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Recognizability



o-representation

Let o: A* — B* be a substitution. A o-representation of y € B%
is a pair (x, k) of a sequence x € A% and an integer k such that

y = §4(0(x))- (1)

The o-representation (x, k) is centered if 0 < k < |o(xo)|.

Figure: A centered o-representation (x, k) of y.

Note, in particular, that a centered o-representation (x, k) is such
that o(xp) # ¢.
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o-representation

Note that if y has a (not necessarily centered) o-representation
(x,€), then it has also a centered o-representation (x’, k), where x’
a shift of x.

Indeed, assume ¢ > 0 (the case ¢ < 0 is symmetric). Let i > 0 be
such that |o(xp---xj—1)] < ¥ < |o(x0---x;j)|. Set
k=1{—|o(xo--x_1)] and X' = S’x. Then

Ska(x') = Sktloloxilg(x) = Sto(x) = y and 0 < k < |o(x})].
Thus, (x/, k) is a centered o-representation of y.
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o-representation

For a shift space X on A, the set of points in BZ having a
o-representation (x, k) with x € X is a shift space on B, which is
the closure under the shift of o(X).

Indeed, if (x, k) is a o-representation of y, then S(y) has the
o-representation (x’, k) with

(. K) — {(x,k+ D) ikt 1<o(0)
(5(x),0)  otherwise.
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Recognizability

Let X be a shift space on A.

The substitution o: A* — B* is recognizable in X if every y € BZ
has at most one centered o-representation (x, k) such that

x € X.

Thus, in informal terms, for a sequence y on B, there is at most
one way to desubstitute y to obtain a sequence in X.
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Example

The substitution o: a+ a, b+ ab, c — abb is recognizable in the
full shift X = {a, b, c}Z.

Indeed, let Y be the closure under the shift of o(X).

Any two consecutive occurrences of a are separated by a block of
zero, one or two b, which determines the rule of ¢ to be used for
desubstitution. Formally, we have

o(lalx) = [aaly,
o([blx) = labaly, So([b]x)=[a-ba]y
o([c]x) = [abbaly, So([c]x)=[a-bbaly, S%c([c]x)= [ab- ba]y

and these sets form a partition of Y.
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blala[b]b]

y

Figure: A centered o-representation of y = ---a- baabb- - -.
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Fully recognizable substitutions

Let o: A* — B* be a substitution. Assume that o is erasing, but
that not all letters are erasable. Then o cannot be recognizable in
A% Indeed, if 0(a) # ¢, and o(b) = ¢, then o(¥ab - a¥) = o(a>).

Let 0: A* — B* be a non-erasing substitution. We say that o is
fully recognizable or circular if it is recognizable in AZ.

Thus, in particular, a circular substitution is injective.
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The substitution o: a+> a, b — ab, c — abb is fully recognizable. I
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A coding substitution for a set U of nonempty words on A is a
substitution ¢: B* — A* such that its restriction to B is a
bijection onto U. The set U is called a code if ¢ is injective and a
circular code if ¢ is circular.

Proposition |

Let X be a minimal shift space on A and let u € B(X). Any
coding substitution ¢: B* — A* for the set Rx(u) of return words
to u is circular.

Proof.

Since wu contains exactly two occurrences of u for each

w € Rx(u), for each y € X, there is a unique sequence
z=---w_1-wowi--- with w; € Rx(u), and a unique integer k
such that y = S¥(z) with 0 < k < |wg|. Since ¢ is a coding
substitution, for each w; € Rx(u), there is a unique b; € B such
that ¢(b;) = w;. Hence, there is a unique x € BZ and k with

0 < k < |¢(xo)| such that y = S¥¢(x). O

=] = - = =
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Representability



Let o: A* — A* be a substitution. Every point y in X(c) has a
o-representation y = S'(o(x)) for some i > 0, and x in X(o).
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Existence of a representation

Proof. |

Let k = |o| and let y be in X(c). For every n > 1, there is an
integer m > 1 such that yj_, , occurs in 0™(a) for some letter
acA

For every n > 2k, there is an integer 0 < / < k such that, for an
infinity of n > 2k, there are words u,, v, with u,v, € L(o) such
that yj_p1« i) is a suffix of o(un) and y[_j ,_x is a prefix of
o(vp). Further, |up| > (n—k —1i)/k and |v,| > (n— k + i) /k.
Therefore, there are infinitely many n > 2k for which the value of /

is the same.
By a compactness argument, we get that there is a point x € X(o)
such that y = S'(o(x)). O

y
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Elementary substitutions



Elementary substitution

A substitution o: A* — C* is elementary if for every alphabet B
and every pair of substitutions A* i B* % C* such that

o = ao 3, one has Card(B) > Card(A).

In this case, one has in particular Card(C) > Card(A).

Moreover, o is non-erasing (Exercise).
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Example

The Thue-Morse substitution o: a +— ab, b — ba is elementary.

Indeed, if o = a o 3 with 3: {a, b}* — c*, then ab = a(c') and
ba = a(c/) which is impossible.

The substitution o: a — ab, b+ abc, c — cc is not elementary.

Indeed, we have 0 = awo 8 with a: u— ab,v — ¢ and
B:ar u,b+— uv,cr> vv.

[}
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Elementary substitution

Note that the property of being elementary is decidable.

Indeed, if 0: A* — C* is a substitution consider the finite family F
of sets U C C* such that o(A) C U* C C* with every ue U
occurring in some o(a) for a € A.

Then o is elementary if and only if Card(U) > Card(A) for every

UeF.

MARIE-PIERRE BEAL Master 2 Mathematics and Computer Science Symbolic Dynamic



is elementary.

Let A* E> B* 2% C* be substitutions. If oo (3 is elementary, then (
Let A* % D* % B* be such that 8 = § o . Then

aofl=ao(doy)=(aocd)o~. Thisimplies Card(D) > Card(A).

Thus 3 is elementary. O

«O>» «Fr «Z>r «=>» = HAr

~ MAwm-PERRE BAL  Master 2 Mathematics and Computer Science Symbolic Dynamic




Elementary substitution

A sufficient condition for a substitution to be elementary can be
formulated in terms of its composition matrix.

Proposition

If the rank of M(c) is equal to Card(A), then o is elementary.

Proof.
Indeed, if 0 = a0 8 with 3: A* — B* and a: B* — C*, then
M(c) = M(a)M(5). If rank(M(c)) = Card(A), then

Card(A) = rank(M(0)) < rank(M(«)) < Card(B).
Thus o is elementary. O

This condition is not necessary. For example, the Thue-Morse
substitution o: a — ab, b — ba is elementary, but its composition
matrix has rank one.
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Elementary substitution

If o: A* — C* is a substitution, we define
(o) => (lo(a)| - 1). (2)
acA

We say that a decomposition ¢ = a0 8 with a: B* — C* and
B: A* — B* is trim if

(i) « is non-erasing,

(ii) for each b € B there is an a € A such that (a) contains b.
Proposition

Let c = aop with a: B* — C* and B: A* — B* be a trim

decomposition of o. Then

lao B) > U a) + 4(B). (3)
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Proof

Proof.
Set 0 = o 3. We have

Uo)—B) = Y (lo(a)l = 18(a)))

acA

= > > (la()IB(a)ls — 1B(a)ls)

acA beB

= > > (lab) = DlIB)ls

acA beB

= S ((aUb) — 1) S 18(a)lb)

beB acA

Since every b occurs in some [3(a), every factor >, [8(a)| is
positive, whence the conclusion. Il
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Elementary substitution

Proposition

An elementary substitution o: A* — C* is injective on AVN.

follows from:

Proposition

If a substitution o: A* — C* is not injective on AN there is a trim
decomposition 0 = ao 8 with a: B* — C* and 5: A* — B* such
that « is injective on BY, Card(B) < Card(A) and every b € B
occurs as the first letter of 3(a) for some a € A.
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Proof

Proof. |

Assume first that o is non-erasing. We use an induction on /(o). If
l(0) =0, set B=0(A). Let « be the identity on B* and let

8 = o. All conditions are clearly satisfied.

Assume now that the statement is true for ¢ < {(o). Since o is not
injective on AY, we have o(apa; ---) = o(apa) - - -) for some

aj,a: € A with ag # a. We can assume that o(ap) is a prefix of
o(ap). Set o(ag) = o(ao)v. If v is empty, set B= A\ {ap}. Let a
be the restriction of o to B and let 3 be defined by 5(ap) = ao
and 3(a) = a for a # aj. Clearly, 0 = a o 8, and all conditions are
satisfied.

—
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Proof

Proof.

Next, assume that v is nonempty. Define a;: A* — C* by
ai(ap) = v and ai(a) = o(a) for a # aj. Next, define

p1: A* — A* by p1(ap) = aoap and Bi(a) = a for a # aj. Then
0 = a1 o 31 since

a1 0 f1(ap) = aa(aoap) = o(ao)v = o(ap),

and o1 o f1(a) = aq(a) = o(a) if a # aj. The substitution £y is
injective on AN because no word in 31(A) begins with a}. Thus as
is not injective on AY. By Equation (3), since the decomposition is
trim, we have ¢(a1) < ¢(o). By induction hypothesis, we have a
decomposition oy = ap 0 By for B : A* — B* and o : B* — C*
with Card(B) < Card(A), the substitution a being injective on
BN and every letter b € B occurring as initial letter in the word
B2(a) for some a € A. Note that, since ay is non-erasing, (3; is
non-erasing. OJ

S — -t
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Proof

Proof. |
Set 8 = B> o B1. Since 1, B> are non-erasing, (3 is non-erasing.
Then 0 = a3 081 = aso P01 = ap o 5. The decomposition

o = ap o (8 satisfies all the required conditions.

Indeed, let b € B. Then there is a € A such that b is the first

letter of 52(a).

If a # ap, we have f51(a) = a and thus b is the first letter of §(a).
Suppose next that a = aj. Since o(aga; ---) = o(apaj - --) and
since ay is injective on BY, we have ((apar -+ ) = B(apal - -).
Since f1(a0) = ao and B1(ay) = aoap, we obtain

B2(ao)B(ar---) = P2(aoap)B(ay - - - ) and thus
Blar---) = P2(ap)B(ay - --),

showing, since [ is non-erasing, that b is the initial letter of

B(ar). my
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Proof

Proof.

Now consider a substitution o such that the set

B ={a€ A|o(a) # e} is strictly contained in A. Let 5: A* — B*
be defined by §(a) = a if a € B and (a) = ¢ otherwise. Let o be
the restriction of o to B*. Then 0 = a0 8 and « is non-erasing. If
« is injective on BY, we are done. Otherwise, by the first part of
the proof, we have a = ay o 1 with a;: Bf — C* and

B1: B* — B; with a; injective on B}, Card(B;) < Card(B) and
every b; € B; occurs as the first letter of some (1(b). Then the

decomposition 0 = a3 o (51 o 3) satisfies all the conditions. O
v
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Elementary substitution

By a symmetric version, an elementary substitution o: A* — C* is
injective on A™N. Since a substitution which is injective on AN and
on A~ is injective on A%, we obtain the following corollary of
Proposition 6.

Proposition

An elementary substitution o: A* — C* is injective on A%.
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Recognizability for aperiodic points

A substitution o: A* — B* is recognizable in X for aperiodic
points if every aperiodic point y € B% has at most one centered
representation in X.

We say that o is fully recognizable for aperiodic points if it is
recognizable in the full shift for aperiodic points.
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Example

The substitution o: a+ aa, b — ab, c — ba is not fully
recognizable for aperiodic points.

Indeed, every sequence without occurrence of bb has two
factorizations in words of {aa, ab, ba}.

Proposition

The family of substitutions that are fully recognizable for aperiodic
points is closed under composition.

V.

=] =
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A substitution o is aperiodic if X(o) contains no periodic point.

Any aperiodic substitution is recognizable in X(c).
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points.

An elementary substitution is fully recognizable for aperiodic

40> «Fr «=)r < Q>
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Proof

A substitution o: A* — B*™ with no erasable letter is left-marked if
each word o(a), for a € A, begins with a distinct letter.

In particular, if o is left-marked, o is injective on A and o(A) is a
prefix code.

It is clear that a left-marked substitution is elementary.
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aperiodic points.

If o: A* — B* is left-marked, then it is fully recognizable for

it
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Proof.

Assume that y € B” has two distinct o-representations (x, k) and
(x', k"). We may assume k = 0. We will prove that y is periodic.
Let P be the set of proper prefixes of the elements of U = o(A).
For p € P and a € A, there is at most one g € P such that
pa( ) € U*q. We write g = p - a when such a g exists. Let

=y - y-1 (with po = ¢ if k' =0). Since
y = o(x) = S¥(o(x")), we have (see Figure)

o X X )= 0(x 1), poo(rox ) = olxgxd ).

As a consequence, there exists, for each n € Z, a word p, € P such
that p, - Xp = ppy1.

Ol
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Figure: The two centered o-representations of y.
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Proof.

Consider the labeled graph G with P as set of vertices and edges
(p,a,q) if p-a= q. Since o is left-marked, there is for every
nonempty p € P at most one a € A such that p - a exists. In
particular, since all edges going out of € end in g, G is a disjoint
union of simple cycles in P\ {¢} and loops on €. As a
consequence, either the path is a cycle, and thus x and y are
periodic, or k' = 0 and thus x = x’ since o is left-marked.
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Example

The Thue-Morse substitution o: a — ab, b — ba is left-marked.

Thus, it is fully recognizable for aperiodic points. The graph used
in the proof is:

Figure: The graph associated with the Thue-Morse substitution.

[}
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An elementary substitution is fully recognizable for
aperiodic points

Proof.

Let o: A* — B* be an elementary substitution. We use an
induction on £(c) = > . a(|o(a)] — 1) (see (2)). Since o is
elementary, it has no erasable letter, and the minimal possible
value of ¢(o) is 0. In this case, o is a bijection from A into B, and
thus it is fully recognizable.

Assume now that o is not fully recognizable for aperiodic points.
Thus, there exist x,x’ € AZ, 3 = x} € A and w with

0 < |w| < |o(x0)| such that o(x) = wo(x’) for some proper suffix
w of o(a’'). Set o(a’) = vw (see Figure). We can then write

o = o107 with 71: A* = A] and 01: A] — B* and

A1 = AU {3"} where a” is a new letter. We have 71(a’) = a'a”
and 71(a) = a otherwise. In particular, 71 is left-marked. Next
01(a") = v, 01(8") = w and o1(a) = o(a) otherwise. Since

¢(11) > 0, we have ¢(01) < (o) by Equation (3). O

= = - =
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Figure: The words v, w.
Since

o1(a")o1(m(x")) = a1(m(x)),
AN

and since 71(xp) does not begin with a”, o7 is not injective on
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Proof. |
By Proposition 7, we can write 01 = 02 01 with 02 : A5 — B* and
T2 : A} — A} for some alphabet A, such that Card(Az) < Card(A;)
and that every letter ¢ € Ay appears as the first letter of some
m(a) for a € A;. Then, by Equation (3), we have

ﬁ(Ul) > 6(02) + g(Tz). (4)

Moreover, since oy is non-erasing, 7> is non-erasing and thus
¢(12) > 0. This implies ¢(01) > ¢(02).

Since o is elementary, we have Card(Az) > Card(A). Since
Card(Az) < Card(A;) = Card(A) + 1, this forces

Card(Az) = Card(A). We may also assume that o3 and 75 o 7y are

elementary since otherwise o is not elementary.
O
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Proof. |
Since o7 is elementary and since £(07) < (01) < ¢(0), by the
induction hypothesis, o5 is fully recognizable for aperiodic points.
The decomposition 0 = 01 o (12 0 71) is trim. Indeed, o> is
elementary and thus non-erasing. Next, every letter of A, appears
in some 7»(a) and, by definition of 7, it appears also in some

12 0 11(a). Thus, we have also

U(o) > U(o2) + £(T2 0 T1). (5)

Thus, if £(02) > 0, the inequality ¢(m2 o 71) < £(c) holds. Since

T o 71 is elementary, we obtain that 7 o 7y is fully recognizable for
aperiodic points by induction hypothesis. Since the family of
substitutions that are fully recognizable for aperiodic points is
closed under composition, we get that that o is fully recognizable
for aperiodic points. O

v
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Proof.

Let us finally assume that ¢(o2) = 0. Since 01(a”) = w is a prefix
of o(x0) = 01(71(x0)) = 01(x0) with xg € A, and since o, is a
bijection from Ay onto B, the first letter of 7(a”) is equal to the
first letter of 7o(xp). Further, each letter of A, appears as the first
letter of m2(c) for some letter ¢ € A;. Thus, each letter of A; is
the first letter of 7(a) for some letter a € A. Consequently, each
letter of B is the first letter of o(a) for some a € A. Since
Card(A) = Card(B), it follows that o is left-marked.

We obtain the conclusion by the proposition for left-marked
substitutions. O
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Recognizability for aperiodic points
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X(o).

Any morphism o: A* — A* is recognizable for aperiodic points in
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Recognizability for aperiodic points

Let o: a+— bab, b — bb. I

| b| b] b] b] b]-a| b| b| b| b] b] b] b]

AN

| b| b| b| b| b|-a| b| b| b] b| b] b] b]

The point y = --- bbbb - abbbb - -- = S(o(y)) has a unique
centered o-representation (y, 1).

=] = = = E Al
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Example

Let o: a+> bab, b — bb. I

Lb]

b| b| b| b|-b| b| b| b| b| b| b] b]

L bl b b b b]-b] b] b] b] b] b b] b]

| b| b| b| b b|-b| b

| b b| b| b] b|-b| b | b

The point y = --- bbbb - bbbbb - -- = o(y) = S(o(y)) has a two
centered o-representation (y,0) and (y,1). .. . - - - ..
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Let o: A* 5 A* be a substitution and A* E) B* % A* such that
o =aof. If o is not recognizable in X(o), then o o « is not fully
recognizable. The same statement holds for the recognizability for
aperiodic points.

o F = = E DA
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Proof

/’4 A B A
o ‘ I3
, 0.0 (x.k)
) (X K)

Proof of the lemma

If o is not recognizable in X (o) then there exists z € X(o) with
two centered o-representations (y,£) # (y',¢') in X(o). Let (x, k)
and (x, k') be centered a-representations in BZ of y and y’
respectively (They exist since (x, k) and (x’, k") have
o-representations in X(o)).

Then (x, |0(yj—k,0))[+¢) and (X, ]J(y[’_k,vo))|+€’) are centered

o o a-representations of z in BZ.

MARIE-PIERRE BEAL Master 2 Mathematics and Computer Science Symbolic Dynamic



o «

| u
f
z |

Yol

14

k
o(u)

| |z |
lo(Y[—k,0))]

f (x, oYk H0) = (X 1000 _ye,0)I+£). then x = X', u = o/,

Yo=yov=V.Thus, k=K, =0 andy =y
Further, if z is aperiodic, y also since z = S%(y).

(0> «Fr 2> «Er E DA




A A A A
ar | fr
| o
Lo |

B2
B3 B:
Bs B>
Let o: A* — A* be a substitution.
points.

Let us assume that o is not recognizable in X (o) for aperiodic

40> «Fr «=)r < Q>
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a1 | fy

’ a3 ‘ B3 B
Bs B,

Proof of the theorem

Let 0: A* — A* be a substitution.

Let us assume that o is not recognizable in X(o) for aperiodic
points.

We define ap: A* — A* as the identity substitution.

Thus, 0 = 0 0 ag is not elementary. We decompose it into oy o 51
through Bj such that Card(B;) < Card(A).

Then, o o a7 is not fully recognizable for aperiodic points by the
above lemma.

Thus, 0 o a1 is not elementary.
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a1 | By

‘ 0 B2
‘ as ‘ B3 By
Bs B

Proof of the theorem

We decompose it into 0 o a3 = ap o B> through By such that
Card(By) < Card(By).

Again, o o ay is not fully recognizable for aperiodic points and thus
not elementary.

Inductively, we define o o aj = «j41 o i1 through Bjy1 such that
Card(Bj+1) < Card(B;).
We get a contradiction since Card(A) < cc.
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