Walking in Poisson Delaunay triangulations

oo : ) -
Olivier Devillers J; .

D. & Hemsley, 2016]
Chenavier & D.,2018]
de Castro & D., 2018]
D. & Noizet, 2018]




‘Walking in Delaunay triangulations

VAN Ay
AV YAy
i




‘Walking in Delaunay triangulations

AN A

TEISEC

R
>\ /h




‘Walking in Delaunay triangulations

o ANV ANV
RS
AV

— " h




‘Walking in Delaunay triangulations

ANV Ay
RS
R A
VS
RATER




‘Walking in Delaunay triangulations

o ANV ANV
RS
AV

— " h
i e




‘Walking in Delaunay triangulations

o ANV ANV
R SE
AV

— " k




Walking in Delaunay triangulations

TN SHT
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One orientation predicate
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\ End of walk 7
A second orientation predicate
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\ Triangle with one exit
1.5 orientation predicate ®

One predicate
iIf this neighbor tried firs

Two predicates
~e__ if this neighbor tried first -
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How many edges crossed ?

Straight walk

2n
Visibility walk
0O > 2V randomized

‘6 Worst case in a triangulation (non Delaunay)



random choice

[D., Pion, & Teillaud 2002]




random choice

[D., Pion, & Teillaud 2002]
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How many edges crossed ?
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How many edges crossed ?

Straight walk

2n. O(vn)

04
32 VI

Visibility walk
2n
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O(vn)

[Devroye, Lemaire, & Moreau, 2004]

uniform in domain

O(ﬁ) ~ 2.164/n

Stretch in infinite Poisson distribution

[D. & Hemsley, 2016]

Stretch in infinite Poisson distribution

Worst case in a'Delaunay triangulation
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Walk between vertices
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Walk between vertices
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Walk between vertices

with shortcuts
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Walk between vertices
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Walk between vertices, worst case

Shortest path
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Shortest path
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Walk between vertices, worst case

Shortest path
Search this "subgraph”

PA
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Upper bound
Dobkin, Friedman, and Supowit 1987 | 5.08 1+2‘/57r

: - 27
Keil and Gutwin 1989 2.42 3 cos(n/6)

Xia 2011 1.998
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Walk between vertices, worst case

Shortest path
Search this "subgraph”
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Lower bound

Chew 1989 1.5708 3
Bose, Devroye, Loffler, Snoeyink, & Verma 2011 | 1.5846
Xia & Zhang 2011 1.5932
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Walk between vertices, worst case

Unbounded
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Walk between vertices, worst case

Voronoi path Unbounded
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Walk between vertices, worst case

Voronol path Unbounded
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Walk between vertices, worst case

Upper path Unbounded
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Walk between vertices, worst case

Upper path Unbounded
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Walk between vertices, worst case

Unbounded

[Bose & Morin 2004]
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Walk between vertices, worst case

Unbounded

[Bose & Morin 2004]
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Walk between vertices, worst case

Unbounded

/ [Bose & Morin 2004]
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Expected length (experiments)

Euclidean length 1
Shortest path 1.04
1.07
Shortened V. path 1.16
Upper path 1.18
1.27
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Expected length of upper path

Poisson Delaunay triangulation, rate n

E[length| = E

12 -1

2.

trianglec X3

1

triangle 1S Delau nay|

1

first edge above s

length(first edge)




E [length] = E { Z L riangte is Delaunay) Lifirst edge above s'ength(first edge)

trianglec X3

= n3/ P [triangle is Delaunay| 1 ]Iength(first edge)dtriangle
(R?)”

first edge above st
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Expected length of upper path

Poisson Delaunay triangulation, rate n
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Expected length (experiments)

Euclidean length
Shortest path
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Shortest path

E [length(shortest path)]
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Shortest path

E [length(shortest path)] >  |imit
density — oo
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Shortest path

E [length(shortest path)] >  |imit
density — oo

by subadditivity
remove start and target from point set
look at shortest path between closest neighbor

+ between path from start to target negligible

14 - 3
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Make a grid




Make a grid

If E[f € cell] = constant
f possible paths = 4™ (too big)




Make a grid

f E[f € cell] = constant

1 possible paths = 4™ (too big)
ig cells v/n X \/n 4V X n




?

A good cell ?

No Delaunay circles go outside

/]




{

A good cell ?

No Delaunay circles go outside

No short path from left to right

/]




{

A good cell ?

No Delaunay circles go outside

No sthht

Not enough edges

— to make a short path




¢

A good cell ?

~

No Delaunay circles go outside

No sthht

Not enough edges

to make a short path

\ 7SERTRASLDL N\ SIS K

Choose {f points in cell, 153

Choose what "short path” means
1+10"1Y

P [le'n,gth > 14 2.5 % 10_11] <0 (\%)
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Walking in Delaunay triangulations

Expected length (experiments) theory

Euclidean length
Shortest path

Shortened V. path
Upper path

2018\
1 wier & D
(Cre™

1.04 > 1+ 1011 \
19
1.07
1.16 167 ity
1.18 :
1.27

[de Castro & D., 2018]
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1.27 4~ 197 “od)
7 A
N
©2

Voronoi path in higher dimension
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Walking in Delaunay triangulations

1271 Nw
S

0(V Px))] / / / | B((2,0,--,00,7) N X = 0] L{(z,0,....0)]s]
(Sa—1)?

~7“Hu1u2H] det(Jq))’dOél,l .. dal,d_ldOéQJ .o d&g)d_ldeﬂj

= |

Integral form
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Walking in Delaunay triangulations

127 4 NW
S

0(V Px))] / / / | B((2,0,--,00,7) N X = 0] L{(z,0,....0)]s]
(Sa—1)?

U;l'UQH’ det(Jcp)’dOél,l ce dozl,d_ldozgjl ce dag,d_ldeZU

=

Integral form

Use Taylor expansion to be able to integrate
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1.27 1~ 127 9
7 A
N
S

d\* o4d—5
> V2 < B[V Px)] < Fw(;()de— 2)!d (1 " 4d1— 2) V2

I ()" 24d-54 _d-1
m2(2d — 2)! C4d? -1
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Walking in Delaunay triangulations

1.27 1 ~ 197 %
7 A
N
©2

asymptotic behavior between

|
2d _4\/%“)(01

Njw

)

(V][N

(d)

3
+ + O
7-‘- 44/ 2dm
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Walking in Delaunay triangulations

1.27 1 ~ 197 %
7 A
N
©2

asymptotic behavior

2d

T
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Walking in Delaunay triangulations

d | k lower bound correct upper bound
~ value ~

788984278470257640690697143 4523370364712510658076963509
3|4 745000536337515228912680960 2) 1.49770 1.500 4264485828690604413776035840 2/ 1.50007

1 7 102494570 2 16823 | 1.698 121774997 2 1.6990

8729721 n2 10270260 =2
51 3 192,/2 1.8357 || 1.875 230/2 1.8812
6| 1 3014656 v2 19179 || 2.04 53664 2 2.0778
7|1 292 2.0768 || 2.2 2221/2 2.2252
8| 1 2080374784 /2 29044 23 130023424 /2 23635

134008875 72 7882875 2

| numerical integration .
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Walking in Delaunay triangulations

Expected length (experiments) theory
018)
Euclidean length 1
Shortest path 1.04 >14+ 101
1.07 Ongo %\NOM @
\ 0 o\
Shortened V. path 1.16 1.16

Upper path 1.18



Walking in Delaunay triangulations

Complicated dependencies

Stretch factor

21 -1



Walking in Delaunay triangulations

Complicated dependencies
edge lengths

01+ 0o+ ... 0
r1+2Xo9+...2k

Stretch factor =

length of horizontal projections

21 - 2



Walking in Delaunay triangulations

Complicated dependencies

01+ 0o+ ... 0
r1+2Xo9+...2k

Stretch factor =

E |/ 175
If independent: % — 5T27T ~ 1.0738

21 -3



Walking in Delaunay triangulations

Complicated dependencies

01+ 0o+ ... 0
r1+2Xo9+...2k

Stretch factor =

E |/ 175
If independent: % — 5T27T ~ 1.0738

Experimental: 1.06777

There is a positive bias
21 - 4



Walking in Delaunay triangulations

Experimental; E{] _ 1.061

W ~ 088 ~ 1.0738
Complicated de
Stretch fac
E |/ 175
If independent: L SLLLUIN 1.0738
] 512

Experimental: 1.06777

There is a positive bias
21 -5



Walking in Delaunay triangulations

Experimental: E[(  1.061
[ 1~ 0088 = 1.0738
Complicated de E[] 1116
at depth 1 Eiz] = 1045 1.0681
Stretch fac E[ ] 1.117 ~ 1.0678
E |/ 175
If independent: L SLLLUIN 1.0738
k4 512

Experimental: 1.06777

There is a positive bias

21 -6



Walking in Delaunay triangulations

Expected length (experiments)

22 - 1

Euclidean length
Shortest path

Shortened V. path
Upper path

1

1.04
1.07
1.16
1.18
1.27

theory

2018)
\C\'\ena\f\ef u D

>14+10~H




Walking in Delaunay triangulations

Expected length (experiments) theory
018)
Euclidean length 1
Shortest path 1.04 >1+ 101
1.07

Shortened V. path
Upper path

Locally defined path

"easy’ to analyze

(computation may be difficult)

22 - 2



Walking in Delaunay triangulations

Expected length (experiments) theory
018)
Euclidean length 1
Shortest path 1.04 >14+ 1071
Incrementally defined path
Shortened V. path dependency issues
Upper path

the tree can be analyzed

22 - 3



Walking in Delaunay triangulations
Expected length (experiments) theory

Euclidean length

Shortest path Incrementally defined path

Shortened V. path
Upper path

also dependency issues

no idea about tight bounds

22 - 4
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Thank you



