", and since z — 1 — (2*r)(A) has one unique
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root at r(A)"YMA) > 1 it follows that 1 is also the convergence radius of the rational
series >, (B (k)).

Hence, regardless of whether A™ is an Artin—Tits monoid of spherical type, we know
that 1 is the convergence radius of >}, _,r(B*(k)). Then, consider the row vector g =
(g(ix) and the column vector h = (h(; x)) defined by g(; x) := 1i—17(x) and h(; x) 1= Li_\x)-
It comes immediately that »(B*(k)) = g- M*~1 . h for all integers k > 1.

Lemma 7.41 proves that M is primitive. Let p be its Perron eigenvalue, and let u and
v be left and right Perron eigenvectors of M such that u-v = 1. Theorem 7.37 proves
that r(B*(k)) = g- M¥1-h ~ p*L when k — 4o, where L := p~'(g- v)(u-h) is
necessarily positive, since both u and v have positive entries, while g and h are non-zero
vectors with non-negative entries. This proves that p = 1, which was the first statement
of Proposition 7.55.

In particular, if A* is an Artin-Tits monoid of spherical type, let ¢ := r(A)~V/A&),
We can apply Corollary 7.54 to the sequences uy = %r(B*(k)) and vy = %T’(A+(/{Z>>,
which proves that r(A*(k)) ~ 1_<fA(A> = 1—7{:(A)' Hence, regardless of whether A™ is

an Artin—Tits monoid of spherical type, there exists a positive real number R such that
r(A*(k)) — R. Consequently, Lemma 7.53 proves that Ga,(z) ~ 12> when z — 0 (with
0 <z <1). It follows that

_ 1—-=2
HAT(Z) = GA,T(Z) f~ R ’
and therefore that H) (1) = — %, i.e. R = —ﬁ. This completes the proof. O
’ A,r

Corollary 7.56.
Let A™ be an irreducible Artin—Tits monoid of FC type with at least 2 generators, and
let pa be the smallest positive root of the (univariate) Mobius polynomial Ha. We have

—k—1
|A*T (k)| ~ —ﬁﬁ(pA) when k — +00. Moreover, each root of the polynomial 7;(’*_—(;? s of

modulus strictly greater than pa .

Proof. According to Theorem 7.46, we know that the valuation r : x — pz(x) belongs

to R4. Consequently, Proposition 7.55 indicates that . A+ (R) r(x) — ﬁ, where

_H/A,r
Ha,(z) := Ha(paz). Since r(x) = pf for all x e A*(k), it already follows that

-k —k—1

. Da Pa
(A (R)| = pa" r(x) ~ — s =
A xe;(k) HA,'I‘(]'> HA<pA)

when k — +o0.

Second, let M be the essential Garside matrix of A" of parameter r. Proposition 7.55
states that the Perron eigenvalue of M is 1. Let Bt be the set of A-free braids (if A* is
an Artin—Tits monoid of spherical type) or of elements of A™ (if A* is not an Artin—Tits
monoid of spherical type). In addition, let u and v be left and right Perron eigenvectors
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of M such that u-v =1, and let N be the matrix M — v - u. Theorem 7.37 proves that
the spectrum of N is {0} u sp(M)\{1}. Hence, there exists a positive constant ~ € (0, 1)
such that |A\| < & for all eigenvalues A of N. Without loss of generality, we may even
assume that k2 > pu.

In addition, recall the row vector g = (g(l x) and the column vector h = (hy; x)) defined
by giix) = liz17(x) and h; x) := 1,_)(x), and such that r(B*(k)) = g - M*~* - h for all
integers k > 1. Moreover, observe that (V u)? = v-u and that

N-(v.uy=M-v-u)-v-u=(M-v)-u-v-(u-v)-ru=v-u—v-u=0;
(viu) N=v-u-(M—v-u)=v-(u-M)—v-(u-v)-u=v-u—v-u=0.
It follows, whenever k > 1, that r(B*(k)) = g-(N+v-u)*1-h = g-N* 1. h+(g-v)(u-h).

Since || < k < 1 for all eigenvalues A of N, it follows that r(B*(k)) = (g-v)(u-h) +
O(kF/?). Consequently, if A* is an Artin-Tits monoid of spherical type, since 7 : x > pi,\x(x)

and k'/2 > pa, we also find that
kAL V(u-h 2
r(A*(k)) = ;) r(A)r(BY (k- A(A)i)) = %—>—M + O(Kk"?).

Hence, setting R := % if A" is an Artin—Tits monoid of spherical type, or R :=

(g-v)(u-h) otherwise, we have r(A* (k)) = R+O(k¥?), i.e. |[A* (k)| = RpF+O(p r2).
It follows that

T = (o pa)Ga() = (2= pa) Y 1A (R

Ha(z) k=0
= —pa+ ), (JAT(K)| — pal AT (k + 1)]) 2+
k=0
_ _pA+ZO —k k:/2 s
k=0

has a radius of convergence at least 24, i.e. that the roots of ( has a modulus at
least £, which completes the proof. O

Theorem 7.57.

Let A™ be an irreducible Artin—Tits monoid of FC type with at least 2 generators. Let
r: At — C be a positive valuation, and let ®(r) be the associated valuation in Ry (i.e.
the only element of R of the form x — ¢*®r(x)).

For all integers k = 0, let py be the uniform distribution with parameter r on the sphere
A* (k). The uniform measure vo(y with parameter ®(r) is the weak limit of the sequence

(Hk)k?()-

Proof. Since A* (k) is a subset of the monoid A™, it is identified with a subset of AT,

and therefore we identify p; with a discrete probability distribution on A" In addition,
let ¢(r) be the positive real number such that ®(r) = ¢(r)*r.
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For all x € A" and all k& > A(x), we have x A*(k — A(x)) = (ff x) n A*(k), which

shows that p(ff x) = T(x)ri‘f‘;f,;);\(x))). It follows that

B
Hy (1)
pr(fh x) — ¢(T)A(X)T(X) = ®(r)(x) = vaou (1 x)

(AT (k) = o(r) " (r)(AT(k)) ~ — ¢(r)~" and

when k — +o0.

The end of the proof is similar to that of Theorem 7.35. Since A" is metric and
compact, there exists an increasing sequence (u;);>1 such that (g, );>1 is weakly con-
vergent. Let pi,, be the weak limit of (u,,);>1. For each braid x € A*, the set { x
has an empty topological boundary, hence the Portemanteau theorem [12] implies that
poo (1 %)) = im0 pho; (1 X) = va(r) (1 %), and Proposition 7.25 proves that . = ve(,.
Since this equality holds for all limits of all weakly convergent subsequences of (p)k=0,
and since A is metric and compact, it follows that the sequence (ju )0 is itself (weakly)
convergent towards Va(r)- |

7.1.5 Applications to Artin—Tits Monoids of Spherical Type

Theorem 7.57, along with the above study of the uniform measure, leads to a wide range
of results. We focus here on the specific case of the constant valuation r : x — 1, and we
first rephrase some of the above results.

Proposition 7.58.
Let A™ be an irreducible Artin—Tits monoid of spherical type with at least 2 generators,
and let pa be the smallest positive root of the Mobius polynomial Ha(z). The “standard”
uniform distributions on the spheres A* (k) converge weakly towards the distribution v,
with parameter pa .

Proof. According to Proposition 7.33 and to Theorem 7.57, the sequence (fu)g=>1 of uni-
form distributions of parameter r converges weakly towards the distribution vy, where
®(r) is the valuation ¢(r)*r such that ¢(r) is the smallest positive root of the polynomial
Ha ,(2) = Ha(z). This proves that ¢(r) = pa, and completes the proof. O

Corollary 7.59.

Let A™ be an irreducible Artin—Tits monoid of spherical type with at least 2 generators.
Let n = 0 be an integer, let 0y, o : A Q,, be the projection defined in Definition 7.1/,
and let v,, be the uniform measure at infinity. The distribution 0,, o (ur) converges towards
.o (Vpy) when k — +0.

Proof. By construction of the projective topology, the mapping 6, o is continuous. Hence,
Theorem 7.57 completes the proof. O
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Corollary 7.60.

Let A™ be an irreducible Artin—Tits monoid of spherical type with at least 2 generators,
and let inf(x) denote the infimum of a braid x, i.e. the number of braids A that arise
in the Garside normal forms of x. The distribution inf(v,, ) follows a geometric law of
parameter pi‘&(A), and all the moments of inf(uy) converge towards the associated moments
of inf(v,, ), when k — +00.

Proof. The function inf : A" Z is well-defined and continuous almost everywhere for
the measure v, : the only point where it is not well-defined is A“. Hence, Theorem 7.57
already proves the first part of Corollary 7.60. It remains to prove that E,, [infg] —
E,, [inf’] for all integers £ > 0. Note that this result is not so immediate, since inf is not

bounded on AT

Hence, we mimic the proof of Proposition 7.55. First, by using again the bijection
I:x — (inf(x), A=™®x) that we have introduced in this proof, we obtain the equalities

[k/A(A)] [k/A(A)]
ATR) = Y] B (k— AA))| and [AT(R)E, [inf"] = 3 |B* (k- A(A)i)].
=0 i=0

Moreover, we also proved that there exists a real number R > 0 such that |[B* (k)| ~
Rpgk. Hence, Corollary 7.54 proves that

[A*(K)| ~ RpiF fo(pa™) and |A™ ()|E,, [inf"] ~ Rpa* fo(pi™),

SRR : Fo(p ™)
which implies that E,, [inf] — E

Upa

We continue by focusing on the stable region conjecture [55, Conjecture 3.1|, which
its authors formulate on the basis of a thorough experimental analysis.

Conjecture 7.61.

Let A* be an irreducible Artin—Tits monoid of spherical type with at least 2 generators
For all braids x € A™, let \;(x) denote the i-th leftmost letter of the extended Garside
normal form NF (x) that occurs after the rightmost letter A, i.e. A\i(X) := Oingx)+i(X).
It is conjectured that:

1. for each integer i = 1, the sequence (N;(px))k=1 1S convergent when k — oo.

2. there exists a probability measure Ay, on S° and a constant K such that, for all
i = K, \i(pur) = Ao when k — +00.

Proposition 7.62.
The first statement of Conjecture 7.61 holds, and the second statement of Conjecture 7.61
holds if and only if At is a dihedral monoid, i.e. if W = I3(a) for some a = 3.

In general, the following weaker statement holds: the distribution of limy_, 1o A;i(px) con-
verges when i — +00.
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Proof. We first prove the first part of Conjecture 7.61. Let A“ be the largest element of
K+, ie. AY := (Ag)r=o. For each integer i = 1, we extend \; by continuity to a function
A : AT\{A¥} — 8. Since {A*} has measure 0 for all the distributions s, as well as for
Vpa, and due to Theorem 7.57, the sequence (\;(fu))k>1 converges towards X; (1, ).

Now, let us focus on the second part of Conjecture 7.61. According to Theorem 7.48,
the Markov process (\;(1/, ))i=1 follows the same law as the Markov process (©;(1, ))i>1)
conditioned to satisfy the relation ©; # A. Hence, consider the valuation r : x — p’\A(x),
and let P be the Markov Garside matrix of r, i.e. the transition matrix of (©;(1,,))i>1)-

In addition, let P be the restriction of P to indices in S° = S\{1,A}. It follows from
Proposition 5.21 or, alternatively, from Theorem 7.39, that P is primitive. Moreover,
Theorem 7.48 proves that our latter conditioned Markov process has transition matrix P
and initial distribution ¢ : x — % for all x € S°.

Therefore, the second part of Conjecture 7.61 amounts to saying that d P=a.P"
for some integer k£ > 0, where d is the vector defined by xx := ¢(x). This would mean

: . =k : : . S
that d is an eigenvector of P i and, since d has non-negative entries and P is primitive,
that d is a left Perron eigenvector of P, i.e. thatd =d - P.

Denoting by K the positive constant 1—(M+W(A)’ we compute, for all y € §°, that
5} A(x
(d-Ply =K Y L yph P (Mr)(y) = Y Ly %,
xeS° xeS°

Since dy, > 0, it follows that d P =d. P ifand only if the equality > s x_,ypj;(x)

holds for all y € S°.

If A* is not a dihedral monoid, i.e. if it is generated by a family {oy,...,0,} such
that n > 3, then the set {x € §° : x — Ay, 5,3} is a strict subset of {x € §°: x — 04},
and therefore the above equality cannot hold simultaneously for both elements o; and
A{s, 05} of S°. However, if A* is a dihedral monoid, with W = I5(a), then we check easily
that

1
Z 1X—>ypA =) Pa=
1

XeS° =

PA — PA :1+HA(]9A) _q

1—pa 1—pa

for all braids y € &°, which proves that the second part of Conjecture 7.61 holds if and
only if A is a dihedral monoid.

Finally, observe that, in all cases, and when ¢+ — 400, the distribution of the condi-
tioned random process (©;(v,))i=1) converges towards the stationary measure 75 of P.
This completes the proof of Proposition 7.62. O

However, finer convergence results, such as variants of the central limit theorem, are
not provided by Theorem 7.57. They will be the focal point of Section 7.2.
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7.2 Asymptotics and Conditioned Weighted Graphs

7.2.1 General Framework

Definition 7.63 (Conditioned weighted graph).

Let M be a primitive matriz of size n x n, where n = 2. We may interpret the matriz
M as an oriented, labelled graph, with vertices {1,...,n} and arcs (i,7) labelled by M, ;
whenever M; ;j > 0.

Let w™ and w°% be two non-zero vectors of length n. We call them respectively input
weight and output weight. We say that the triple G := (M, w'™ w°") is a conditioned
weighted graph.

In addition, we define the transpose of G as the triple GT := (M T, w° wi®) where M
is the transpose of the matrixz M.

Definition 7.64 (Weight of a path).

Let G := (M, w™, w°") be a conditioned weighted graph. A path in G is a non-empty,
finite sequence p := py - ... pg, whose terms belong to {1,...,n}. We denote by Pg the
set of paths in G, by |p| the length of the path p (here, we have |p| = k), and by Pg(k)
the set of paths of length k in G. B B

The weight of p is defined as

. in out
w(E) =Wy, My, py - Mpkflypkwpk .

Moreover, since M is primitive and since w'™ and w°"* are non-zero, the set {|p|: p

is a path such that w(p) > 0} is cofinite, which justifies the following definition.

Definition 7.65 (Uniform distribution on paths).
Let G = (M, wi®, w°ut) be a conditioned weighted graph. For each integer k = 1, let Pg(k)
denote the set of paths of length k in G, i.e. Pg(k) :={1,...,n}k.

Let w(Pg(k)) = Xgepyayw(Q) be the cumulated weight of all paths of length k. If
w(Pg(k)) > 0, which happens if k is large enough, then we define the uniform distri-
bution on Pg(k) as the probability distribution iy on Pg(k) such that: py : p — %.

Like Artin—Tits monoids of FC type, families of paths of increasing lengths give rise
to a notion of projective limit.

Definition & Proposition 7.66 (Extended paths).
Let G = (M, w'™ w°%) be a conditioned weighted graph. Consider the sets Ty, for k >0,
and maps &gy Lo — Ty, for £ = k >0, defined by:

k
[y = UPg(i) and &g i preo. . Pi > DL - Pmink,i)-
=1
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We have &, = Idr, and &0 & m = Eem for all k < € < m. Hence, the families (I'y)g=1
and (&.)e=k=0 form a projective system.

We call extended paths the elements of the projective limit

Pg = {(gkn;l e [[Tw: vk 020,02k = g (p) = Bk}-

k=1

We equip each (finite) set T'y with the discrete topology, from which the projective limit
Pg inherits a projective topology.

Note that, as mentioned in the proof of Proposition 7.24, the set Pg is metric and
compact for the projective topology (see [17]). However, in general, the collection of
probability measures (uy)r=1 attached to the sets I'y do not satisfy consistency relations
ti = Ere(pee), and therefore do not form a projective system of probability measures, as
shown below.

Example 7.67.
Let G = (M, w™, w°u) be the conditioned weighted graph defined by

11 in ou
M = (1 1) and w' = w t:(1 2).

Straightforward computations show that w(Pg(1)) = 5 and w(Pg(2)) = 9, whence

p({1}) = = m2({1-1,1-2}) = pia(&52({1}))

1
3

| —

However, in this case, weak limits of probability measures are still an adequate sub-
stitute to projective limits of probability measures. Indeed, each set Pg(k) is naturally
embedded into I'y, and Pg. Hence, we identify the distribution s, with a discrete proba-
bility measure on the set Pg equipped with its Borel o-algebra.

Mimicking Section 7.1, we consider the mappings & : Pg > Iy and 5y : Pg
{1,...,n} defined by:

koot (P)izo — P* E1 = G and &0 (X) - Epsr(X) 1= Epr,00(x) for all x € Pg.

In other words, = maps the extended path x to its (k + 1)-th leftmost letter, or to the
empty word if |x| < k.

Theorem 7.68.
Let G = (M, w'™ w°u) be a conditioned weighted graph. Let p be the Perron eigenvalue
of M, and let 1 and r be Perron eigenvectors, with positive entries, and such thatl-r = 1.

The sequence (py)p=1 converges weakly towards a probability measure i, on Pg, which is
concentrated on the set of infinite paths 0Pg := Pg\Pg. In addition, the random process
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(Zk (o)) k=1 @8 an ergodic Markov chain, whose initial distribution ¢ and transition matriz
P are respectively defined by:

wor M,

r
T x,

Lix—> —2= and P, = —2
wit.r Pry

The stationary measure of the Markov chain (Zg(tew))k=1 15 given by x — l,r,.

Proof. Let k be an integer such that, for all k& > k, the matrix ]\4_’C is positive, and
therefore the measure py is well-defined. The projective topology on Pg is generated by
the (simultaneously closed and) open sets {} x := {y € Pg : {|x,»(y) = x}, for all paths
x e Pg.

Hence, let x = x; - ... x; be a path of length j. Let § be the (column) vector defined
by §, := 1,—,,, and let us consider the real number w(x) := w;‘:wal .My, ;. Note
that both w™ - r and 1- w°"* are positive real numbers.

Therefore, Theorem 7.37 proves that, whenever k > max{x, j + 1}, we have:

5 - Mk—j—l . Wout
Win . Mk—l . Wout

1
pe(h x) = w(Pa(k)) 2

Lj41see05T
pk—j—l((s . I')(l X Wout)
pkfl(win . I‘) (l . Wout)

k—1
in | | out __ ~
le M$i7$i+1ka - w(g)
k i=1

—J
P Ty,

win .’

~ w(x)

= w(x)

Hence, since Pg is a metric, compact set, let ji,, be a probability measure towards
which some subsequence of (u)r=1 converges weakly. We necessarily have pq (1 x) =
@(X)pfjl‘x-
Wiy et
m-system, and therefore two finite measures on Pg coincide if and only if they coincide
on those sets. This proves that the sequence (puy)g=1 itself converges weakly towards fio.

. Furthermore, along with the empty set, the family | x, for x € Pg, forms a

Moreover, since pi({x}) = 0 whenever k > |x|, it follows that p;({x}) — 0 when
k — 400, and therefore that uq({x}) = 0. This equality holds for all finite paths, which
shows that py,(Pg) = 0, i.e. that uy is concentrated on 0Pg.

In addition, observe that

— - N
Puoo(:ll =T1ye 55y :l’]) = :uOO(ﬂ X) :w(§> win rj
; j—1 j—1
— W;III‘M Mxiﬂﬁz‘ﬂrwiﬂ _ L<x1) HP
= - = T4,
win . p 1 p rxi 1 isbi+17

which proves that (Zg(fx0))k>1 is indeed a Markov chain with initial distribution ¢ and
transition matrix P.

Finally, since M is primitive, the matrix P is the irreducible transition matrix of a
Markov chain. Hence, the Markov chain (Zj(ue))x=1 is ergodic, and converges towards
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the (unique) stationary measure of P. Furthermore, let 7 be the (row) vector such that
Ty i= lyr,. Observe that ), 7, =1-r = 1 and that, for all y € {1,...,n}, we have

(7 P)yi= > mPry = p ' Y LMyyr, = p (1 M)yr, = v, = 7.

This proves that 7 is invariant under P, i.e. that y — 7, is indeed the stationary measure
of P, and completes the proof. O

Definition 7.69 (Uniform measure at infinity).
Let G = (M, w™, w°) be a conditioned weighted graph. We call uniform measure at
infinity of G the weak limit py, of the sequence (pg)g>1-

The transformation applied on M in order to get the matrix P was first introduced by
Parry [69, 72, 79| in its construction of a stationary Markov chain reaching the maximum
entropy. It also has the same form as the transition matrix of the survival process of a
discrete time, absorbing Markov chain [30, 33| with finitely many states.

Definition 7.70 (Survival process).

Let P = (P,y)o<zy<n be a stochastic matriz, i.e. a matriz such that P,, > 0 and
2. P, =1 forallz,ye{0,...,n}, whose restriction to entries in {1, ... ,n} is primitive,
and such that Pooy = 1. We say that 0 is an absorbing state of P.

Let (Y;)i=1 be the Markov chain with initial distribution x — 1,-1 and transition matriz
P. We say that (Y;);=1 is a finite absorbing Markov chain, which survives after k steps
if Yi # 0. The survival process of (Y;)is1, if it exists, is the process (X;)i=1 such that

]P)[Xl Z.I'l,...,Xj ZZL'j] =k11m ]P)D/l =I1,...,Y} =Ty |Y}€ 750]
—+0
Proposition 7.71.
Let (Y;)i=1 be a finite absorbing Markov chain with transition matriz P, and let M be
the restriction of P to the states {1,...,n}. In addition, let G = (M, w™ w°%) be the
conditioned weighted graph defined by wi™ := 1,1 and wo" := 1. For all k > 1, let j

be the uniform measure on Pg(k), if such a measure exists, and let py be the uniform
measure at infinity of G.

For all paths x; - ... - x;, we have

IF’[lexl,,szxj\Yk;éO] = Puk[Glle,...,G)j:xj];
lim P[lel'l,,iszl'j‘yk;é()] = Pﬂw[@lle,...,@jzzcj].

k—+00

In addition, the lack of symmetry between the initial and the final weights in the
statement of Theorem 7.68 might seem surprising at first. This lack of symmetry comes
from the fact that we considered weak limits obtained when focusing on the first elements
of paths. Hence, analogous results hold when focusing on the last elements of paths.
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Corollary 7.72.
Let G = (M, w'™ w°u) be a conditioned weighted graph. Let p be the Perron eigenvalue
of M, and let 1 and r be Perron eigenvectors, with positive entries, and such thatl-r = 1.

For all integers k = j = 0, let consider the mapping uk‘, = Eg—j;. For all finite paths,
Ty ... Xy, we hcwe

[1]

P#k[ék71 =T1y..., kit = J,’g] — ]P)[Xl = LL’l,...,Xg = LL’g],

where (X,),;l 1s the Markov chain associated to the uniform measure at infinity of the
transpose GT, i.e. the ergodic Markov chain, whose initial distribution I and transition
matriz P are respectively defined by:

outl ~ M 1
[ig e and Py, = —222
Wout | ) le

The stationary measure of the Markov chain (Xi)izl 15 given by x — L,r,.

7.2.2 Concentration Theorems and Generalisations

We focus now on answering the questions raised at the end of Section 7.1.4.

Definition 7.73 (Ergodic mean).

Let G = (M, w™™ w°%) be a conditioned weighted graph, whose matriz M is of size
n x n. Consider a function f : {1,...,n} — C, which we call cost function. For all
integers k = 0, the ergodic mean <f> of f along a path x = x1 - ... -z of length k is
defined by:

(f)xm—

?r I

Hence, the ergodic mean {f) is a random variable defined on the set Pg, and we may
look for convergences in law of the distributions {f)(u). In order to do so, we will need
to use a result from perturbation theory [61, 66].

Theorem 7.74.

Let P be a primitive matriz, with Perron eigenvalue p and Perron eigenvectors 1 and r,
such that1-r = 1. In addition, let | - | denote the L* norm on vectors, and let u — P(u)
be an analytic perturbation of P, such that P = P(0).

), as well as analytic perturbations u — p(u),

There exists real numbers e > 0 and \ € (0,1
=1(0) and r = r(0) such that, whenever |u| < e

u—1(u) and v r(u) of p = p(0), 1
o p(u) is a simple eigenvalue of P(u), with associated eigenvectors 1(u) and r(u);
o l(u) -r(u)=1r(u)=1;
o the matriz E(u) := P(u) — p(u)r(u) - 1(u) is such that | E(u) - x| < Ap(u)|x]| for all

vectors X.
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From Theorem 7.74 follows a first result about the convergence of {f)(s)-

Theorem 7.75.

Let G := (M, w™, w°) be a conditioned weighted graph, whose matriz M is of size n xn,
and let f : {1,...,n} — C be a cost function. In addition, let m be the stationary measure
associated with the uniform measure at infinity of G, and let py be the uniform measure

on Pg(k).

The sequence of ergodic means ((f)(ux))r=0 converges in law towards the Dirac measure
at vy, where vy := f(m) = >7_, m(j) f(4)-

Proof. Using characteristic functions, it is enough to prove that the convergence relations
E,, [exp(it {(f))] — exp(i t 7¢) hold for all real numbers ¢.

Consider the variable u := % Let 1 and r be left and right Perron eigenvectors of
M, such that 1-r = 1, and let w be the Perron eigenvalue of M. In addition, let P
be the transition matrix of the random process (Zj(ft))g=1, i.€. the matrix defined by
P,, = M”” —22% and let L and R be left and right Perron eigenvectors of P. According to
Theorem T. 68 we choose L; := L;r; and R; := 1 for all ¢ € {1,...,n}, which provides us
with the equality L - R = 1.

Then, for all u, consider a modified matrix P(u) and modified input and output weights
W, W (u) and W defined by:

D := Diag(f(j))1<j<n, Plu ) = P-exp(iu D),

out
Wx

Iy

W= wilr,, W (u) = W - exp(i v D) and wot =

Since P(u) is an analytic perturbation of P = P(0), let us apply Theorem 7.74, and
reuse its notations: we denote by p(u), L(u) and R(u) the Perron eigenvalue and the left
and right Perron eigenvectors of P(u). In particular, note that the Perron eigenvalue of
Pis p:=p(0) =1

For all u € R such that |u| < e, we have

and therefore

Pw)® = (p(w)R(u) L(u) + E(u)* = p(u)* (R(u) - L(u))* + E(u)"

for all integers k£ > 0.

Moreover, note that the scalar products W' (u)-R.(u) and L(u)-W°"* converge respec-
tively towards the positive real numbers W - R and L - W°** when u — 0. Meanwhile,
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observe that [W™(u) - E(u)F - WU < p(u)*\*|[w™(u)| |[w°u|. Therefore, if e is small
enough, and whenever |u| < €, we can ensure that the inequalities

: 1 1 : .
W () R(w)| = 5[W™" - R, [L(u) - W] = S|L- W] and W™ ()| < 2[w™|

simultaneously hold. It follows that

W (u) - P(u)* - wont = p(u)k(_m(u) ‘R(u))(L(w) - wo') + W™ (u) - B(u)k - wot
~ ()" (%" (u) - R(w))(L(u) - W)

g

;!

uniformly in u € (—¢,¢), when k — +00. Hence, we compute, for all integers k > 1, that

wi? exp(i u f(x; ]?:IIMI.I.HeX iu f(aj))wor
B (oxp(it () - S W ew(u S >>57]3g(k))],J pli u f(z;:1))
wk—lwin(u) . P(u)k_l . wrout
whk—1lgin . pk—1 . yrout
oyt () - R(w) (L(w) - W)
p( ) (vvhl-I{)(Ix'vVOUt

)k—l

when k — +00. Moreover, since u = +, we have

x|+

p(w)" ™" = (p+up(0) + O(k™))"" — exp(tp/(0))
when k — +00. Hence, it remains to evaluate the derivative p’(0).

We proceed by deriving the equality P(u) - R(u) = p(u)R(u), obtaining P’(0) - R +
P-R/(0) = p'(0)R + pR/(0). Then, multiplying both members to the left by L, and since
L-P-R/(0) = pL-R/(0), it follows that

/0 = JOL-R=L-P(0) R=iL-P-D-R

= iL-D-R=i) f())LR; = iy
j=1

It follows that E,, (exp(i t {f))) — exp(i ¢ 7¢), which completes the proof. O

Pushing this analysis further, we obtain a Central limit theorem.

Theorem 7.76.

Let G := (M, w™, w°) be a conditioned weighted graph, whose matriz M is primitive
and of size n x n, let f : {1,...,n} — C be a cost function. In addition, let u be the
uniform measure on Pg(k), and let s be defined as in Theorem 7.75.

If v¢ = 0, then there exists a non-negative real a2 such that the sequence (VE{(f)(jtr))k1
converges in law towards a normal law N (0, 0%) when k — +00. Moreover, we have o = ()
if and only if there exists a function g : {1,...,n} — C such that f(j) = g(i) —g(j) for
all pairs (i, j) such that M;; > 0.
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Proof. Let us keep the notations used in the proof of Theorem 7.75, and let us consider

the variable v := vku = \/ig, and o2 := —@. Since p'(0) = iy = 0, it follows that

B (oGt VE D) ~ (o) = (140270 4ok ) > exp(-o)

when k — 400. Since x — exp(i t vk (f)(x)) takes it values in {z € C : |z| = 1}, it
follows that |E,, (exp(i t vk (f)))| < 1 for all k, hence that |exp(—o?t?)| < 1. Since this
holds for all ¢ € R, it follows that o2 > 0.

Then, let A be the diagonal matrix such that A-R:= D R —1iR/(0), and let A be
the diagonal matrix such that A-R:= P-A-R.

Moreover, deriving the equality P(v) - R(v) = p(v)R(v), and recalling that p = 1 and
p'(0) = 0, we obtain

R(0)=P'(0)-R+P-R(0)=iP-D-R+P-R(0)=iP-A-R=iA-R.

It follows that A-R = —i R’(0) = (A — D) R. Since D, A and A are diagonal matrices,
and since R has positive coefficients, it follows that A = A — D.

Then, deriving twice the equality P(v) - R(v) = p(v)R(v), we obtain

P (OR = P"(0)-R+2P'(0)-R/(0) + P-R"(0) — R"(0)
-~ —P.-D*R+2iP D R(0)+ P R'(0)— R0).

Multiplying this equality to the left by the vector L, we obtain

p"(0) = -L-D*  R+2iL-D-R(0)=-L-D* R-2L-D-A-R
- L. D-(D+2A) R=-L- (A—-A)- (A+A)-R=L-(A" - A% R,

Since v : i — L; is the invariant probability of P, let (z1,xs,...) be a Markov chain
with initial distribution v and transition matrix P. Moreover, consider the functions
9,9:{1,...,n} — Cdefined by g : i — A;; and g : i — A, ;. It follows immediately that

(i) = A;; = E[g(xa) | 21 = 4] for all integers i € {1,...,n}.

By construction, for alli € {1, ..., n}, we have E[g(z2)? | 1 = 7] = g(i)?, with equality
if and only if g(z2) = g(z1) almost surely when z; = 4. It follows that E, [g(x2)*—g(z1)?] =
0, with equality if and only if g(z5) = g(x;) almost surely, Hence, we compute

§(0) =L+ (87 =A%) R = Y Eyfglmn)*] - Eulg(ea)] = Bofglen)? - g(e2)?]

=1

Besides proving (again) that % := —@ must be non-negative, this equality also

proves that o2 = 0 if and only if g(x3) = g(x;) almost surely. Using the equality A =
D+ A ie. g = f+ g, this amounts to saying that f(xs) = g(x1) — g(x2) almost surely.
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Conversely, if there exists a function g : {1,...,n} — C such that f(j) = g(i) — g(j)
for all pairs (i, j) such that M;; > 0, it follows immediately that (f)(p) = 0 whenever p

is a cycle, and therefore that ||p|(f)(p)| < | |1 = Xi_, |f(i)| for all paths p. This proves

that vk [(f)(ue)| < % converges in law towards a Dirac measure at 0, i.e. the normal
law A (0,0). O

In addition, similar results hold if we release slightly the assumption that M is prim-
itive, as follows.

Definition 7.77 (Semi-primitive matrix).

Let M = (M, ) 1<z y<n be a square matriz with non-negative coefficients, and let x and y
be two indices of M. Considering the matrix M as a labelled oriented graph, we say that
y s accessible from x if there exists an integer © > 0 such that M;’y > (0. We also say
that = is essential if it is accessible from each index of M.

Let us assume that there exists a partition So, S of {1,...,n} and an integer k = 1 such
that:

o Sy is the set of essential indices of M, is non-empty, and the restriction (Mg y)z.pes,
of M to indices in Sy is primitive; we denote its Perron eigenvalue by p;

o cach eigenvalue of the restriction (M )z es, of M to indices in Sy has a modulus
less than p.

We say that M is semi-primitive, and p s called the Perron eigenvalue of M

It is from the word essential that we derived the locutions “essential set” and “essential
element” for denoting the set £ and its elements.

Moreover, it comes immediately that the spectrum of M is the union of the spectra of
the two submatrices (M, )z yes, and (M, )zyes,, and that p is the (unique) eigenvalue
of M with maximal modulus, with left and right eigenvectors 1 and r whose entries are
positive on Sy and zero on S;. In this slightly broader framework, most of the above
definitions and theorems remain unchanged. In particular, Theorems 7.75 and 7.76 can
be rephrased as follows.

Theorem 7.78.

Let G := (M, w™ w°) be a conditioned weighted graph, whose matriz M is a semi-
primitive matriz of sizen xn, and let f: {1,...,n} — C be a cost function. In addition,
let m be the (unique) stationary measure associated with the uniform measure at infinity
of G, and let py, be the uniform measure on Pg(k). Finally, let us assume that there ezists

essential indices iy and iy of M such that wi' >0 and wa“t > 0.

The sequence of ergodic means ({f)(ux))r=0 converges in law towards the Dirac measure
at vy, where vy := f(m) = Z?:l m(j)f(7). In addition, there exists a non-negative real
0% such that the sequence (Nk({f)(px) — V) x=1 converges in law towards a normal law
N(0,0%) when k — +oo. We have o* = 0 if and only if there exists a functiong : {1,...,n}
such that f(5) = g(j) — (i) for all pairs (i, j) of essential indices such that M; ; > 0.
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7.2.3 Asymptotics in Artin—Tits Monoids of FC Type

We proceed now to applying the above results to the framework of uniform distributions
in Artin—Tits monoids of FC type. Henceforth, we will always consider an Artin—Tits
monoid of FC type A* and and a Mobius valuation r : AT — C. Hence, in this context,
there exists one Bernoulli measure v, such that v,.(1 x) = r(x) for all x € A" and
v (A1) =0.

In particular, we focus on the asymptotic behaviour of Garside-additive functions.

Definition 7.79 (Garside-additive function).
et AT be an Artin—Tits monoid of FC type. A function f : AT — C is said to be Garside-
additive if, for all left Garside words xy-. .. xy, we have f(x1)+...+ f(zp) = f(x1... 78).

Garside-additive functions are generalisations of additive functions such as the Garside
length, but also of non-additive functions such as the length of the Garside normal forms,
iLe. x — [x].

Aiming to apply the above results to the framework of Garside-additive functions,
we first introduce meaningful combinatorial structures that will bridge the gap between
conditioned weighted graphs and Artin—Tits monoids of FC type.

Lemma 7.80.

Let AT be an irreducible Artin—Tits monoid of FC type with at least 2 generators and let
r: AT — C be a positive valuation. The expanded Garside matriz of parameter r is semi-
primitive if AT is an Artin-Tits monoid of spherical type, and is primitive otherwise.

Proof. If A™ is not an Artin—Tits monoid of spherical type, then its expanded Garside
matrix or parameter r is equal to is essential Garside matrix or parameter r, hence is
primitive. Therefore, we focus on the case where A is an Artin—Tits monoid of spherical

type.

Let M be the expanded Garside matrix of parameter r. The non-negativity of M is
immediate, and its essential states are the pairs (i,x) such that x € £. In particular, the
restriction of M to essential states is if AT is primitive, as shown in Lemma 7.41, and
the Perron eigenvalue of this restriction is py', as mentioned in Proposition 7.55. The set
of its non-essential states is Sy := {(i,A) : 1 < i < A(A)}, and the restriction of M to
indices in S; is a permutation matrix, hence its eigenvalues have modulus 1 < pgl, which
completes the proof. O

Definition 7.81 (Expanded Garside graph).

Let A" be an irreducible Artin—Tits monoid of FC type with at least 2 generators and
let r : AT — C be a positive valuation. We call expanded Garside graph of parameter r
the conditioned weighted graph G = (M, w'™ w°) such that M is the expanded Garside
matriz of parameter r, and whose weights w™ and w°Ut are defined by Wi(‘fx) = 1;017(x)

7
out

and Wi = 1ioax)-
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Paths of positive weight and of length & in Pg are in bijection with elements of A*(k),
and each element x is associated to a unique word x of positive weight, which satisfies
w(x) = r(x). Therefore, the uniform distribution p; on paths of length & corresponds
to the uniform distribution on A*(k), and there is a natural isomorphism between the
projective limits A" and Pg. Theorems 7.57 and 7.68 both provide us with weak limits
fot the sequence of uniform distributions. Hence, these limits must coincide, i.e. the
uniform measure at infinity for braids corresponds to the uniform measure at infinity of
the expanded Garside graph.

However, the two families of elementary cylinders | x (for x € A™) and | x (for
x € Pg) do not correspond to each other. Instead, the elementary cylinder | x corresponds

to the open set B, (]x],,x) of A" Hence, Proposition 7.25 proves that fi( x) = 7(x)
in A" and that (] x) = (M,,r)(x) in Pg.

Lemma 7.82.

Let A be an irreducible Artin—Tits monoid of FC type with at least 2 generators and let
r: AT — C be a positive valuation. Let P be the Markov Garside matriz of r. The matriz
P is semi-primitive if At is an Artin-Tits monoid of spherical type, and P is primitive
otherwise. In both cases, its essential indices are the elements of &.

In addition, let M be the Garside matriz of parameter r, and let g and h be right and
left Perron eigenvectors of M, such that h -g = 1. The invariant probability of P is the
distribution m defined by 7 : x — hygy forallxe &, and m: x — 0 for allx ¢ £.

Proof. The case where A™ is not an Artin-Tits monoid of spherical type is immediate.
Hence, we focus on the case where AT is an Artin—Tits monoid of spherical type. First,
it comes immediately that the essential indices of P are the elements of £, and that the
restriction of P to indices in £ is a primitive stochastic matrix. Hence, A is the only
non-essential index of P, and since Pa,, > 0, it follows that the restriction of P to the
index A is the 1 x 1 matrix (Pa ), with only eigenvalue Pa o < 1. This proves the first
part of Lemma 7.82.

Let us now prove the second part, which has the flavour of Theorem 7.68. First, since
h-g = 1, it follows that 7 is a probability distribution. In addition, abusing notation
and denoting by 7 the column vector such that 7y := hygy, and since Proposition 7.44
states that we can define g by the relations gx = g(x) = >} g (M,7)(y) = %, we
compute that

(M) (y) _
(- P)y = };glx_,yhxg(x)r(x)w = (M’YT)(y)élx—’yhx
_ M), _ _
= 0y) (h- M), = gyhy, =,

for all y € £. By construction, we have (7 - P)y, = 0 = m, for all y ¢ £, which proves that
7 is the (unique) stationary measure of P and completes the proof. O
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Lemma 7.83.

Let A™* be an irreducible Artin—Tits monoid of FC type with at least 2 generators and let
r: AT — C be a positive valuation. Let M be the Garside matriz of parameter r, and
let N be the essential Garside matriz of parameter r. In addition, let g = (8x)xes and
h = (hy)xee be right and left Perron eigenvectors of M.

The vectors § = () and h = (h(x), whose indices range over the set {(i,x) : x €
E,1 <1< Ax)}, and defined by g, ) := gx and h(;x) = gx are right and left Perron
eigenvectors of N, whose Perron eigenvalue is 1.

Proof. By construction, both vectors g and h have positive entries. Moreover, Proposi-
tion 7.44 proves that M has Perron eigenvalue 1, i.e. that M -g = g and that h- M = h.
For all cliques y € £, we compute that

(N - g)(l,y) = Z Iy —yr(y)gy = (M - g)y =gy = 8(1,y); and

xe€
(V-8)iy) = 8i_1y) = 8y if1>2;
(H . N)(LY) = Z hx]-x—>y7n(y) = (h . M)y = hy = H(l,y); and

xe&

(h-N)iy) = ho1y) = hgy) if i = 2.

This proves that g and h are Perron eigenvectors of N, whose Perron eigenvalue must be
1. O

Theorem 7.84.

Let A™ be an irreducible Artin—Tits monoid of FC type with at least 2 generators. Let
r: At — C be a Mobius valuation let k : AT — C be a Garside-additive function, and
let uy denote the uniform probability distribution of parameter r on the set A* (k). In
addition, let P be the Markov Garside matriz of r, and let m be the stationary distribution
associated with P.

—

The random variables %I{(/Lk) converge in law towards the Dirac measure at k := ﬁw)

(7

Furthermore, there exists a non-negative real number o2 such that the convergence in law
1
Vi (el ~ ) 2 A0,
holds when k — +o0, and 0 = 0 if and only if k(x) = RA(x) for all x € €.

Proof. Let M be the Garside matrix of parameter r, and let N be the extended Gar-
side matrix of parameter r. In addition, consider the conditioned weighted graph G =
(N, win, w°ut) such that W%?’x) = 1;,-17(x) and W?il’l;) = 1,_xx). Let v} be the uniform
distribution on Pg(k), i.e. on paths of length k. By construction of G, the distribution v,

corresponds to the uniform probability distribution p; of parameter r.

Moreover, consider the function F : (i,x) — k(x)1;,_xx), and let £ be some positive
integer. For all elements y of A™ or Artin length £, let p := (i1, p1) - ... - (i, p¢) be the
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(unique) associated path in G of length ¢ and with positive weight. By construction, we
have Z§=1 F(ij,p;) = k(y), and therefore (Fy)(p) = #. It follows that (F)(v,) =

7 (pe).-

Then, let g and h be right and left Perron eigenvectors of M, and let g and h
be the vectors defined in Lemma 7.83. Lemma 7.82 states that m(x) = gxhy for all
x € £, and Lemma 7.83 states that g and h are right and left Perron eigenvectors of N.
Then, Theorem 7.68 states that the invariant probability measure 6 of N is defined by

. gi,xhi,x x Nix
0(i,x) := = H)g( L = gH% :

Consequently, Theorem 7.75 proves that the ergodic means 5 (puy,)(F) () converge
in law towards the Dirac measure at & := erg S ®) 03, x)F, ( x), and Theorem 7.76
proves that there exists a non-negative real o2 such that (VE(:6(pr) — B)p=1 converges
in law towards a normal law A (0,0%) when k — 400, with 02 =0if kx =KX on £ and
0?2 > ( otherwise.

Finally, one computes that h-g =Y _. Z’\(x h,gx = A(7), whence

= i, x)F,(i,x) = %), x) k(%) — Dxce Bxhxki(x) _ k()
= )3 003 — 00000 o =

xe€ i=1 xe€

which completes the proof. O

It remains to apply Theorem 7.84 to various Garside-additive functions. First, as
mentioned above, Theorem 7.84 directly applies to additive cost functions. However, we
can also derive theorems that do not concern directly Garside-additive functions, such as
the mean length of the Garside normal forms.

Proposition 7.85.

Let A* be an irreducible Artin—Tits monoid of FC type with at least 2 generators. Con-
sider the positive valuation s : x — 1, such that ®(s) = py, i.e. ®(s) : x — pz(x). Let
ux denote the “standard” uniform probability distribution on the set A* (k) of elements
of length k. In addition, let P be the Markov Garside matriz of ®(s), and let © be the
stationary distribution associated with P.

Finally, for all elements x € A%, let us denote by A(x) the ratio ” (H The random vari-

ables A(pu) converge towards the Dirac measure at \(m) = > o m(X)A(x). Furthermore,
there exists a positive real number o such that the convergence in law

VEA () — A7) =5 N(0,0%)
holds when k — +o0.

Proof. Since the function I' : x — |x|, is Garside-additive, Theorem 7.84 proves that

A ) = %F(uk) converges towards the Dirac measure at % = ﬁ, and that

VEAT () = A(m) ™)



Chapter 7. Building Uniform Measures on Braids 271

converges towards a normal distribution N(0, 72), for some non-negative real number 72,
with 72 = 0 if and only if A(7) = A(x) for all x € £, which is not the case.

It follows that A(uy) converges towards the Dirac measure at A(w). Hence, for all real
numbers a < b, it follows that

Puula < VEA =Am) <] = Pl A)\b(w) <VEAT =A@ < _A/\CEW)]
— [ )\(7’{') Qb \/7(/\—1 _ )\(7'[')_1) < _>\(7T)_2(l]
- PNOT [=A(m) 7% < 2 < =A(m) %]

l
&
33
o
\‘[\)
=
=
N
N
N
=

when k — +0o0. This proves that vE(A (1) — (7)) == N(0, 72A()~4), which completes
the proof. O

In particular, in the framework of heap monoids, the study of the ratio A has an inter-
pretation in terms of speed-up. If generators o; correspond to elementary computations,
then two generators are independent if the associated computations can be performed in
parallel. The length A(x) corresponds thus to the sequential computation time, whereas
the height x| corresponds to the parallel execution time of a computational process.
Hence, Proposition 7.85 states that the speed-up converges (in distribution) and obeys a
Central limit theorem.

7.3 Computations in B} and M}

We focus here on specific cases of the above framework, namely the case of the monoids
AT =Bj, B, M3 and /\/l4 , choosing the trivial valuation r : x — 1 and its associated
Moébius valuation s : x +— p &) We compute explicitly the Markov Garside matrix P of
s, its invariant probability measure 7, and the limit & of the random variables % (px),
when « is a Garside-additive function. In particular, we also compute the limit A(7) of
the random variables A(puy), where A : x — ﬁ

Furthermore, when AT = M3 or M}, we also compute simple expressions of &
when x is an additive function and of the limit convergence manifold Ry of A. We do
not perform these additional computations when AT = B or B}, since in this case
all additive functions are multiples of the Artin length A\, and R} is the singleton set

{(pA, . ,pA)}‘

7.3.1 Computations in B

We focus here on the monoid B;{ := (01,09 | 010201 = 090102)", whose Garside element is
Ajz := 010907 and whose two-way Garside family is the set S := {1, 01, 09, 0103, 0901, A3}
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of the divisors of As.

The Hasse diagram of the lattice (S, <,) is represented in Fig. 7.86.

Az
0102/ \0201
L
AN ) /
Figure 7.86 — Hasse diagram of the lattice (S, <) in B7

Hence, the Mdbius polynomial of B is

Hp,(2) =1—22+2° = (2 — 1) (Z_\/i—l) (Z_\/5+1)’

2

with smallest positive root p3 = V5=l ~ 0.618. In particular, the Md&bius valuation

2
associated with the trivial valuation x +— 1 is the valuation s : x — pé\(x).

Using the equality 1 — p3 — p2 = 0, we provide in Fig. 7.87 expressions of the graded
Mobius transform of s, of the Markov Garside matrix P of s, and of the invariant prob-
ability measure 7 of P. Functions are represented by column vectors indexed by S\{1},
and the entries of the vectors and matrices are indexed by the braids oy, 02, 0109, 090,
and A, in this order.

2p3—1 D3 0 1 —ps 0 0 P3
2p3—1 0 D3 0 1—ps 0 D3
M,s = |2-3p3|[; P = 0 D3 0 1—ps3 0 m=—|1—p3
2_3p3 D3 0 1— D3 0 0 1— D3
2[)3-1 2p3—1 2]?3—1 2-3])3 2—3]93 2]93—1 0

Figure 7.87 — Mobius transform M., s, Markov Garside matrix P and its invariant prob-
ability measure 7 (in BY)

Hence, the random variables A(uy) converge (in distribution) towards the Dirac mea-
sure at A(m) and, for all Garside-additive functions x : A* — C, the random variables
2k () converge towards the Dirac measure at %, where

53
2
k(m) k(o) + k(o) N k(0102) + K(0907)

A(m) 2¢/5 5+4/5

Am) =2—ps = ~ 1.382 and
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7.3.2 Computations in B}

We focus here on the monoid
+ +
B, = {01,02,03 | 010201 = 020102, 020302 = 030903, 0103 = 0301)",

whose Garside element is Ay, = 010901030201 and whose two-way Garside family is the
set
S = {1>01,02,0370102,0103,02017020370302,01020170102037
010302,020103,020302,030201,01020103,01030201, 01030203,

020103092,02030901,0102010302,0103020103,02010302071, A4}

of the divisors of Ay.

The Hasse diagram of the lattice (S, <) is already represented in Fig. 2.92, and we
draw it again below, in Fig. 7.88.

Ay

0109010309 0109030901 0901030201

T > > e

01020103 01020302 02010302 01030201 02030201

Figure 7.88 — Hasse diagram of the lattice (S, <,) in B}

Hence, the Mdbius polynomial of B} is
Hp,(2)=1-32+22 4220 = (- 1D+ + 22— 22 -2z +1),

with smallest positive root ps ~ 0.479. In particular, the Mobius valuation associated
with the trivial valuation x — 1 is the valuation s : x — pi(x)

Using the equality 1 — 2py — p2 + p3 + pi + pj, we provide in Figures 7.89 and 7.90
expressions of the graded Mobius transform of s, of the Markov Garside matrix P of s,
of the invariant probability measure m of P, and of auxiliary polynomials Ay, ..., As.
These polynomials are coefficients of the matrix P, and we decided to represent them as
auxiliary data so that the matrix P (of size 23 x 23) could fit on one page. Functions are
represented by row vectors indexed by S\{1}, and the entries of the vectors and matrices
are indexed by elements of S\{1} in the Short-Lex order (i.e. the order in which they are
enumerated in the above expression of the set S).
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pg4 O O A O O O 0 O P} O 0O O O O O 0 0O 0 0O 0 0 O
0 pg 0 O O Ay Ay 0 O O O A3 O O O O O pf 0 0 0 0 O
0 0 p O O O O A O O O O O pj O O O O O O 0 0 0
0 pg 0 O O Ay Ay 0 O O O A3 O 0 O O 0 pj 0 0 0 0 O
Ay 0O Ag4 A5 p2 0 0 A5 0O Ag Ay O O Ag O pj pf O 0 0 Ag 0 0O
pgy O O A O O O 0 O p} O O O O O O O 0O 0 0O 0 0 O
0 0 p, O O O O A O O O O O p3 0 0 0O O O O 0 0 0
0 pg 0 O O Ay Ay O O O O A3 O O O O 0 pj 0 0 0 0 O
Ay Ag 0O As 0 Ajg Ajp O p3 Ag O pj O O pj O 0 A;; 0 Ag 0O 0 0O
0 0 p O O O O A O O O O O p3 O O O O O 0O 0 0 0
0 pg 0 O 0O Ay Ay 0 O O O A3 O 0 O O 0 pj 0 0 0 0 O
P=1a, o a4 a5 P 0 0 A5 O Ag A7 O 0 Ag O pj pf O 0 0 Ag 0 0
0 A9 Ay 0O 0 Aj9gAjgA; O 0 0 pj pi Ag O 0 0 Ajppf 0 0 Ag o0
pp O 0O A O 0O O 0O O p3 O O O O O O 0O O 0 0 0 0 0
Ay 0 Ag As p; 0O 0 A5 0 Ag Ay 0O 0 Ag 0 pf pf 0 0 0 Ag 0 0
0 A9 Ay O 0 AjgAgAs O O 0O p3 pi Ag O 0 O Ajyp; O 0 Ag 0
Ay Ag 0O A5 0 AjgAjp 0O p3} Ag O p3 0O 0 pj O O A;; 0 Ag 0 0 O
0 pg 0 0O O Ay Ay 0 O O O A3 O O O O 0 pjf 0 0 0 0 O
Ay 0 Ag4 As p; 0O 0 A5 0 Ag A7 0 0 Ag 0 pf pf o 0 0 Ag 0 0
0 A9 Ay O 0 AjgAjgAs O 0 0 p3 pi Ag O 0 0 Ay pi 0 0 Ag o0
Ay 0 Ag4 As p; 0O 0 A5 0 Ag Ay 0O 0 Ag 0 pf pf 0 0 0 Ag 0 0

Ay Ag 0 A5 0 Ajg Ajp 0O pi Ag O pi 0 0 pj O

=]
hS

iy

—~
=]

Ag 0 0 0

| A12 A13 A12 A14 As Al A1 A1g Ar Arg Arr A7 Az Arg Al Al Arr Ais Arl Arg Arg Alg Agg

Figure 7.89 — Markov Garside matrix P (in BY)

Hence, the random variables A(uy) converge (in distribution) towards the Dirac mea-
sure at A(m) and, for all Garside-additive functions x : A* — C, the random variables
2k (i) converge towards the Dirac measure at &, where & = A(m) 's(7) and

) = 11086100 — 12019728p4 + 8470263p3 + 11669838p3 + 5899597p]
B 4935059

~ 1.797.

The expressions of x(m) and of & are not so enlightening and consist in summing 14
different terms (using symmetries in the expression of 7 that are due to the isomorphism
of monoids ¢, ), which makes them hard to read. Moreover, they follow directly from the
values of k on S\{1, A} and from the expression of the invariant probability measure .
Consequently, we do not write them explicitly here.

Observe that limit A(7) is a polynomial in p4, with rational coefficients. This is not
coincidental nor specific to the monoid By, as outlined by the following result.
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Aqq 263236+882180p, —249748p5 —671138p}3 +328026p]

Aqs 1636548+ 83720p, —2006161p3 —838931p}; —749927p} ] _ X _

Aqg 263236+882180p, —249748p3 —671138p} +328026p] ! 1_p; _pi .

Aqy 146252+ 1457662p, —604750p3 — 1473442p] —1012652p 42 1_p4_p42_p4_3p4 .

Ag —350221+1227568p, —317678p3 +112746p3 —377032p] s 71+p4+2p§+2:4+p4

Als —285893+1083510p4 +744510p3 —920027p3 —220414p} A p4;p4;p4

Ay —285893+1083510p4 +744510p3 —929027p3 —220414p} s p471;4 5

Ay 146252+ 1457662p —604750p3 —1473442p] —1012652p Ao 1_2p43_p44+2p4

Aq —115150—313535p, +844758p3 +483609p] +427337p] A7 p4_§4 s 4

Aqg 999164 —2326354p,4 —T9876p3 +2209370p +421390p] s _1+2p4+p4;p4_p4

Aqr 866810—2469873p 4 +1474043pF —301404p] +920202p] Ao ;4;?4 .
M,YS = | A7 | T = Jg3is5 | 1124824-374897p, ~1363027p3 —904410p3 — 1035820p] |; Aol p47p2471;4 .

Aq —115150—313535p, +844758p3 +483609p] +427337p] An L2p 7p42+p4:2p4

A1z P4—2p3+Py

Aqg 999164 —2326354p 4 —T9876p3 +2209370p +421390p] B 23,3

Aqq —427337+730524py +113802p3 +417421p] +56272p] 1 pi_ pgﬂ)i

Aqq — 489778+ 1356588p, —623507p3 +360758p] —430424p] A p472pz+p43 .

A — 489778+ 1356588p, —623507p3 +360758p] —430424p]; 415 71+2p4+22p472p4724

Ag 1167230—2245456p4 —595311p3 +1214920p3 +590027p o 173p4+p4+32p472;4

Aqq —427337+739524p, +113802p3 +417421p} +56272p] A _1+2p42+p4;3p4 .

Aqg —56272—314793p 4 +795796p3 +57530p3 +361149p] s 3_7p4_p4+424+ip4

Aqg 430424—1350626p4+926164p3 —193083p] +791182p] Ao 72+5p472p4724

Aqg —56272—314793p 4 +795796p3 +57530p3 +361149p] L 420] L I7Spamitiny

| A20] B 0 i

Figure 7.90 — Mobius transform M., s, invariant probability 7 of P and auxiliary data (in
BI)

Proposition 7.91.

Let A* be an Artin—Tits monoid of FC type with at least 2 generators and let pa be the
smallest positive root of the Mébius polynomial Ha(z). The limit A(r), towards which the
random variables A(py) converge, belongs to the field Q[pa], i.e. can be expressed under
the form Q(pa), where Q is a polynomial with rational coefficients.

Proof. First, note that pa is an algebraic number, since it is a root of the integer-valued
polynomial H . Consequently, the field generated by pa is the set Q[pa] = {z€R:3Q €
Q[X],z = Q(pa)}. By construction, the valuation s, its Mébius transform M, s, and
therefore the Markov Garside matrix P have entries in the field Q[pa]. Consequently,
the probability 7, which can be seen as the unique normalised vector of the kernel of
the matrix P — Id, can be obtained from P by Gaussian elimination, hence its entries
also belong to the field Q[pa]. Since the function A is integer-valued, it follows that ()
belongs to Q[pa] too. O



276 7.3. Computations in B} and M}

7.3.3 Computations in M3

We focus here on the monoid M3 = {0y, 09,03 | 0103 = 0301)", whose two-way Garside
family is the set S = {1, 0y, 09,03, 0103}. The value of \(7) was already computed in |2,
71|, and the parametrisation of R9,, was also performed in [2].

The Hasse diagram of the partially ordered set (S, <) is represented in Fig. 7.92.

o)
NS

g 3

Figure 7.92 — Hasse diagram of the partially ordered set (S, <) in M3

Hence, the Mébius polynomial of M3 is

Hupy(2) =1—32+2° = (23_\/3) <Z3+\/5)’

2 2

3—5
2

ciated with the trivial valuation x +— 1 is the valuation s : x — qg

with smallest positive root g3 = ~ 0.382. In particular, the M6bius valuation asso-

).

1—2¢3 q3 1—q3 0 0 2+ qs3

q3 1-2q3 g3 1-2q3 3¢q3—1 1 18-7¢s

T 1-2g5 | 0 1-ag @ 0 [T 2+a
3q3—1 1-2q3 g3 1-2¢3 3¢3—1 5q3—1

Figure 7.93 — Mdbius transform M., s, Markov Garside matrix P and its invariant prob-
ability measure 7 (in M3)

Using the equality 1 — 3¢s + ¢ = 0, we provide in Fig. 7.93 expressions of the graded
Mobius transform of s, of the Markov Garside matrix P of s, and of the invariant prob-
ability measure 7 of P. Functions are represented by column vectors indexed by S\{1},
and the entries of the vectors and matrices are indexed by the elements o, o9, 03 and
0103, in this order.

Hence, the random variables A(u) converge (in distribution) towards the Dirac mea-
sure at A\(7) and, for all Garside-additive functions x : A* +— C, the random variables
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2k () converge towards the Dirac measure at %, where

10+5g5  35—55

() TR 5 ~ 1.083 and
- k() _ 2(k(01) + k(03)) N 10k(02) N 2k(0103)
A(m) T+45 54+7V5 134556
_ Seloy) +klow) | 10K(92) 4o o dditive.
10 + 3+/5 5475

Moreover, applying the algorithm used for proving Theorem 7.51, it follows that the
convergence manifold and the limit convergence manifold of Mj are The multivariate
Moébius polynomial of M3 is Ha,(z,y,2) =1 -z —y—2+4+22 = (1 —2)(1 — 2) — v
The set {(z,y,2) € (0,1)® : Hpq,(x,y,2) > 0} is therefore connected, and, according to
Corollary 7.34, is equal to the convergence manifold R, itself. It follows that

Rms = {(z,y,2) € (071)3 s Hops (2,9, 2) > 0}
= {(z,1l—-2)y,(1—-y)z:0<z,y,2 <1}
Ry = {(@,5,2) € (0,1 : Hpgy(w,y,2) = 0}
= {(I-zur,1—u):0<zu<l}
z
1 Yy
1

Figure 7.94 — Limit convergence manifold of M3

The latter equation shows that Rf\/ls is in fact a fragment of hyperbolic paraboloid.
Figure 7.94 represents the limit convergence manifold R.(?\/lg, in gray.

7.3.4 Computations in M

We focus now on the monoid

+_ _ _ _ +
M ={01,09,03,04 | 0103 = 0301,0104 = 0401,0904 = 0409)",
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whose two-way Garside family is the set S = {1,071, 09,03,04,0103,0104,0204}. Once
again, the value of A(7) had already be computed in [71].

The Hasse diagram of the partially ordered set (S, <) is represented in Fig. 7.95.

0103 0104 0204

\\ 1 //

Figure 7.95 — Hasse diagram of the partially ordered set (S, <,) in M}

Hence, the Mébius polynomial of M is
Ha,(2) =1 424322 = (2 —1)(3z — 1),

with smallest positive root g4 = % In particular, the Mdbius valuation associated with
the trivial valuation x — 1 is the valuation s : x — ¢, ™.

We provide in Fig. 7.96 expressions of the graded M&bius transform of s, of the Markov
Garside matrix P of s, and of the invariant probability measure m of P. Functions are
represented by column vectors indexed by S\{1}, and the entries of the vectors and
matrices are indexed by the elements oy, 09, 03, 04, 0103, 0104 and 0904, in this order.

1 6 12 0 0 0 0 0 6
2 3 6 6 0 3 0 0 18

|2 o 6 6 3 0 0 3 L |18
Mys=g| 1 P=s|0 0 12 6 0 0 0fr=g]|6
1 29 4 4 2 2 2 2 4

1 2 4 4 2 2 2 2 1

1 2 4 4 2 2 2 2| | 4 |

Figure 7.96 — Mdbius transform M., s, Markov Garside matrix P and its invariant prob-
ability measure 7 (in M)

Hence, the random variables A(uy) converge (in distribution) towards the Dirac mea-
sure at A(m) and, for all Garside-additive functions x : A* — C, the random variables
%/ﬁ(,uk) converge towards the Dirac measure at &, where

2

A(m) = o~ 1.158 and
_ k(m)  2(k(oq) + Kk(og))  6(k(o2) + k(03))  4(k(0103) + K(0204))  K(o104)
ASYES I 19 * 19 * 57 Ty

11

= E(H(Ul) + 2k(032) + 2k(03) + K(0y)) if Kk is additive.
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Applying the algorithm used for proving Theorem 7.51, we compute the following
parametrisations of the convergence manifold and the limit convergence manifold of M3 :

Rms, = {(z,(1—2)y,(1—y)z,(1 —2)t): 0 < z,y,2,t < 1};
R?Vtg = {(z,(1—2)y,(1—y)z,1—2):0<x,y,z < 1}.

7.3.5 Radius of Convergence in B! and M

We focus here on studying the radii of convergence of the braid monoids B, and of dimer
models M;", pursuing investigations on the growth of these monoids performed by Xu [94]
or Berceanu and Igbal [10].

Let us focus now on all the monoid
M) ={o1,...,0, | Vi, ], |i — j| = 2= 0,0, = 0jo;)",

whose smallest two-way Garside family is theset S = {A;: I < {0y,...,0,} and Vo;,0; €
Li—j#+1}.

Proposition 7.97.
Let M be the dimer model with n generators, and let H g, (2) be the Mdbius polynomial
of M. The smallest positive root of the polynomial Ha, (2) is ¢, 1= L 2 This root

dcos( 5

is rational if and only if n € {1,2,4}, and is such that q, — i when n — +0o0.

Proof. An induction analogous to that used for proving Proposition 7.3 shows that
the Mobius polynomial of M obeys the induction relation H,(z) = Hm, ,(2) —
2Hm, o (2), with Ha_,(2) = Hm,(2) = 1. Solving this linear recurrent equation on
Hm, (2), we find

1
— (1 4+ V1 —=42)"" — (1 — /1 — 42)"+?
N (( ?) ( ")

— (1 —42)~.
antl o\ 2k + 1)

Ham, (2)

Hence, let 0,42 := 75 and w9 = exp(ib,+2). The roots of H g, are the complex

numbers 7 € C\{3} such that 1 + 1 —4r = (1 — /1 —4r)w?*, for some k € Z or,

equivalently, such that r = m. Consequently, the smallest positive root of H, (2)
1 1

: . _ 1
IS Gn = Toostia)? = Teon (2507 and ¢, — 3 when n — +o0.

The first values of ¢, are ¢ = 1, g = %, q3 = 3_2\/5 and q4 = % Then, assume that g,

is rational for some integer n = 5. Let bX —a be its minimal polynomial in Z[X], so that
¢n = §. Since ¢, cancels Hy, (2), it follows that bX — a divides H 4, (2) in Z[X], and
since H g, (0) = 1, it follows that a = +1, i.e. that an = +bis an integer. This contradicts

the fact that 411 < Qp < Qs = %, which proves the irrationality of ¢, and completes the
proof. O
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In addition, using the above equation Ha, (2) = Hm, ,(2) — 2Hm, ,(2), the algo-
rithm used for proving Theorem 7.51 provides us with parametrisations of the convergence
manifold and the limit convergence manifold of M:

Rum, = {(z1,(1—z1)xe,..., (1 —2po)rpn1,(l —2p_1)z,) : 0 < 9,... 2, < 1};

n

Ry, = {(x, (=222, , (1 = 2p2)Tn1, L —2pp1) 10 < 2, Ty < 1}

The situation is analogous in the braid monoid B, whose smallest two-way Garside
family is the set S = {f : f < A}. However, the Bronfman formula for computing the
Mobius polynomials is more complex for braids than for heaps, which explains why our
results may seem weaker.

Proposition 7.98.
Let B} be the n-strand braid monoid, let Hp,(z) be the Mobius polynomial of B}, and
let p, be the smallest positive root of the polynomial Hg, (z). The sequence (pp)n=1 1S

non-increasing, and converges towards a limit P such that % >P > %.

Proof. First, observe that, for all integers n > 1, the monoid B;} is a submonoid of B},

and therefore that Gg,,,(2) = Gg, (%), hence that Hg,,,(2) < Hs,(2), when 0 < z <
min{p,, pn11}. It follows that p,.1 < p,, i.e. that (p,),>1 is non-increasing. Likewise,
since B is a quotient monoid of the dimer model M, it follows that ¢, < p,_1, which
proves that P > i. However, it is not yet clear whether the two sequences (p,)n>1 and
(Gn)n>1 might have the same limit.

Proposition 7.3 shows that the M&bius polynomial of B' obeys the induction relation
Hp,(2) = Dyoo(—1)F2PED2 G (2), with Hp,(z) = Hp,(z) = 1 and Hp,(z) = 0 if
n < —1. Hence, a simple yet cumbersome computation shows that Hg, (%) < 0, and
therefore that P < 2.

Now, consider the polynomial P(z) = 1 — 4z + 423 — 82°. Since

p(Ly 3L, 13,01y
4 512 729 3

let p be the smallest root of P in the interval (le %), and let z be an element of the closed
real interval [, p]. We prove by induction that 2Hg, ., (z) = Hg,(z) = 0 for all n € Z.
First, the result is immediate when n < 0. Moreover, a straightforward computation
shows that

M (2) =1~ 2 = (1 2)Hp, () = (1~ p)Hp, () > - Hp, (=)

Hence, let us assume that n > 2. Since p > z, note that z* < p* < 37% < %
whenever k£ > 1. In addition, since z > § and 0 < Hg,_,(2) < Hp,_,(z), observe that



Chapter 7. Building Uniform Measures on Braids 281

(3 — 22)HB,_,(2) = (3 — 22)HB,_,(2). Finally, since P(z) = 0, It follows that:

2HBn+1 (Z) - HBn (Z) = 7—[Bn + 2 Z k k k+1 /QH (Z)

k=1

= Hp,(2) —2zHp, ,(2) +22°Hp, ,(2) —22Hp, ,(2) +
Z Zk(2k+1) (QHan% (Z) o 222k+1HBn72k71(2))

k=2
1-14
> ZHBn (2) + 25%Up, ,(2) - 22°Hp, (2) +
Z k2k+1 2k+1)HB (z)
k=2 ’
1—-4 473
. #%n_m 2y (2)
P 6
= wﬂm_g(@ - 226%1311—3(7‘/)

= 226(27-[13714 (Z) - IHans(z)) = 07
which completes the induction.

It follows that Hg, (z) > 0 for all n > 0, which proves that p, = p, and therefore that
P=>p> 1. O

Obtaining further approximations of p,, seems difficult. However, partial results allow
us to prove some results and to formulate conjectures, as follows.

Lemma 7.99.

Let B} be the n-strand braid monoid, let Hp,(z) be the Mdobius polynomial of B, let
pn be the smallest positive root of the polynomial Hp, (2), and let P be the limit of the
sequence (pp)n=0- The inequalities

HBn+2(2) HBn+1( )
HBn+1(2) s HBn( )

hold for all integers n = 1 and for all real numbers z such that 0 < z < P.

Proof. Let us write the generating series Gg,,,(2)0s,(z) and Gg,,,(2)? respectively as
sums ), an 2" and D k0 bn12", where a,,  is the cardinality of the set A, ;. := {(v,7/) €
B}, x BY : A7) + A(7/) = k} and b, is the cardinality of the set B, := {(a,3) €
B, x Bl Aa) + A(9) = )

Consider the homomorphism of monoids ¢ : B}, ; — B, such that ¢ : 0; — 041.
In addition, for all braids 8 € B, let d1,(5) denote the greatest element of the set
{xe{or,...,0n-1)" : x <¢ B}, and let 65,(3) denote the braid 67, (3)5. Note that 1,
induces a mapping from B | to B;'. We prove now that the function © : B, — A,

defined by © : (a, ) — (ap(d2,(5)), 01.,(5)) is injective.
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Let us denote by ~ the braid a¢(ds,,(5)) and by 7' the braid d; ,(3). By construction,
we know that left(dy,,(3)) < {0y}, i.e. that left(¢(d2,(8))) S {on+1} and therefore that
d1n11(7) <¢ a. Conversely, it is straightforward that a < 01 ,41(7), which proves that
@ = 01,41(7) and that 8 = v'a~'v, i.e. that © is indeed injective.

It follows that a,, ; = b, i, for all integers n and k, and therefore that Gg,,,(2)Gs, (2)
gB,.,(2)? for all z € [0, p,42), thereby proving Lemma 7.99.

mE\Y

Proposition 7.100.
Let z be an element of the interval [0, P), and let F, be the generating function F. : 6 —
Sso(—1)EFEFD2GR “which converges on the entire complex plane.

The equation 1 = 0F,(0) has some complex root. Moreover, let © := min{|0| : 1 = 0F,(0)}.
We have 1 = ©F,(©), and

1
M—»—whennﬁv%o.

%Bn+l (Z) @

Proof. Let us define the generating function S : 6 — #sz), and let © = +oo if
the equation 1 = #F,(6) has no complex root. By construction, we know that © is the
radius of convergence of S, and that © > 0. Let H,, be the coefficients of 9, i.e. the real
numbers such that S(0) = >, _ H,0". We also define H,, := 0 when n < —1. Observe that
S(0) = 1+6S(0)F.(f) when |0| < ©,i.c. that Hy = 1and H,, = >, _o(—1)k2F*02H,
when n > 1. It follows immediately that H,, = Hg,(2) for all n > 0, and therefore that
HB,, ()
Hooyy )
n — +0o0, and therefore that limit must be é.

H, > 0. Moreover, the sequence is non-increasing, hence it has a limit when

Furthermore, the equality (1 — 6F.(0))S(f) = 1 holds on the open complex disk
{z e C:|z| < ©}. It follows that the function § — 1—60F,(f) is decreasing on the interval
[0,0). Moreover, if © < 400, then 1 — OF,(0) = 0, and therefore © is the smallest
positive root of the equation 1 = 6F,(#). Hence, we finish by proving that © < +oo.

Since 0 < z < %, the inequality

22k+2 —1 - (22k+3 - 1)Z2k+l > 22k+1 o 22k+322k+1 _ 22k+1<1 o 4Z2k+1>

93 . 22k:+1
>

o5

> 22k+1(1 _423>

holds whenever k > 1. Moreover, consider the functions f : z + —2 + 7z — 1523 + 3125

and g : z — —2+ 72 — 132%. When 0 < z < 2, we know that 312% < 312 = 28 < 2,
whence f(z) = g(z) + 23(312® — 2) < g(z). Since the derivative of g is such that ¢'(z) =

7—3922>7— 24 = 19> 0, it follows that f(2) < g(z) < g (%) =-% <0.
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Consequently, we observe that

2 1
2Fz “\ Fz - -1 k_k(k—1)/2 2k+1 -1
() () St )

= 1-3+72z—152 +312° -
Z (22k+2 11— (22k+3 _ 1)22kz+1) 22k:2+k:
k=2

< f(2) <O.

This proves that 1 — %Fz (%) <1- %Fz (%), and therefore that 6 — 1 — 0F,(#) is not
decreasing on [O, %) It follows that © < %, which completes the proof. O

These results lead to the following conjecture.

Conjecture 7.101.

Let z be an element of the real interval [0,1), and let F, be the generating function
F,:0— Zkzo(—l)kzk(kﬂ)p@k, which converges on the entire complex plane. In addition,
let B be the n-strand braid monoid, let Hp, (z) be the Mobius polynomial of B, let
pn be the smallest positive root of the polynomial Hp,(z), and let P be the limit of the

sequence (Pp)n>0-
We conjecture that P = Q, where

Q :=sup{z€[0,1):30 e Ry, 1 =0F.(0) and V(e C,|C| < |0| = 1 # (F.({)}.

Note that Proposition 7.100 already proves that P < Q. Hence, it remains to prove
the converse inequality P > Q, i.e. showing that, whenever the root of 1 — 0F, () with
smallest modulus is a positive real number, then Hg, (2) > 0 for all n > 0. This question
seems wide open so far.
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