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We fit a parametric
family of densities
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We stop when there
is a'good fit.




Maximum Likelihood Estimation
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ON AN ABSOLUTE CRITERION
FOR FITTING FREQUENCY CURVES.

By R. 4. Fisher, Gonville and Caius College, Cambridge.

1. IF we set ourselves the problem, in its
frequent occurrence, of finding the arbitrary
function of kunown form, which best suit a
observations, we are met at the outset by a
which appears to invalidate any results we m

1 :
— ] ;
e N Z 0g Po (i)

1=1



Maximum Likelihood Estimation

ON AN ABSOLUTE CRITERION
FOR FITTING FREQUENCY CURVES.

By R. 4. Fisher, Gonville and Caius College, Cambridge.
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Maximum Likelihood Estimation

Equivalent to a KL projection in
the space of probability measures
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In higher dimensional spaces...




In higher dimensional spaces...




In higher dimensional spaces...
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g : latent space — data space
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Push-forward: VB C €, fyu(B) == pu(f~*(B))
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(Generative Models

fo : latent space — data space
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Difference between fitting a push forward
measure foyp vs. a density pg?
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Workarounds?

3 Vdata
_> [ ] [ )
latent
space ’

data
space

* Formulation as adversarial problem [GPM...’14]

| A 1 atas —1
€0 classifiors g 0Yg ((fourt, +1), (Vdata, —1))

e Use a richer metric A for probability measures,

able to handle measures with non-overlapping
supports:

min A (Vdatas Po), nOtL i KL(vgatal|Po)
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Minimum A Estimation
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Minimum Kantorovich Estimation

* Use optimal transport theory, namely Wasserstein
distances to define discrepancy A.

n W(vqata,
min (Vdata, fos b)

e Optimal transport? fertile field in mathematics.

Monge Kantorovich Koopmans Dantzig Brenier Otto McCann Villani

Nobel '75 Fields '10
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What is Optimal Transport?

A geometric toolbox to
compare probability measures
supported on a metric space.
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What is Optimal Transport?

A geometric toolbox to
compare probability measures
supported on a metric space.
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Optimal Transport Geometry

A geometric toolbox to
compare probability measures
supported on a metric space.
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Optimal Transport Geometry

A geometric toolbox to
compare probability measures
supported on a metric space.

P(£2) ‘,W

»/ [McCann’95]
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Optimal Transport Geometry
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compare probability measures
supported on a metric space.




Optimal Transport Geometry

A geometric toolbox to
compare probability measures
supported on a metric space.
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Optimal Transport Geometry

A geometric toolbox to
compare probability measures
supported on a metric space.
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Optimal Transport Geometry

A geometric toolbox to
compare probability measures
supported on a metric space.
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Optimal Transport Geometry

A geometric toolbox to
compare probability measures
supported on a metric space.
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Origins: Monge’s Problem

866° MEMOIRES DE LACADEMIE ROYALE

MEMOIRE

THEORIE DES DEBLAIS

FT DES REMBLATILJ
c——n

Pir M. M o N G E.

I OoRsQU’ON doit tranfporter des terres d’un lieu dans un
autre, on a coutume de donner le nom de Déblai au

volume des terres que I'on doit tranfporter, & le nom de

Remblai 3 Vefpace qu'elles doivent occuper apres le tranfpm“t.
25
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Origins: Monge’s Problem

() a probability space, ¢ : {2 x )} — R.
1, v two probability measures in P(€2).

[Monge’81] problem: find a map 71" : {2 — (2

in /Q c(z, T(2)) u(dx)

Ty p=v

A




Origins: Monge’s Problem

() a probability space, ¢ : {2 x )} — R.
1, v two probability measures in P(€2).

[Monge’81] problem: find a map 71" : {2 — (2
[Brenier'87] If Q =R% c= |- — - |°,
1, v a.c., then I' = Vu, u convex.




Monge’s Problem

() a probability space, ¢ : {2 x )} — R.
1, v two probability measures in P(€2).

[Monge’81] problem: find a map 1" : {} — ()

in /Q c(z, T(2)) u(dx)

Ty p=v

A




Monge’s Problem

() a probability space, ¢ : {2 x )} — R.
1, v two probability measures in P(€2).

[Monge’81] problem find a map 1" : () — ()
inf 1 (dx)

Ty = 1/

/\L--.




| Kantorovich’42| Relaxation

e Instead of maps 1" : () — (2, consider
probabilistic maps, i.e. couplings PP & P(Q X Q):

(e, v) S{P € P(Q x Q)|VA, B C Q.
P(A x Q) p(A),
P x B) =v(B)}
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| Kantorovich’42| Relaxation

(p,v) S{P € P(Q x Q)|VA, B C Q,

P(A x Q) = u(A), P(Q x B) = v(B)}




| Kantorovich’42| Relaxation

(p,v) S{P € P(Q x Q)|VA, B C Q,

P(A x Q) = u(A), P(Q x B) = v(B)}




Wasserstein Distances

Def. For p > 1, the p-Wasserstein distance

between p, v in P(£2), defined by a metric
D on (),

det
WP(p,v) =

inf / D(x,y)" P(dx,dy).

Pell(p,v)
PRIMAL
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Wasserstein Distances

Def. For p > 1, the p-Wasserstein distance

between p, v in P(£2), defined by a metric
D on (),

def
Pell(p,v)

Wy(p) ™t [ D(e.y)"P(da,dy).

won AR AANTOPOR

THE DISTRIBUTION OF A PRODUCT FROM SEVERAL -
SOURCES TO NUMEROUS LOCALITIES

By Frank I.. HircaCoCK

1. Statement of the problem. When several factories supply a prod- | MATEMATUNECHMUE
uct to a number of cities we desire the least costly manner of distribu-
. , . H < T
tion. Due to freight rates and other matters the cost of a ton of product MfE OAbl
to a particular city will vary according to which factory supplies it, OPTANMIAUNMY

: . : ¥ AALEAPOAAIG
and will also vary from city to city. NPOMIBOACTOA

31 '
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Wasserstein Distances

Def. For p > 1, the p-Wasserstein distance
between p, v in P(£2), defined by a metric

D on (),

Wy(p) ™t [ D(e.y)"P(da,dy).
Pell(p,v)

Wilpv)= s [ pdp [y
peLi(pm),peLly(v)
e (x)+1(y) <D (z,y)

:



W is versatile

Discrete - Discrete

I JI< I Discrete‘- Continuous
oin] M
A g

Continuous - Continuous

R e




- Network flow solvers
- Entropic regularization

Discrete - Continuous

111 l |
IM’11]| KMB’16] [L’1
Continuous - Continuous
, Optimization

|GCPB’16]



Minimum Kantorovich Estimators

in Wi(vdata,
min W(vdara, for1t)

* |[Bassetti’06] 1st reterence discussing this approach.
e IMMC’16] use regularization in a finite setting.
e [ACB’17] (WGAN) IBJGR’17] (Wasserstein ABC).

* Hot topics: approximate & differentiate W efficiently.

* Today: ideas from our recent preprint [GPC’17]

33



Wasserstein between 2 Diracs

Wp
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Wasserstein on Uniform Measures
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Wasserstein on Uniform Measures

n 1
=) _ 0,

=1




Optimal Assignment ¢ Wasserstein




OT on Two Empirical Measures
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Wasserstein on Empirical Measures

Consider 1 = Z a;0,, and v = Z b0y, .
1—=1 71=1
det

Mxy = |D(xi,y;)"]i;
U(a,b) < {P ¢ R"*"™|P1,, = a,PT1, = b}

Y1 Ym b1 b,

D(m,,;,yj)p ' le — a




Wasserstein on Empirical Measures

Consider 1 = Z a;0,, and v = Z b0y, .
1—=1 71=1
det

Mxy = |D(xi,y;)"]i;
U(a,b) < {P ¢ R"*"™|P1,, = a,PT1, = b}

by B

Yi coe Ym

D(xi,y;)P f . P71, —b

1 szsan,




Wasserstein on Empirical Measures

Consider 1 = Z a;0,, and v = Z b0y, .
1—=1 71=1
det

Mxy = |D(xi,y;)"]i;
U(a,b) < {P ¢ R"*"™|P1,, = a,PT1, = b}

Def. Optimal Transport Problem

P — ] P, M
Wp (l’l'v V) PEmUl(Ic},,b)< » LV XY >

38




Discrete OT Problem

Mxy




Discrete OT Problem

Mxy

40



Discrete OT Problem

Mxy
P*“‘,
Def. Dual OT problem
WP, v) = max ata+ B'b
ppV) = max p

o;+8;<D(xi,yj)”

40



Discrete OT Problem

. network flow solver
Mxy S used in practice. /'\
s O(n®log(n))

U(a,b)

Note: flow/PDE formulations [Beckman’61]/[Benamou’98] can be
used for p=1/p=2 for a sparse-graph metric/Euclidean metric.

40



Discrete OT Problem

. network flow solver
My S used in practice. /'\
O(n”log(n)) =
U(a,b)
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Discrete OT Problem

. network flow solver
Mxy S used in practice. /'\
/ O(n°log(n))
' Uab)

' Solution P™ unstable
and not always unique.
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network flow solver
Mxy used in practice. /'\
O(n”log(n)) =
Uab)

' Solution P™ unstable
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Discrete OT Problem

network flow solver
Mx ¥ used in practice. /'\
O(n”log(n)) =
Ulab)

' Solution P™ unstable
and not always unique.
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Discrete OT Problem

network flow solver
Mx ¥ used in practice. /'\
O(n”log(n)) =
Ulab)

' Solution P™ unstable
and not always unique.

0“
‘0
’0
P ’.

WP(u,v) not differentiable.
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Discrete OT Pro
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c| emd.c
» [gemd.c:6:1 3 <No selected symbol> %
7%
emd.c
Last update: 3/14/98
An implementation of the Earth Movers Distance.
Based of the solution for the Transportation problem as described in
"Introduction to Mathematical Programming" by F. S. Hillier and
G. J. Lieberman, McGraw-Hill, 199@.
Copyright (C) 1998 Yossi Rubner
Computer Science Department, Stanford University
E-Mail: rubner@cs.stanford.edu URL: http://vision.stanford.edu/~rubner
*/

/*#include <stdio.h>
#include <stdlib.h>x%/
#include <math.h>

#include "emd.h"

#define DEBUG_LEVEL ©
/*
DEBUG_LEVEL:
NO MESSAGES
PRINT THE NUMBER OF ITERATIONS AND THE FINAL RESULT
PRINT THE RESULT AFTER EVERY ITERATION
PRINT ALSO THE FLOW AFTER EVERY ITERATION
PRINT A LOT OF INFORMATION (PROBABLY USEFUL(”*Y FOR THE AUTHOR)

AWNES
nuwwunun

*/

#define MAX_SIG_SIZE1 (MAX_SIG_SIZE+1) /% FOR THE POSIBLE DUMMY FEATURE */
/* NEW TYPES DEFINITION */

/* nodel_t IS USED FOR SINGLE-LINKED LISTS =/
typedef struct nodel_t {

int i;

double val;

struct nodel_t xNext;
} nodel_t;

/* nodel_t IS USED FOR DOUBLE-LINKED LISTS =/
typedef struct node2_t {
int i, j;
double val;
struct node2_t x*NextC; /* NEXT COLUMN =x*/
struct node2_t *NextR; /% NEXT ROW */
} node2_t;

/* GLOBAL VARIABLE DECLARATION x*/
static int _nl, _n2; /* SIGNATURES SIZES =/
static float _C[MAX_SIG_SIZE1l] [MAX_SIG_SIZE1l];/* THE COST MATRIX %/
static node2_t _X[MAX_SIG_SIZE1%2];

rAFm T AT e s rARIm e Ve e e

/* THE BASIC VARIABLES VECTOR */
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static node2_t _X[MAX_SIG_SIZE1%2];

c| emd.c
»  |[gemd.c:6:1 § <No selected symbol> 5
/*
emd.c
Last update: 3/14/98
An implementation of the Earth Movers Distance.
Based of the solution for the Transportation problem as described in
"Introduction to Mathematical Programming" by F. S. Hillier and
G. J. Lieberman, McGraw-Hill, 199@.
Copyright (C) 1998 Yossi Rubner
Computer Science Department, Stanford University
E-Mail: rubner@cs.stanford.edu URL: http://vision.stanford.edu/~rubner
*/
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#include <math.h>

#include "emd.h"

| #define DEBUG_LEVEL 0

/*

DEBUG_LEVEL:

NO MESSAGES

PRINT THE NUMBER OF ITERATIONS AND THE FINAL RESULT

PRINT THE RESULT AFTER EVERY ITERATION

PRINT ALSO THE FLOW AFTER EVERY ITERATION
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AWNES
nuwwunun

*/

#define MAX_SIG_SIZE1 (MAX_SIG_SIZE+1) /% FOR THE POSIBLE DUMMY FEATURE */
/* NEW TYPES DEFINITION */

/* nodel_t IS USED FOR SINGLE-LINKED LISTS =/
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struct nodel_t xNext;
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/* nodel_t IS USED FOR DOUBLE-LINKED LISTS x*/
typedef struct node2_t {

int i, j;
double val;
struct node2_t *NextC; /* NEXT COLUMN =x*/
struct node2_t *NextR; /% NEXT ROW =/
} node2_t;

/* GLOBAL VARIABLE DECLARATION */
static int _nl1, _n2; /* SIGNATURES SIZES */
static float _C[MAX_SIG_SIZE1l] [MAX_SIG_SIZE1];/* THE COST MATRIX */

tAam T AamE e s Ve e e

/* THE BASIC VARIABLES VECTOR */
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An implementation of the Earth Movers Distance.
Based of the solution for the Transportation problem as described in
"Introduction to Mathematical Programming" by F. S. Hillier and
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Copyright (C) 1998 Yossi Rubner
Computer Science Department, Stanford University
E-Mail: rubner@cs.stanford.edu URL: http://vision.stanford.edu/~rubner
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*/
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/* nodel_t IS USED FOR SINGLE-LINKED LISTS =/
typedef struct nodel_t {

int i;

double val;

struct nodel_t xNext;
} nodel_t;

/* nodel_t IS USED FOR DOUBLE-LINKED LISTS x*/
typedef struct node2_t {

int i, j;
double val;
struct node2_t *NextC; /* NEXT COLUMN =x*/
struct node2_t *NextR; /% NEXT ROW =/
} node2_t;

/* GLOBAL VARIABLE DECLARATION */
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tAam T AamE e s Ve e e

/* THE BASIC VARIABLES VECTOR */




Solution: Modity OT Problem

U(a,b)

Wishlist:
faster & scalable, more stable,

differentiable

44



Entropic Regularization [Wilson’62]

Def. Regularized Wasserstein, v > 0

det :
W, — P. M —~vE(P
’Y(N’v V) PEHUl'l(I(},,b)< 9 XY > Y ( )

def —
E(P)= — ) Pij(log P;)

2,)=1

Note: Unique optimal solution because of strong concavity ot Entropy
45




Entropic Regularization [Wilson’62]

def
W’y(ua V) —

min
PeU(a,b)

Def. Regularized Wasserstein, v > 0
P, Mxy ) —vE(P)

v

JA\

JA\

JA\

J
iz P,

\

\

>

Note: Unique optimal solution because of strong concavity ot Entropy
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Fast & Scalable Algorithm

det

Prop. If P, = argmin (P, Mxy )—vE(P)

then -

lu € R,

PcU (a,b)
v € R, such that

P, = diag(u)Kdiag(v), K e~ Mxy /v

46




Fast & Scalable Algorithm

Prop. If P, = argmin (P, Mxy )—~vFE(P)

PcU (a,b)
then Jlu € R, v € R, such that

P, = diag(u)Kdiag(v), K e~ Mxy /v

L(P,Ct,ﬁ) — ZPZJMZQ -+ ”)/PZ] 10g P@'j -+ CMT(PI — a) -+ BT(PTI — b)
)
8L/8Pm — Mz’j —+ v(log Pij -+ 1) + ;T ﬂj

a; 1 My B 1
(OL/OFP;; =0) =P;=e" 2e 7 eV 2 =u; K;jv,

46



Fast & Scalable Algorithm

Prop.

then -
P, =

If P, = argmin (P, Mxy )—~vFE(P)

PeU(a,b)
lu € R, v € R, such that

diag(u)Kdiag(v), K T e~ Mxv /7

e [Sinkhorn’64| fixed-point iterations for (Ua U)

u+—a/Kv, v+ b/K'u

X0, (nm) complexity, GPGPU parallel [C13].
-O(nd‘H)if Q={1,... ,n}dand D? separable.

S..C.."15]
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Very Fast EMD Approx. Solver

104 : l : : : /*
3 == FastEMD ,”
Rubner’s emd %~ -~
—~ =%~ CPU v=0.02 -7
@ 10" - -8~ CPU y=0.1 5 =" é -
= : ~ :
o =7~ GPU y=0.02 § PR §
= =1~ GPU y=0.1 g -
© ; e
B2 0 : - : :
010 - s s ‘_——" r g '
5 _x- -
o | - § é
= : : —
810_2— /” : -V ? v”’
= -~ | - ;v,—”
; : : — —
3 9 | B - ___———"
) ; — E_—’
S - -
z -—
o- = ;
6 i

| | | | |
64 128 256 512 1024 2048 4096
Histogram Dimension

Note. (€2, D)is a random graph with shortest path metric, histograms

sampled uniformly on simplex, Sinkhorn tolerance 10-2.
47



Regularization > Differentiability

ny((a,X), (va)) — Pergi(g,b)<PjMXY >_7E(P)




Regularization > Differentiability

W,((a + Aa, X),(b,Y)) = W,((a, X), (b, Y))+7?




Regularization > Differentiability

W,((a + Aa, X),(b,Y)) = W,((a, X), (b, Y))+7?




Regularization > Differentiability

W, ((a, X + AX), (b,Y)) = W,((a, X), (b, Y))+7?




Regularization > Differentiability

W, ((a, X + AX), (b,Y)) = W,((a, X), (b, Y))+7?




1. Differentiability of Regularized OT

Def. Dual regularized OT Problem

1

W, (p,v) = max a'a+ B'b (e/NT KeP/
QL Y

Prop. W, (p,v) is [CD’14]

1. convex w.r.t. a,

VoW, =a™ =vlog(u).

2. decreased, when p = 2, Q) = R?, using
X YPfD(a_l).
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2. Duality tor Discrete Reg. OT’s

Prop. Writing H, : a — W, (p,v), CP16

1. H, has simple Legendre transtorm:

H 6 :geR"+— 7~ (E(b) +b' 1og(Keg/W))

2. If A e R"*?4 f convex on R?,

ggizr}%H,,(a)an(Aa):;nE?R}g—Hﬁ A*g)—f(=g)
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3. Stochastic Formulation

[GCPB 16
W2 (u,v) = Sufb)/godu /¢d1/ — 1o (p, )
®,

C={(e,¥)|lp®dtp < D"}

%
regularizing dual \ ! constraints vy > 0

W, (p,v) = it}g/godu T /?,bd'/ —1o(p, )

(o) =7 [f PP dpdy

REGULARIZED DUAL
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3. Stochastic Formulation

|GCPB’16
W) =sup [ gdut [ v —ic(e.)
P,

C = DP
{(p, )| @y < DP}

regularizing dual * constraints vy > 0

on — d Ay —
| “7’/) _ ?oufb)/go N‘|‘/¢I/ ©, )

\ ¢ 7ff 6(9"@¢ Dp)/vdﬂd’/

s G UL ARIZED DUAL
52



Smoothed D transforms

Wy (p, v —Sup/sodu+/ Pdv.

SEI\/II DUAL

W, (p,v) = SUP/soduﬂL/soD”dV-

P
(z) =D (z,)P
o = —vlog/fz‘p T dp(x)

REGULARIZED SEMI-DUAL
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Regularized Semidual Wasserstein

W, (e, v —Sup/godu+/ Prydu.

(’0 D,~ — —")/ lOg/ — D(w )p

REGULARIZED SEMI-DUAL

substifuting

sup

-

[ o(z)—D(z,y)P ]
/ o(w)du(z) — log / LR L @) | dv(y).

REGULARIZED SEMI-DUAL
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Stochastic Regularized Semidual

sup
P

/

/

o(2)dp(z) — 7 log /

X

€

‘P(m)_D(may)p

2 () | du(y).

95
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Stochastic Regularized Semidual

[ p(x)—D(x,y)P ]
up [ | [ e@)dula) - ylog [ =T duta)| duy)
P Yy LJx €T |

{?
What if 1 is a discrete measure =" a;,

@ € Li(p) is now just a vector av € R"™!
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Stochastic Regularized Semidual

[ p(x)—D(x,y)P ]
up [ | [ e@)dula) - ylog [ =T duta)| duy)
P Yy LJx €T |

{?
What if 1 is a discrete measure =" a;,

@ € Li(p) is now just a vector av € R"™!

ID(w ,y)P

Ssup / En:azaz vlogz a;| dv(y)

o cR™ 1

= sup E,|f(a,y)]
ek

95




4. Sinkhorn Divergence

Def. For v > 0, let W, (u, v )def<P7,MXY>

Prop. W, (s, 1) > 0

Def. Normalized Sinkhorn Divergence

def 1

W, (1) W (1, 1)

5 (Wo (ks ) + W, (v, v))

Prop. If p=1, W, (,v) — ED(u,v)

Y—> O
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Algorithmic Formulation

Def. For L > 1, define

WL(“’)”) d§f<PL7MXY >7

where P < diag(uy)Kdiag(vr),

def def
Vo = 1m;l Z (),ul — a,/K’Ul,’UH_l — b/KTul.
Prop. %V;/(L, ag[; L can be computed recur-

sively, in O(L) kernel K xvector products.

S/




Algorithmic Formulation ot Reg. OT

Example: Differentiability w.r.t. a

(8’00>T — 0

8& — YMXn
o sz T Ovy TKT azoa7
Oa Ky Oa (Kvp)?

8’Ul_|_1 Ty:_ 6’11,1 TK yOb |
Oa Oa (K )2
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Algorithmic Formulation ot Reg. OT

Example: Differentiability w.r.t. a

N =Ko Mxy

8UL o 8’01; g T
Vo Wr(p,v) = ( 7 ) Nwvp, + ( 7 ) N*ur,
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Wasserstein Barycenters

Wasserstein

Barycenter
|Agueh’l1]

A

60



Multimarginal Formulation

 Exact solution (W>) using MM-OT. [Agueh’11]

1F

0.5F

O_

-0.5

1k

_15 ! ! ! ! ! ! ! |
-1 -0.5 0 0.5 1 1.5 2 2.5 3
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Multimarginal Formulation

 Exact solution (W>) using MM-OT. [Agueh’11]

1k
0.5
0F

-0.5

1k

_15 ! ! ! ! ! ! ! |
-1 -0.5 0 0.5 1 1.5 2 25 3

If |suppv;| = n;, LP of size (][, i, D, 1s)

61



Finite Case, LP Formulation

e When () is a finite set, metric M, another LP.

] )\’LWp y#*7
m;n; > (1, V)
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Finite Case, LP Formulation

e When () is a finite set, metric M, another LP.

mm Z)\ (P;, M )

-, PN ,a

S.t. PiTln e VTSN

V4

' ZPNld:CL.

If || = n, LP of size (Nn?

(2N — 1)n); unstable

62




Primal Descent on Regularized W

A W , V;
uéglcl%(ﬂ)z (b, v3)

®@@ <LS
CliCIICI SR
2 @@D@@@
D0 © g @

Fast Computation of Wasserstein Barycenters [CD’ ]_4]

International Conference on Machine Learning 2014
63
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Primal Descent on Regularized W

A W , V;
uéglcl%(ﬂ) Z (k, v3)

o —

Fast Computation of Wasserstein Barycenters [ CD,]. 4]
International Conference on Machine Learning 2014

63



Primal Descent on Regularized W

' NiWa (e, v;
MECI?CI%(Q) Z (b, v3)

Fast Computation of Wasserstein Barycenters [ CD,]. 4]
International Conference on Machine Learning 2014
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Primal Descent on Algorithmic W

ueglcl%(ﬂ) Z MWl vi)
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Primal Descent on Algorithmic W

ueglcl%(ﬂ) Z AWelnvi)
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Primal Descent on Algorithmic W

ueglcl%(ﬂ) Z Welnvi)

&not a convex problem
04



Inverse Wasserstein Problems

e consider Barycenter operator:

def
b(\) = argmmZ)\ W, (a,b;)
* address now Wasserstein inverse problems:

Given a, find argmin & (\) « Loss(a, b(\))
AEDN

65



The Wasserstein Simplex

o
CL
odzp
* // T~
45 e
1

N
X

XX XAA XX A

Euclidean Simplex: {2321 AiDis A € 23} Wasserstein simplex: {P(\), A € X3}



Barycenters = Fixed Points

Prop. [BCCNP’15] Consider B € X
and let Uy = 14« ~, and then for [ > 0:

v, def b'1y
b' L exp (log (KTU) A):{ T K00

1€. B
U1 =

67/




Using Truncated Barycenters

* instead of using the exact barycenter

argmin £(\) < Loss(a, b(\))
AED N

e use instead the L-iterate barycenter

argmin £ (\) € Loss(a, b (\))
AED N

* Differente using the chain rule.

vED () = (9617 (g), g = VLoss(a, )|y (-

68



Gradient / Barycenter Computation

function SINKHORN-DIFFERENTIATE((ps)5_1, q, \)
Vs, bgO) +~— 1
(w, 1) < (0%,07%)
for/=1,2,...,L //Sinkhorn loop
‘v’s,goge) — K" —&s

Kot
o)\ s
p+ |1, (wg ))
(£) |
Vs,bs’ < (pge)

g VL(p,q) Op
for/=L,L—1,...,1 //Reverse loop
Vs, ws < ws + (log goge),g>

Vs,7s ¢ —K ' (K(2:87r2) @ — ke ) @b

08" (KBS )2
g < Zs T's
return P2 () < p, VEL(N) + w
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Application: Volume Reconstruction

Shape database Projection

Input shape Iso-surface
(p1,...,D5) P P24 P
Wasserstein Barycentric Coordinates: Histogram [BPC’IG]

Regression using Optimal Transport, SIGGRAPH’16
70



Application: Color Grading




Application: Color Grading
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Application: Color Grading

‘—.‘0 ." 5 ) '
s A8
"~ 3"»5’" “’g:’:

[ e
.\ &'dr&l J‘
== 5




Application: Color

Wasserstein Barycentric Coordinates: Histogram [BPC’IG]
Regression using Optimal Transport, SIGGRAPH’16
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Application: Brain Mapping

Original Euclidean Wasserstein
projection projection

79



Application: Brain Mapping

gt |
Original Euclidean Wasserstein
projection projection
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At Last: Application to Generative Models

Approximate W loss by the transport cost
W atter L Sinkhorn iterations.

| e—C’/s

(C O K)br,ar)

9, — (' |— K

Vi

-y Yn)

V.

XnK

by

1m_ﬁ§}@+

v
xmK "

1/ bﬁ—l—l v’EL (6))

Ag4+1

(yl,..

Input data

{0 +1

Generative model

/6

Sinkhorn /(=1

00000

|GPC’17]



MNIST, Learning fo

Example

-ewToTCTrTTorr

SNNNNN N NN SsswsNNSSTTOoOTToTr
L N N T T T T T T T TR TR S S o ol gl

WA NN N0 2 VVI IV IIIS
WM MMWMMMOOOOYVIVDADII0
MWWV MMOWMMMOHOAVDIOOO0

LLLLVLVLVLONOMOMMmMNHNAQYVAYQOO
LLbbbubunmmmmmmgQYPQUQUQQO O
ff555553333333v00ﬂoo

S ———— NN NN SN N NN NANS
L, T, e e —— — — 777?0]0](/,7777
B S ——— ~— NI RINNNN
O T e il N S N N SN o N N
NN N N RPN
ettt s~ s S S Sl S ol
R R e =~ S S S SR ol
SNNN NSNS S s e

////////ll’l.ﬂvqalalqulqﬁlan!-

A LG LEE R R R ECECECIN BN

MWW OMNOMMMMOaOAVDAIQO OO

o

o o o
— o~ w <t
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400

300
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100
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Example: Generation of Images

ARSI T mite TEL SRS BB SR
P ug _j VEEMFTE %:!:-’: W mm—-
Fean @i = 0 B LR

.J 91y

'v’ l-'

'
‘\'w , :

I\/II\/ID—GAN gamma = 1000 gamma=10
e CIFAR-10 images

* In these examples the cost function is also learned
adversarially, as a NN mapping onto feature
vectors.

/8



Concluding Remarks

* Regularized OT 1s much taster than OT.

* Regularized OT can interpolate between W and the
MMD / Energy distance metrics.

* The solution of regularized OT is “auto-differentiable’.

e Many open problems remain!

Sat Dec 9th 08:00 AM -- 06:30 PM @ None Workshop
Optimal Transport and Machine Learning N | PS ! ‘] 7 V\/O R KS H O P

Olivier Bousquet - Marco Cuturi - Gabriel Peyré - Fei Sha - Justin Solomon

Dates n/a. @ TBA Tutorial
A Primer on Optimal Transport N | P S ) 1 7 T U TO R | A |_

Marco Cuturi - Justin M Solomon
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